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Preface

This is the sequel to my book R&nCtiOtZS of One Complex Variable I, and
probably a good opportunity to express my appreciation to the mathemat-
ical community for its reception of that work. In retrospect, writing that
book was a crazy venture.

As a graduate student I had had one of the worst learning experiences
of my career when I took complex analysis; a truly bad teacher. As a
non-tenured assistant professor, the department allowed me to teach the
graduate course in complex analysis. They thought I knew the material; I
wanted to learn it. I adopted a standard text and shortly after beginning
to prepare my lectures I became dissatisfied. All the books in print had
virtues; but I was educated as a modern analyst, not a classical one, and
they failed to satisfy me.

This set a pattern for me in learning new mathematics after I had become
a mathematician. Some topics I found satisfactorily treated in some sources;
some I read in many books and then recast in my own style. There is also the
matter of philosophy and point of view. Going from a certain mathematical
vantage point to another is thought by many as being independent of the
path; certainly true if your only objective is getting there. But getting there
is often half the fun and often there is twice the value in the journey if the
path is properly chosen.

One thing led to another and I started to put notes together that formed
chapters and these evolved into a book. This now impresses me as crazy
partly because I would never advise any non-tenured faculty member to
begin such a project; 1 have, in fact, discouraged some from doing it. On
the other hand writing that book gave me immense satisfaction and its re-
ception, which has exceeded my grandest expectations, maJc.R that decision
to write a book seem like the wisest I ever made. Perhaps I lucked out by
being born when I was and finding myself without tenure in a time (and
possibly a place) when junior faculty were given a lot of leeway and allowed
to develop at a slower pace—something that someone with my background
and temperament needed. It saddens me that such opportunities to develop
are not so abundant today.

The topics in this volume are some of the parts of analytic function
theory that I have found either useful for my work in operator theory or
enjoyable in themselves; usually both. Many also fall into the category of
topics that I have found difficult to dig out of the literature.

I have some difficulties with the presentation of certain topics in the
literature. This last statement may reveal more about me than about the
state of the literature, but certain notions have always disturbed me even
though experts in classical function theory take them in stride. The best
example of this is the concept of a multiple-valued function. I know there
are ways to make the idea rigorous, but I usually find that with a little
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work it isn't necessary to even bring it up. Also the term multiple-valued
function violates primordial instincts acquired in childhood where I was
sternly taught that functions, by definition, cannot be multiple-valued.

The first volume was not written with the prospect of a second volume
to follow. The reader will discover some topics that are redone here with
more generality and originally could have been done at the same level of
sophistication if the second volume had been envisioned at that time. But
I have always thought that introductions should be kept unsophisticated.
The first white wine would best be a Vouvray rather than a Chassagne-
Montrachet.

This volume is divided into two parts. The first part, consisting of Chap-
ters 13 through 17, requires only what was learned in the first twelve chap-
ters that make up Volume 1. The reader of this material will notice, how-
ever, that this is not strictly true. Some basic parts of analysis, such as
the Cauchy-Schwarz Inequality, are used without apology. Sometimes re-
sults whose proofs require more sophisticated analysis are stated and their
proofs are postponed to the second half. Occasionally a proof is given that
requires a bit more than Volume I and its advanced calculus prerequisite.
The rest of the book assumes a complete understanding of measure and
integration theory and a rather strong background in functional analysis.

Chapter 13 gathers together a few ideas that are needed later. Chapter
14, "Conformal Equivalence for Simply Connected Regions," begins with a
study of prime ends and uses this to discuss boundary values of Riemann
maps from the disk to a simply connected region. There are more direct
ways to get to boundary values, but I find the theory of prime ends rich in
mathematics. The chapter concludes with the Area Theorem and a study
of the set S of schlicht functions.

Chapter 15 studies conformal equivalence for finitely connected regions.
I have avoided the usual extremal arguments and relied instead on the
method of finding the mapping functions by solving systems of linear equa-
tions. Chapter 16 treats analytic covering maps. This is an elegant topic
that deserves wider understanding. It is also important for a study of Hardy
spaces of arbitrary regions, a topic I originally intended to include in this
volume but one that will have to await the advent of an additional volume.

Chapter 17, the last in the first part, gives a relatively self contained
treatment of de Branges's proof of the Bieberbach conjecture. I follow the
approach given by Fitzgerald and Pommerenke [1985J. It is self contained
except for some facts about Legendre polynomials, which are stated and
explained but not proved. Special thanks are owed to Steve Wright and
Dov Aharonov for sharing their unpublished notes on de Branges's proof
of the Bieberbach conjecture.

Chapter 18 begins the material that assumes a knowledge of measure
theory and functional analysis. More information about Banach spaces is
used here than the reader usually sees in a course that supplements the
standard measure and integration course given in the first year of graduate
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study in an American university. When necessary, a reference will be given

to Conway [19901. This chapter covers a variety of topics that are used in
the remainder of the book. It starts with the basics of Bergman spaces, some
material about distributions, and a discourse on the Cauchy transform and
an application of this to get another proof of Runge's Theorem. It concludes
with an introduction to Fourier series.

Chapter 19 contains a rather complete exposition of harmonic functions
on the plane. It covers about all you can do without discussing capacity,
which is taken up in Chapter 21. The material on harmonic functions from
Chapter 10 in Volume I is assumed, though there is a built-in review.

Chapter 20 is a rather standard treatment of Hardy spaces on the disk,
though there are a few surprising nuggets here even for some experts.

Chapter 21 discusses some topics from potential theory in the plane. It
explores logarithmic capacity and its relationship with harmonic measure
and removable singularities for various spaces of harmonic and analytic
functions. The fine topology and thinness are discussed and Wiener's cri-
terion for regularity of boundary points in the solution of the Dirichiet
problem is proved.

This book has taken a long time to write. I've received a lot of assistance
along the way. Parts of this book were first presented in a pubescent stage
to a seminar I presented at Indiana University in 198 1-82. In the sem-
inar were Greg Adams, Kevin Clancey, Sandy Grabiner, Paul McGuire,
Marc Raphael, and Bhushan Wadhwa, who made many suggestions as the
year progressed. With such an audience, how could the material help but
improve. Parts were also used in a course and a summer seminar at the
University of Tennessee in 1992, where Jim Dudziak, Michael Gilbert, Beth
Long, Jeff Nichols, and Jeff vanEeuwen pointed out several corrections and
improvements. Nathan Feldman was also part of that seminar and besides
corrections gave me several good exercises. Toward the end of the writing
process 1 mailed the penultimate draft to some friends who read several
chapters. Here Paul McGuire, Bill Ross, and Liming Yang were of great
help. Finally, special thanks go to David Minda for a very careful read-
ing of several chapters with many suggestions for additional references and
exercises.

On the technical side, Stephanie Stacy and Shona Wolfenbarger worked
diligently to convert the manuscript to Jinshui Qin drew the figures in
the book. My son, Bligh, gave me help with the index and the bibliography.

In the final analysis the responsibility for the book is mine.
A list of corrections is also available from my WWW page (http: //

www.
Thanks to R. B. Burckel.
I would appreciate any further corrections or comments you

wish to make.
John B Conway
University of Tennessee
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Chapter 13

Return to Basics

In this chapter a few results of a somewhat elementary nature are collected.
These will be used quite often in the remainder of this volume.

§1 Regions and Curves

In this first section a few definitions and facts about regions and curves in
the plane are given. Some of these may be familiar to the reader. Indeed,
some will be recollections from the first volume.

Begin by recalling that a region is an open connected set and a simply
connected region is one for which every closed curve is contractible to a
point (see 4.6.14). In Theorem 8.2.2 numerous statements equivalent to
simple connectedness were given. We begin by recalling one of these equiv-
alent statements and giving another. Do not forget that denotes the
extended complex numbers and denotes the boundary of the set C in

That is, C is bounded and &0G = ÔG U {oo} when
C is unbounded.

It is often convenient to give results about subsets of the extended plane
rather than about C. If something was proved in the first volume for a
subset of C. but it holds for subsets of with little change in the proof,
we will not hesitate to quote the appropriate reference from the first twelve
chapters as though the result for was proved there.

1.1 Proposition. If G is a region in the following statements are
equivalent.

(a) G is simply connected.

(b) C is connected

(c) is connected.

Proof. The equivalence of (a) and (b) has already been established in
(8.2.2). In fact, the equivalence of (a) and (b) was established without
assuming that C is connected. That is, it was only assumed that C was
a simply connected open set; an open set with every component simply
connected. The reader must also pay attention to the fact that the con-
nectedness of C will not be used when it is shown that (c) implies (b). This
will be used when it is shown that (b) implies (c).
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So assume (c) and let us prove (b). Let F be a component of \ G; so

F is closed. It follows that Fflcl G 0 (ci denotes the closure operation in
C while denotes the closure in the extended plane.) Indeed, if it were
the case that Fflcl C = 0, then for every z in F there is an e > 0 such that
B(z;€)flG = 0. Thus FuB(z;e) C,, \G. But FUB(z;e) is connected.
Since F is a component of \ C, B(z; €) c F. Since z was an arbitrary
point, this implies that F is an open set, giving a contradiction. Therefore

Fflcl C; so z0 By (c) is connected, so FU8(x,G
is a connected set that is disjoint from C. Therefore F since F is a
component of \ C. What we have just shown is that every component
of C must contain Hence there can be only one component and
so C is connected.

Now assume that condition (b) holds. So far we have not used fact
that C is connected; now we will. Let U = \ Now \ U =

and is connected. Since we already have that (a) and (b) are
equivalent (even for non-connected open sets), U is simply connected. Thus

\ = G U U is the union of two disjoint simply connected sets and
hence must be simply connected. Since (a) implies (b),
is connected. 0

1.2 Corollary. JIG is a region in C, then the map F—' Ffl8CX,G defines
a bijection between the components of C00 \G and the components of 000G.

Proof. If F is a component of C, then an argument that appeared in
the preceding proof shows that F fl 000G 0. Also, since 800G

C of 000G that meets F must be contained in F. It must
be shown that two distinct components of .900G cannot be contained in F.

To this end, let G1 = C00 \ F. Since C1 is the union of C and the
components of C00 \ C that are distinct from F, C1 is connected. Since
C00 \ C1 = F, a connected set. C1 is simply connected. By the preceding
proposition, is connected. Now In fact for any point z

0 B(z;e)fl(C00\G1) Also if B(z;e)flG =
0, then B(z;e) COO\G and B(z;e)ciF 0; thus z mt F, contradicting
the fact that z E Thus c Therefore any of
000C that meets F must contain &0G1. Hence there can be only one such
component of 800G. That is, F fl 000C is a component of 000G.

This establishes that the map F —' F fl 000G defines a map from the
components of C, \ C to the components of 000G. The proof that this
correspondence is a bijection is left to the reader. 0

Recall that a simple closed curve in C is a path [a, bJ —' C such that
7(t) = 'y(s) if and only if t = s or — = b — a. Equivalently, a simple
closed curve is the homeomorphic image of OD. Another term for a simple
closed curve is a Jordan curve. The Jordan Curve Theorem is given here,
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but a proof is beyond the purpose of this book. See Whyburn [1964J.

1.3 Jordan Curve Theorem. 1/7 is a simple closed curve in C, then
C \ ha., two components, each of which has as its boundary.

Clearly one of the two components of C \ y is bounded and the other is
unbounded. Call the bounded component of C \ the inside of and call
the unbounded component of C \ the outside of Denote these two sets
by ins 'y and out -y, respectively.

Note that if7 is a rectifiable Jordan curve, so that the winding number
n(7; a) is defined for all a in C \ then n(7; a) ±1 for a in ins while
nfry;a) 0 for a in out y. Say 7 is positively oriented if n(-y;a) = 1 for all
a in ins A curve is smooth if is a continuously differentiable function
and 'y'(t) 0 for all t. Say that is a loop if is a positively oriented
smooth Jordan curve.

Here is a corollary of the Jordan Curve Theorem

1.4 Corollary. ff7 is a Jordan curve, ins and (out 'y) U {oo} are simply
connected regions.

Proof. In fact, C,0 \ ins y = -y) and this is connected by the
Jordan Curve Theorem. Thus ins is simply connected by Proposition 1.1.
Simibirly, out U {oo} is simply connected. 0

A positive Jordan system is a collection f = . . , Im } of pairwise
disjoint rectifiable Jordan curves such that for all points a not on any

outside of r and let ins {aE C: n(f;a) = 1} = the inside off. Thus
= out I'Uins 1'. Say that r is smooth if each curve in i' is smooth.

Note that it is not assumed that ins r is connected and if 1' has more
than one curve, out f is never connected. The boundary of an annulus is
an example of. a positive Jordan system if the curves on the boundary are
given appropriate orientation. The boundary of the union of two disjoint
closed annuli is also a positive Jordan system, as is the boundary of the
union of two disjoint closed disks.

ffXisanysetintheplaneandAandBaretwonon-emptysets,saythat
X separates A from B if A and B are contained in distinct components of
the complement of X. The proof of the next result can be found on page
34 of Whyburn [1964J.

1.5 Separation Theorem. If K is a compact subset of the open set U,
a e K, and b C,, \ U, then there is a Jordan curve 7fl U such that 7is
disjoint fromK andy separntesafrumb.

In the preceding theorem it is not possible to get that the point a lies
in ins y. Consider the situation where U is the open annulus ann(0; 1,3),
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K = =3/2}, a=3/2, and 6=0.

1.6 Corollary. The curve -y in the Separation Theorem can be chosen to
be smooth.

Proof. Let ci = ins -y and for the moment assume that a E ci. The other
case is left to the reader. Let K0 = K fl ci. Since -yfl K 0, it follows that
Ko is a compact subset of that contains a. Since ci is simply connected,
there is a Riemann map r: D —' ci. By a compactness argument there is
a radius r, 0 < r < 1, such that r(rD) Ko. Since U is open and c U,
r can be chosen so that r(rôD) U. Let be a paraineterization of the
circle rOD and consider the curve r o a. Clearly r o a separates a from b, is
disjoint from K, and lies inside U. 0

Note that the proof of the preceding corollary actually shows that y can
be chosen to be an analytic curve. That is, can be chosen such that
it is the image of the !lnit circle under a mapping that is analytic in a
neighborhood of the circle. (See §4 below.)

1.7 Proposition. If K zs a connected subset of the open set U
and b is a point in the complement of U, then there is a ioop 'y in U that
separates K and b.

Proof. Let a K and use (1.6) to get a ioop -y that separates a and b.
Let ci be the component of the complement of -y that contains a. Since
K n ci 0. K fl =0. and K is connected, it must be that K c ci. 0

The next result is used often. A proof of this proposition can be given
starting from Proposition 8.1.1. Actually Proposition 8.1.1 was not com-
pletely proved there since the statement that the line segments obtained in
the proof form a finite number of closed polygons was never proved in de..
tail. The details of this argument are combinatorially complicated. Basing
the argument on the Separation Theorem obviates these complications.

1.8 Proposition. If E is a compact subset of an open set C, then there
is a smooth positively oriented Jordan system r contained in C such that
EçinsrCG.
Proof. Now C can be written as the increasing union on open sets C8
such that each C8 is bounded and C \ C8 has only a finite number of
components (7.1.2). Thus it suffices to assume that C is bounded and C\G
has only a finite number of components, say K0, K1, .. . , K8 where K0 is
the unbounded component.

It is also sufficient to assume that C is connected. In fact if U1, U2,...
are the components of C, then {Um } is an open cover of E. Hence there
is a finite subcover. Thus for some integer m there are compact subsets
Ek of Uk, 1 � k � m, such that E = Ek. If the proposition is proved
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under the additional assumption that C is connected, this implies there
is a smooth positively oriented Jordan system Fk in Uk such that Ek
ins I' ç Uk; let r = ur rk. Note that since ci (ins Fk) = rk Uins ç Uk,
cl (ins rk) ci (ins = 0 for k i. Thus F is also a positively oriented
smooth Jordan system in C and E ç ins I' = ur ins rk C.

Let e > 0 such that for 0 j n, {z : dist(z,K1) �
is disjoint from E as well as the remainder of these inllated sets. Also
pick a point a0 in intK0. By Proposition 1.7 for 1 � n there is a
smooth Jordan curve y, in {z : dist(z, K,) <e} that separates a0 from K,.
Note that 00 belongs to the unbounded component of the complement of
{z : dist(z, K,) <e}. Thus K, ins and 00 E out Give 'yj a negative
orientation so that n(-y, : z) = —1 for all z in K,.

Note that U = C \ K0 is a simply connected region since its complement
in the extended plane, K0, is connected. Let r I) —. U be a Riemann map.
For some r, 0 < r < 1, V = r(rltb) contains K, and OV
Let = t9V with positive orientation. Clearly E U K, ins and

E out 70.
It is not to see that F = .. is a smooth Jordan

system contained in C. If z E K, for 1 � j n, then n(1', z) n(7,, z) +
n('yo, z) = —l + 1 = 0. Now 00 E out 1'; but the fact that F ç C and K0 is
connected implies that K0 c F. It follows that ins F c G.

On the other hand, ifz E, then z E out for 1 <j <n and z E IflS 7o.
ThusECinsL'. 0

1.9 Corollary. Suppose C 28 a bounded region and K0,. . . are the
component.s withoo inK0. IfE >0, then there is asmooth
Jordan system F = {7o,. . . , in C such that:

(a) forl �j K, insyj;
(b) K0çout70;

Proof. Exercise. 0

1.10 Proposition. An open set C in C is simply connected if and only if
for every Jordan curve contained in C, inst C C.

Proof. Assume that C is simply connected and is a Jordan curve in C.
So \G is connected, contains oo, and is contained in Therefore
the Jordan Curve Theorem implies that C \ C out Hence, ci (ins =
C \ out 7 c G.

Now assume that C contains the inside of any Jordan curve that lies in
C. Let be any closed curve in C; it must be shown that g is homotopic

unbounded component of the complement of By Proposition 1.7 there
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is a Jordan curve in {z : dist(z,a) <e} that separates the compact set
a and the point b. The unbounded component of the complement of
must be contained in the outside of so that b E out 'y; thus a ç ins 7.
But ins is simply connected (1.4) so that a is bomotopic to 0 in ins
But by aseumption C contains ins so that or is homotopic to 0 in C and
C is simply connected. 0

1.11 Corollary. 1/7 and are Jordan curves with or cl(ins7), then
ins ac ins 1.

A good reference for the particular properties of planar sets is Newman
[1964J.

Exercises

1. Give a direct proof of Corollary 1.11 that does not depend on Propo-
sition 1.10.

2. For any compact set E, show that Ee has a finite number of compo-
nents. If E is connected, show that is connected.

3. Show that a region G is simply connected if and only if every .Jordan
curve in C is homotopic to 0.

4. Prove Corollary 1.9.

5. This exercise seems appropriate at this point, even though it does
not use the results from this section. The proof of this is similar to
the proof of the Laurent expansion of a function with an isolated
singularity. Using the notation of Corollary 1.9, show that if f is
analyticinG, thenf=fo+f1 wheref, isanalyticon

\ K, (0 � j g n) and f,(oo) = 0 for 1 � j <n. Show that the
functions are unique. Also show that if f is a bounded function, then
each /, is bounded.

§2 Derivatives and Other Recollections

In this section some notation is introduced that will be used in this book
and some facts about derivatives and other matters will be recalled.

For any metric space X, let C(X) denote the algebra of continuous
functions from X into C. If n is a natural number and C is an open
subset of C, let denote the functions f C — C such that f
has continuous partial derivatives up to and including the n.th order.
C°(C) = C(C) and = the infinitely differentiable functions on
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G. 110 � n � denotes those functions fin with suppf
support of / ci {z E G: 1(z) Q} compact.

It is convenient to think of functions / defined on C as functions of the
complex variables z and! rather than the real variables x and y. These
two sets of variables are related by the formulas

z —x+iy I =x—iy

2

Thus for a differentiable function I on an open set G, it is possible to
discuss the derivatives of I with respect to z and!. Namely, define

8
— 8f_1(Of .8f\
-
— af_ifof+.of

81 8y

These formulas can be justified by an application of the chain rule. A
derivation of the formulas can be obtained by consideringdz =dx+idy
and d! = dx — idy as a module basis for the complex differentials on C,
expanding the differential of f, df, in terms of the basis, and observing that
the formulas for Of and given above are the coefficients of dz and dl,
respectively.

The origin of this notation is the theory of functions of several complex
variables, but it is very convenient even here. In particular, as an easy
consequence of the Cauchy-Riemann equations, or rather a reformulation
of the result that a function is analytic if and only if ita real and imaginary
parts satisfy the Cauchy-Riermuin equations, we have the following.

So the preceding proposition says that a function is analytic precisely
when it is a function of z alone and not of!.

With some effort (not to be done here) it can be shown that all the
laws for calculating derivatives apply to 0 and as well. In particular, the
rules for differentiating sums, products, and quotients as well as the chain
rule are valid. The last is explicitly stated here and the proof is left to the
reader.

2.2 ChaIn Rule. Le G be an naubset ofC and letf EC'(G). is
an open subset of C such that 1(G) ondg E then gof C'(C)
and

8(gof) =
=
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So if a formula for a function f can be written in terms of elementary
functions of z and then the rules of calculus can be applied to calculate
the derivatives of f to any order. The next result contains such a calcula-
tion.

2.3 Proposition.

(a) 0(log(zj) = 1{2z} =

(b)

If is the Laplacian, +
+ (0)2

then =

4a0 = 480.

Proof. For part (a), write log Izl = log = and apply the
chain rule. The remaining parts are left to the reader. 0

Hence a function u G —' C is harmonic if and only if 0 on G.
Therefore, u is harmonic if and only if Ou is analytic. (Note that we are
considering complex valued functions to be harmonic; in the first volume
only real-valued functions were harmonic.)

For any function u defined on an open set, the n-th order derivatives of
u are all the derivatives of the form where j + k =

A polynomial in z and is a function of the form
where a,k is a complex number and the summation is over some finite set
of non-negative integers. The n-th degree term of p(z, is the sum of all
the terms with j + k = n. The polynomial p(z, I) has degree n if
it has no terms of degree larger that n.

It is advantageous to rewrite several results from advanced calculus with
this new notation.

2.4 Taylor's Formula. 1ff n � 1, andB(a;R) cc, then there
is a unique polynomial in z and i of degree � n — 1 and there is a
function g in C"(G) such that the following hold:

(a) I =p+g;

(b) each derivative of g of order n — 1 vanishes at a;

(c) for each z in B(a; R) there is an s, 0 < s < 1, (s depends on z) such
that

k+jn
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Thus for each z in B(a;R)

< z —aI"
max : 1w — al — al}.

2.5 Green's Theorem. If I' is a smooth positive Jordan system with
G ins F, u C(cl G), u E C'(G), and is integrabte over G, then

While here, let us note that integrals with respect to area measure on C
will be denoted in a variety of ways. is one way (if the variable of inte-
gration can be suppressed) and f(J_4 = f(z)dA(z) is another. Which
form of expression is used will depend on the context and purpose at
the time. The notation f I dA will mean that integration is to be taken
over all of C. Finally, denotes the characteristic function of the set K;
the function whose value at points in K is 1 and whose value is 0 at points
of the complement of K.

Using Green's Theorem, a version of Cauchy's Theorem that is valid for
non-anaJytic functions can be obtained. But first a lemma is needed. This
lemma will also be used later in this book. As stated, the proof of this lemma
requires knowledge of the Lebesgue integral in the plane, a violation of the
ground rules established in the Preface. This can be overcome by replacing
the compact set K below by a bounded rectangle. This modified version
only uses the Riemann integral, can be proved with the same techniques
as the proof given, and will suffice in the proof of the succeeding theorem.

2.6 Lemma. If K is a compact subset of C, then for every z

IK
lz -

Proof. If h(() = ',then using a change of variables shows that

fK
lz — = —

JXK(Z —

i_K
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If R is sufficiently large that z — K c B(0; R), then

f Iz—(hdA(() fK B(O;RJ
pr

= I I dOdr
Jo Jo

= 2irR.

0

2.7 The Cauchy-Green Formula. ff1' is a smooth positive Jordan sys-
tem, C = ins 1', U E C(d C), u E C'(G), and is integrable on C, then
for every z in C

u(z) = f — z)'d( — z)_18u

Proof
B(w; e) and = C \ cI Be. Now apply Green's Theorem to the function
(z — w)_tu(z) and the open set (Note that = and, with
proper orientation, becomes a positive Jordan system.) On

[(z — w)_1u} = (z —

since (z — is an analytic function on Hence

2.8 1 dz— f u(z) dz=2i IJr2W JOBCZW JG,

But

lim f = urn i f u(w ÷
c—.O o

= 2iriu(w).

Because (z — w)' is locally integrable (Lemma 2.6) and bounded away
from w and is bounded near w and integrable away from w, the limit
of the right hand side of (2.8) exists. So letting 0 in (2.8) gives

f u(z)
dz — = 2i 1

1
d.4(z).JrZW Jcz—w

0

Note that if, in the preceding theorem, u is an analytic function, then
= 0 and this become Cauchy's Integral Formula.
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2.9 Corollary. If u E and w E C, then

There are results analogous to the preceding ofles where the Laplacian
replaces

2.10 Lemma. If K i3 a compact subset of the plafte, then

1K
<oo.

Proof. If polar coordinates are used, then it is left to the reader to show
that for any R> 1

= irE2 +,r.

This proves the lemma. 0

2.11 Theorem. If u E on the plane and w E C, then

= flog Jz - dA(z).

Proof. Let R be positive such that supp(u) ç B(w; R) and for e > 0
let = e < — w( <R} and = {z; Iz — WI = e} with suitable
orientation. Green'E Theorem implies

f —wldz = 21f

= 2ij log Iz — wIdA(z)

+211

= f (Au) log lz - wIdA(z)

+2 1 - _dA(z).
JG, Z — ii)

Now J, (Ou) log — tuldzI Me loge for some constant M independent

of e. Hence the integral converges to 0 as e —' 0. Since — is locally
integrable and 8u has compact support, [Ott —

J converges as
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e 0. By Corollary 2.9 and Proposition 2.3(b) this limit must be
Since is continuous and has compact support, combining this latest
information with the above equations, the theorem follows. 0

We end this section with some results that connect areas with analytic
functions. The first result is a consequence of the change of variables for-
mula for double integrals and the fact that if I is an analytic function, then
the Jacobian of f considered as a mapping from R2 into R2 is If'12 (see
Exercise 2).

2.12 Theorem. 1ff is a conformal between the open sets G
andfl, then

Area(1l) = I I ii'p2.
J Ja

2.13 Corollary. If Il is a simply connected region, r D — Q is a Riemann
mop, and r(z) = in D, then

=Jj1r12 =

Proof. The first equality is a restatement of the preceding theorem for
this special case, For the, second equality, note that r'(z) =
So for r < 1,

Fr' (re*8)J2

=

1)9) vnamrm_1e1(m_1)9)

=

and this series converges uniformly in 9. Using polar coordinates to calcu-
late and the fact that f" = 0 for n m, we get

Jj1r12 =

=

= 7rEnlanl2.

0

If f fails to be a conformal equivalence, a version of this result remains
valid. Namely, fIG 1112 is the area of 1(G) "counting multiplicities." This
is made specific in the next theorem. The proof of this result uses some
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measure theory; in particular, the reader must know the Vitali Covering
Theorem.

2.14 Theorem. 1ff : G —, Il vs a surjective analytic flLnction and for each

C in 1l,n(C) is the number of point.s in then

f = f
Proof. Since f is analytic, {z f(z) = O} is countable and its complement
in G is an open set with the same measure. Thus without loss of generality
we may assume that f' never vanishes; that is, I is locally one-to-one.
Thus for each z in G there are arbitraily small disks centered at z on
which f is one-to-one. The collection of all such disks forms a Vitali cover
of C. By the Vitali Covering Theorem there are a countable number of
pairwise disjoint open disks such that / is one-to-one on each
and

A = = The set C \ U, D, can be written as
the countable union of compact sets u2K2 (Why?). Since j is analytic, it
is locally Lipachitz. Thus Area f(K,) = 0 for each i � 1. Thus
= Area(A). For let Ak = {( E A: n(C) k}; so Area(A) =
EkArea(Ak). If Gk = I '(Ak), then Theorem 2.12 implies

f IuI2d—4 = n-1

=

= kArea(Ak)

since is one-to-one on each Thus

f fC 1<k<oo

k Area(Ak)
I <k<cc

jn(C)dA(C).

Exercises

1. Show that if K and L are compact subsets of C, then there is a
constant M > 0 such that JK Jz — çJ-'dA(ç) M for all z in L.
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2. Show that if f : C —. C is an analytic function and we consider I as
a function from the region C in R2 into R2, then the Jacobian of I
is 1/112.

3. LetfbedefinedonDbyf(z) =exp[(z+ 1)/(z— 1))Jandshowthat
If
If C is a region and u is a real-valued harmonic function on C such
that {z : u(z) = O} has positive area, then u is identically 0.

§3 Harmonic Conjugates and Primitives

In Theorem 8.2.2 it was shown that a region C in the plane has the property
that every harmonic function on C has a harmonic conjugate if and only
if G is simply connected. It was also shown that the simple connectivity
of C is equivalent to the property that every analytic function on C has a
primitive.

The above mentioned results neglect the question of when an individual
harmonic function has a conjugate or an individual analytic function has
a primitive. In this section these questions will be answered and it will be
seen that even on an individual basis these properties are related.

We begin with an elementary result that has been used in the first volume
without being made explicit. The proof is left to the reader.

3.1 Proposition. If f : C —. C is an analytic function, then f has a
primitive if and only if f, f = 0 for every closed rectifiable curve i' in C.

Another result, an easy exercise in the use of the Cauchy-Riemann equa-
tions, is the following.

32 Proposition. If u : C —. C is a C2 function, then u is a harmonic
function on C if and only if I = 2 = Ou is an analytic function
onG.

It turns out that there is a close relation between the harmonic function u
and the analytic function f = thi. Indeed, one function often can be studied
with the help of the other. A key to this is the following computation. If
is any closed rectifiable curve in C, then

3.3

In fact, J f = =

f.7 + u,ddy) = 0 since this is the integral of an exact differ-
ential.
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We are now ready to present a direct relation between the existence of a

harmonic conjugate and the existence of a primitive.

3.4 Theorem. !fGi aregion
then the following statements are equivalent.

(a) The function u has a harmonic conjugate.

(b) The analytic function / = On has a primitive in C.

(c) For every closed rectifiable curve y in C, - =0.

Proof. By Proposition 3.1, (3.3) shows that (b) and (c) are equivalent.
(a) implies (b). If g is an analytic function on C such that g = u + iv,

then the fact that the Cauchy-RiemAnn equations hold implies that g' =
—in1, =2f.

(b) implies (a). Suppose g is an analytic function on C such that g' =2/
and let U and V be the real and parts of g. Thus g' = =
2f=u1—iu,,.ItisnowaneaaycomputationtoshowthatuandVsatisfy
the Cauchy-Riemann equations, and soV is a harmonic conjugate of u. 0

For a function u the differential is called the conjugate differ-
ential of u and is denoted du. Why? Suppose u is a harmonic function with
a harmonic conjugate v. Using the Caucby-Riemann equations the differ-
ential of v is dv + v5dy = + u1dy = du. So Theorem 3.4(c)
says that a harmonic function u has a harmonic conjugate if and only if its
conjugate differential du is exact. (See any book on differential forms for
the definition of an exact form.)

The reader might question whether Theorem 3.4 actually characterizes
the harmonic functions that have a conjugate, since it merely states that
this problem is equivalent to another problem of equal difficulty: whether
a given analytic function has a primitive. There is some validity in this
criticism, though this does not the value of (3.4); it is a criticism
of the result as it relates the originally stated objective rather than any
internal defect.

Condition (c) of the theorem says that to check whether a function has
a conjugate you must still check an infinite number of conditions. In §15.1
below the reader will see that in the case of a finitely connected region this
can be reduced to checking a finite number of conditions.

Here is a fact concerning the conjugate differential that will be used in
the sequel. Recall that On/On denotes the normal derivative of u with
respect to the outwardly pointed normal to a given curve

3.5 Propo.itlon. If u is a continuously differentiable function on the re-
gionGond-yssadosed rectifiable curve in C, then

! I
27rj.7
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Proof. The first equality is a rephrasing of (3.3) using the latest edition
of the notation. The proof of the second equality is a matter of using the

definitions of the relevant terms. This will not be used here and so the
details are left to the reader. 0

Exercises

1. If C is a region and u : C —i JR is a continuous function, then u is
harmonic if and only if for every a in C there is an 6 > 0 such that
u(a) = (2ir)_' fu(a + r&°)dO for r <6. (A slight weakening of the
fact that functions with the Mean Value Property are harmonic.)

2. If u is a real-valued function_on C, show that 9u dz = 19u =
Hence On dz

3. Prove that a region C is simply connected if and only if every complex
valued harmonic function u : C C can be written as u = g + h for
analytic functions g and h on C.

4. Let C be a region and f C —' C an analytic function that never
vanishes. Show that the following statements are equivalent. (a) There
is an analytic branch of log f(z) on G (that is, an analytic function
g C C such that f(z) for all z in C). (b) The
function f'/ f has a primitive. (c) For every closed rectifiable path y
in C, fl/f = 0.

5. Let r = p/q be a rational function, where p and q are polynomials
without a common divisor. Let a1 be the distinct zeros of p
with multiplicities . . , i,, and let b1,... , be the distinct zeros
of q with multiplicities 131,. . . ,13m. If G is an open set in C that
contains none of the points a1 b1,.. . , show that there is
an analytic branch of log r(z) if and only if for every closed rectifiable
path in G.

0 = — : b).

§4 Analytic Arcs and the Reflection Principle

If is a region and f : D —' is an analytic function, under what circum-
stances can f be analytically continued to a neighborhood of cI UI? This
question is addressed in this section. But first, recall the Schwarz Reflection
Principle (9.1.1) where an analytic function is extended across the real line
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provided it is real-valued on the line. It is probably no surprise that this
can be generalized by extending functions across a circle; the details are
given below. In this section more extensive formulations of the Reflection
Principle are formulated. The relevant concept is that of an analytic arc.
Before addressing this issue, we will concentrate on circles.

Suppose C is any region that does not include 0. If z E G},
then is the reflection of C across the unit circle OD. If f is an analytic

function on G, then f defines an analytic function on
Similarly if C is any region and a is a point not in C, then for some radius
r>O

4.1
I ) I.

is the reflection of C across the circle OB(a; r). Note that a G# and
= C. If I is an analytic function on C and G# is as above, then

4.2 f#(C)f(C+L)
is analytic on Here is one extension of the Reflection Principle.

4.3 Proposition. If C is a region in C, a g C, andG C#, let
GflB(a;r), G0 GflOB(a;r), andG... 1ff: G÷u
00 —p C is a continuous function that is analytic on f(G0) ç R, andf# : C —' C is defined by letting f#(z) = f(z) for z in 0÷ UG0 and letting
f# (z) be defined as in (4.2) for z in G_, then f# is an analytic

f I is a conformal
equivalence.

Proof. Exercise 0

The restraint in the preceding proposition that f is real-valued on 00
can also be relaxed.

4.4 Proposition. If G is a region in C, a 0, andG = C#, let C...,
Co be as in the preceding proposition. 1ff: 0÷ U C0 —+ C is a continuous
function that is analytic on G÷ and there is a point a not in f(G÷) and
a p > 0 such that 1(G0) c t9B(a;p) less one point and if f# : C C is
defined by letting f#(z) = f(z) on U Go and

f#(z)_a+ p

I \
f ( a + 1-\ z—aj

for z in C_. then f# is analytic. 1ff is one-to-one and f(C÷) is contained
entirely in either the inside or the outside of B(cx; p), then f# is a conformal
equivalence.
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Proof. Let T be a Möbius transformation that maps OB(a; p) onto It U
{oo} and takes the missing point to 00; SO To f satisfies the hypothesis of
the preceding proposition. The rest of the proof is an exercise. 0

4.5 Definition. If is a region and L is a connected subset of Ofl, then L is
a free analytic boundary arc of if for every w in L there is a neighborhood
A of w and a conformal equivalence h : D -. A such that:

(a) h(0) =
(b) h(—1,1)=LflA;
(c)

Note that the above definition implies that fl fl A is a simply connected
region. The first result about free analytic boundary arcs is that every arc
in ÔD is a free analytic boundary arc of D, a welcome relief. Most of the
proof is left to the reader. The symbol H÷ is used to denote the upper half
plane, {z : Imz > O}.

4.6 Lemma. IfwEOD ande>0, then there isaneighborhoodVofw
such that V B(w;e) and there is conformal h : D -e V such
that h(0)=w, h(—1,1)=VflÔD,

and that passes through a and a lies inside
B(1; e). Let h be the Möbius transformation that takes 0 to 1, 1 to a,
and oo to —1. it is not hard to see that = OD and = D. If
h(OD) = C and V is the inside circle C, then these fulfill the properties
stated in the conclusion of the lemma. The details are left to the reader.
0

The next lemma is useful, though its proof is elementary. It says that
about each point in a free analytic boundary arc there is a neighborhood
basis consisting of sets such as appear in the definition.

4.7 Lemma. If L is a free boundary arc of w E L, and U is any
neighborhood of i.', then there is a neighborhood A of wih A U and a

conformal equivalence h: D A such that:

(a) h(0) =
(b) hT(—1,1) =
(c)

Proof. According to the definition there is a neighborhood A of and a
conformal equivalence k: D —+ A with k(0) = w, k(—1, 1) = An L, and
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k(D÷) = CI fl A. The continuity of k implies the existence of r, 0 <r < 1,
such that k(rD) U. Let = k(rD) and define h D —+ A by h(z) = k(rz).
It is left to the reader to check that h and have the desired properties.
0

4.8 Theorem. Let C and Cl be regions and let J and L be free analytic
boundary arcs in 8(3 and OC1, respectively. If / is a continuous function
on C U J that is analytic on C, f(C) Cl, and 1(J) c L, then for any
compact set K contained in J, / has an analytic continuation to an open
set containing C U K.

Proof. Letz /(z); L. Bydefinition thereisa
neighborhood of w and a conformal equivalence : D such that

= w, 1) = &nL, and = By continuity, there
is a neighborhood about z such that I ((Jr fl ci C) = I n (Cu J)) c
& fl ci Cl = & fl (Cl U L). Since J is a free analytic boundary arc, the
preceding lemma implies this neighborhood can be chosen so that there is
a conformal equivalence Ic2 : D —' with k2(O) = z, k2(—1, 1) = U2 fl J,
and k2(ll)÷)= U2flG.

Thus 9z 010 Ic2 is a continuous function on D÷ U (—1, 1) that is
analytic on and real valued on (—1,1). In fact, g2(—1, 1) (—1, 1) and

According to Proposition 4.3, has an analytic continuation
to D. From the formula for g2# we have that ç D. Thus ft
a k;1 is a well defined analytic function on LI2 that extends / (U2 11(3).

Extend Ito a function Ion GUUZ by letting f = ion C and 1 ft on
U2. Itis easy to see that these two definitions of f agree on the overlap so
that I is an analytic function on CU U2.

Now consider the compact subset K of J and from the open cover {U2:
z E K} extract a finite subcover {U, 1 j n} with corresponding
analytic functions : Cu U, —. C such that 1, extends I. Write K as the
union K1 UK,,, where each K, is a compact subset of U,. (The easiest
way to do this is to consider a partition of unity on K subordinate to
{U,} (see Proposition 18.2.4 below) and put K, {z E K : b,(z) � 1/n}.)
Note that if it occurs that U1nUJ 0 but U111U,flG = 0, then K,nK, = 0.
Indeed, if there is a point z in K111K,, then z belongs to the open set U1flU,
and so U1 fl U, 11 C 0. Thus replacing and U, by smaller open sets that
still contain the corresponding compact sets K2 and K,, we may assume
that whenever U1 fl U, 0 we have that U1 11 U, fl C 0.

So if U1 11 U, 0, ft and f, agree on (J1 11 U, 11(3 with f; thus the two
extensions must agree on U1 11 LI,. Thus we can obtain an extension
I toCu 1U,, which isanopensetcontainingGul(. 0

We close this section with a reflection principle for harmonic functions.
First we attack the disk.

4.9 Lemma. Let u be a continuous real-valued function on cI D that is
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h Onic on D. If there is an open areJin OD Such that uu constant on
J, then there is a region W containing D U J and a harmonic function u1
on W such that u1 u on D U J.

Proof.
/3}, where a < /3 By using the Poisson kernel we know that

u(z) = j Pr(9 — t)u(e")dt

= {J" +f}Pr(O_t)u(e")dt
2ir $

for z = re' in D (10.2.9). Moreover on D, u = Ref where f is the analytic
function on W C \ [OD \ JJ defined by

1 r"i it
f(z) = — j e Zu(elt)dt.

—z

Thus u1 = Ref is the sought for harmonic extension. 0

4.10 Theorem. Suppose G is a region and J is a free analytic boundary
arc of G. If u: G U J R is a continuous function that is harmonic in G
and constant on J, then for any compact subset K of J, u has a harmonic
extension u1 on a region W that contains G U K.

Proof. The proof is similar to that of Theorem 4.8; the details are left to
the reader. 0

Here is a special type of finitely connected region.

4.11 Definition. A region C is a Jordan region or Jordan domain if it
is bounded and the boundary of C consists of a finite number of pairwise
disjoint closed Jordan curves, if there are n + 1 curves 'Yl, . . . that
make up the boundary of C, then C is called an n-Jordan region.

Since C is assumed connected, it follows that one of these curves forms
the boundary of the polynomial convex hull of ci C; denote this curve by 70
and refer to it as the outer boundary of C. It then follows that the insides of
the remaining curves are pairwise disjoint. Thus the curves can be suitably
oriented so that r = . is a positive Jordan system.

4.12 Definition. Say that a Jordan curve 'y is an analytic curve if there
is a function f analytic in a neighborhood of OD such that "y = 1(01)).
Say that a Jordan region is an analytic Jordan region if each of the curves
forming the boundary of C is an analytic curve.

It is easy to see that for an analytic Jordan region every arc in its bound-
ary is a free analytic boundary arc. An application of Theorem 4.10 (and



13.5. Boundary Values 21

Proposition 1.8) proves the following two results. The details are left to the
reader.

4.13 Corollary. Let G be an analytic Jordan region with boundary curves
If u is a continuous real-valued function on Cu 'rny, that is

harmonic on G and u is a constant on 'Yj, then there is an analytic Jordan
region C1 containing C U and a harmonic function

u on C.

4.14 Corollary. JIG is an analytic Jordan region and u: ci C —+ R is a
continuous function that is harmonic on C and constant on each component
of the boundary of C, then u has a harmonic extension to an analytic
Jordan region containing dC.

As was pointed out above, if C is an analytic Jordan region and z E OG,
then there is a neighborhood U of z such that U fl ÔG is a free analytic
boundary arc. The converse is also true. If C is a Jordan region and every
point of the boundary has a neighborhood that intersects 30 in an analytic
Jordan boundary arc, then C is an analytic Jordan region. This is another
of those results about subsets of the plane that seem obvious but require a
surprising amount of work to properly prove. See Minda [1977] and Jenkins
[1991].

Exercises

1. Let C, A, and Q be simply connected regions and let f: C —+ A be a
conformal equivalence satisfying the following: (a) C D and C
(b) A and A (c) 1(D) = If J is any open arc of Gfl 3D,

1(J) is a free analytic boundary arc of

2. Prove Theorem 4.10.

3. Give the details of the proof of Corollaries 4.13 and 4.14.

§5 Boundary Values for Bounded Analytic Functions

In this section we will state three theorems about bounded analytic func-
tions on D whose proofs will be postponed. Both the statements and the
proofs of these results involve measure theory, though the statements only
require a knowledge of a set of measure 0, which will be explained here.

Let U be a (relatively) open subset of the wilt circle, 3D. Hence U is
the union of a countable number of pairwise disjoint open arcs (.Jk}. Let
Jk = {e'9 : <9 < bk), 0 < bk — ak <2ir. Define the length of 4 by

=
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5.1 DefinitIon. AsubsetEof8Dhasmeasureze'vifforeverye >Othere
is an open set U E with t(U) <e.

There are some exercises at the end of this section designed to help the
neophyte feel more comfortable with the concept of a set of measure 0. In
particular you are asked to show that countable sets have measure 0. There
are, however, some uncountable sets with measure 0. For example, if C is
the usual Cantor ternary set in [0,11 and E = : t E C}, then E is an
uncountable closed perfect set having measure 0.

A statement will be said to hold almost everywhere on OD if it holds
forallainasubeetXofODandOD\Xhasmeasure0; alternately, it
is said that the statement holds for almost every a in 81). For example, if
f : 8D — C is some function, then the statement that is differentiable
almost everywhere means that there is a subset X of 80 such that OD \ X
hasmeaaureoandf'(a)existsfurallainX;alternately,f'(o)existsfor
almost every a in 80. The words "almost everywhere" are abbreviated by
a.e..

lff:D—Cisanyfunctionande'EOD,thenfbasanzdiallimitat
e0 if as r 1—, the limit of exists and is finite. The next three
theorems will be proved later in this book. Immediately after the statement
of each result the location of the proof will be given.

5.2 Theorem. If / : D -. C is a bounded analytic function, then f has
radial limits almost everywhere on 81).

This is a special case of Theorem 19.2.12 below.
If f is a bounded analytic function defined on 1), then the 'values of the

radial limits off, when they exist, will also be denoted by unless it is
felt that it is necessary to make a distinction between the analytic function
defined on 1) and its radial limit8. Notice that f becomes a function defined
a.e.on ÔD.

5.3 Theorem. 1ff : D -. C is a bounded analytic function and the radial
limits off exist and are zero on a set of positive measure, then / 0.

This result is true for a class of analytic functions that is larger than the
bounded ones. This more general result is stated and proved in Corollary
20.2.12.

So, in particular, the preceding theorem says that it is impossible for
an non-constant analytic function f defined on 1) to have a continuous
extensionf:clD—iCsuchthatfvanishesonsomearcofOD.This
special case will be used in some of the proofs preceding so it is
worth noting that this is a direct consequence of the Schwarz Reflection
Principle. It turns out that such a function that is continuous on ci 1) and
analytic inside can have more than a countable set of zeros without being
constantly 0. That, however, is another story.
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Figure 13.1.

We now consider a more general type of convergence for a function as the
variable approaches a boundary point. Fix 0,0 � 9 � 2ir, and consider the
portion of the open unit disk D contained in an angle with vertex = a,

symmetric about the radius z = ra, 0 r � 1, and having opening 2a,
where 0 < a < See Figure 13.1.

Call such a region a Stoiz angle with vertex a and opening a. The variable
z is said to approach a non-tangentially if z -. a through Stolz angle.

This will be abbreviated z a (n.t.). Say that f has a non-tangential

through any Stolz angle with vertex a.

5.4 Theorem. Let 7:10,11 -, C be an arc with 7(10,1)) c D and suppose
ends at the point 7(1) = a in 81). If / : D C is a bounded analytic

function such that f(7(t)) —' a as t -. 1—, then / has non-tangential limit
a at a.

5.5 Corollary. If a bounded analytic function / has radial limit at a in
8D, then / has non-tangential limit ( at a.

Theorem 5.4 will be proved here, but results (Exercises 6 and 7) are
needed that have not yet been proved. These will be proved later in more
generality, but the special cases needed aze within the grasp of the reader
using the methods of the first volume. For the proof a lemma is needed. In
this lemma and the proof of (5.4), the Stolz angle at z = 1 of opening 26
is denoted by

5.OLen'ni'u.Supposeo<r<1,B=B(1;r),IZ=BflD,andl={z€
Im: � 0 and IzI = 1). If w is the solution of the Dirichiet problem

withbunda es then for evenjc>0, there isap,O<p<r, such
that if Iz — <p, 0 < 6 < ,r/2, and z E S6, then w(z) � (1/2) — 6/jr — e.

Proof. For w in Il, let E (0,1) such that ir4i(w) is the angle from the
vertical line Rez = 1 counterclockwise to the line passing through 1 and
w. It can be verified that = arg(—i(w — 1)). Thus 4 is harmonic
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for Rew < 1 and continuous on ci D \ (1}. Let be the end point of the
arc I different from 1.

Claim. if we define — w)(1) =0, then — : ci ci —' R is continuous

except at (.

Since is harmonic on and is the solution of the Dirichiet problem
for its boundary values, we need only verily that — w) : 0 D —. R is

continuous except for the point (; by Exercise 6 the only point in doubt
here is w = 1. Suppose in —, 1 with 1mw < 0. Here —' 1 and
is constantly 1. Now suppose in 1 with 1mw > 0. Here 0 and
w(w) is constantly 0. Thus the claim.

To finish the proof of the lemma, let p> 0 such that Iw(z) — <e
for z in ci ci and z S6, then � (1/2) — 5/ir. Thus
w(z) w(z) — + � (1/2) — — e. 0

Proof of Theorem 5.4. Without loss of generality we may assume that
a = 1, a = 0, and lf(z)I � 1 for Izi < 1.1(0< r <1 there isanumber
t,. < 1 such that 37(t) — < ,- for tr < t < 1 and — f. Let
denote the curve restricted to [tv, If e > 0, then r can be chosen so
that <e for t,. t < 1. Fix this value of r and let ci = DflB(1;r).
As in the preceding lemma, let = {z Oil un z � 0 and = 1) and
12 = {z E Oil: lznz � 0 and IzI = 1}. Fork = 1,2 let Wk be the solution
of the Dirichlet problem with boundary values xi1; so by Exercise 6, IS

continuous on ci ci except at the end points of the arc

Claim. For z in ci, —log � —(loge) w2(z)}.

Once this claim is proved, the theorem follows. Indeed, the preceding
lemma implies that there is a p, 0 < p < r, such that if if <p, 0 <
.5 <ir/2, and z E So, then fork = 1, 2, wk(z) � (1/2)—5/ir—e. (Observe
that = Hence —log If(z)I � —(loge)[(1/2) — 6/ir — eJ for

Iz—1I <pandzES0.Thereforeforsuchz, If(z)I <eexp((1/2)—6/ir—e],
which can be made arbitrarily small.

To prove the claim, let v(z) = (log If(z)I)/ loge; so visa superharmonic
functiononil,v(z)�Oforallzinil,andv(7(t))> 1 fort,. <t< 1. So
if z E 'y 11 ci, then v(z) � 1 � Wk(Z). Suppose that z E ci \ and let U
be the component of ci \ 'y that contains z. Let (k be the end point of the
arc Ik different from 1. Let be the path that starts at 1, goes along OD
in the positive direction to the point (2, then continues along OB until it
meets y(t,.). Similarly let 02 be the path that starts at 'y(tr), goes along
OB in the positive direction to the point then continues along 0 D in
the positive direction to the point 1. Note that and 02 together form
the entirety of the boundary of CI. Let r1 = + dy,. and r2 — SO

n(r1; z) + n(r2; z) = n(8Cl; z) = 1. Thus z) 0 for at least one value
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ofk= 1,2.
Suppose n(Fi; z) 0. We now show that 0(1 F1. In fact, general

topologjr S5)P5 that 9(J ç U02 = Fi But if W is the
unbounded component of C \ F1, the assumption that n(F1; z) 0 implies

that U W —0. Also 03 \ ç W. Thus OU c
This enables us to show that v � on U, and so, in particular, v(z) �

Indeed to show this we need only show that —

v(w)J 0 for all but a finite number of points on OU (Exercise 7). Suppose
a 8(1 and a 1 or 'y(tr). By the preceding paragraph this implies
that.a Ey,ora E oi. ha E 'y,. soda 1 thena E Dand
v(a) � 1 � If a E a1 and a $ 1 or 'Y(tr), then is continuous at a
and sowi(w) —' Oasw — a. Sincev(w) � 0, � 0.

In a way, if n(F1; z) 0, then v(z) � This covers all the
cases and so the claim is verified and the theorem is proved. 0

Theorem 5.4 is called by some the Sectoñoi Limit Theorem.
Be careful not to think that this last theorem says more than it does. In

particular, it does not say that the converse is true. The existence of a radial
limit does not imply the existence of the limit along any arc approaching
the same point of OD. For example, if f(z) = exp ((z + 1) /(z — 1)), then
f is analytic, If(z)I 1 for all z in 0, and f(t) —, 0 as t —, 1—. So the
radial limit of f at z = 1 is 0. There are several ways of approariaing 1 by
a sequence of points (not along an arc) such that the values of / on this
sequence approach any point in ci D.

We wish now to extend this notation of a non-tangential limit to regions
other than the disk. To avoid being tedious, in the discussion below most of
the details are missing and can be easily provided by the interested reader.
For example if g: —i C is a bounded analytic function, it is clear what
is meant by non-tangential limits at points in (—1,1); and that the results
about the disk given earlier can be generalized to conclude that g has non-
tangential limit a.e. on (—1,1) and that if these limits are zero a.e. on a
proper interval in (—1, 1), then g 0 on

ffJisafreeanalyticboundaryarcofGandf:G-.Cisabounded
analytic function, it is possible to discuss the non-tangential limits of /(z)
as z approaches a point of J. Indeed, it is possible to do this under less
stringent requirements than analyticity for J, but this is all we require
and the discussion becomes somewhat simplified with this restriction. Re-
call (4.5) that if a E J, there is a neighborhood U of a and a confor-
mal equivalence h : D U such that h(0) = a, h(—1, 1) = U fl J, and
h(D+) = GnU. For 0< a <ir/2 and tin (—1,1), let C be the partial
cone {z E D÷ : ir/2 — a < arg(z — t) <ir/2 + o} with vertex t. Since ana-
lytic functions preserve angles, h(C) is a subset of U bounded by two arcs
that approach h(t) on the arc J at an angle with the tangent to J at h(t).
Say that z —+ h(t) non-tangentiallyif z converges to h(t) while remaining
in h(C) for some angle a.
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Since the Möbius transformation (z a)(1 — maps D to D, D÷ to
D.,. and a to 0, it is not hard to see that the definition of non-tangential
convergence to a point on J is independent of the choice of neighborhood
U and conformal equivalence h. The details are left to the reader.

When we talk about subsets of the arc J having measure zero and the
corresponding notion of almost everywhere occurrence, this refers to the
arc length measure on J.

5.1' Theorem. Let G be a region with J analytic boundarij are of G
and let f : C —, C be a bounded analytic function.

(a) The function f has a non-tangential limit at a.e. point of J.

(b) If the non-tangential limit of / isO a.e. on a subarc of J, then f 0
onG.

Proof. Let U and h be as in the discussion of the definition of non-
tangential convergence above. Thus f o h is a bounded analytic function
on and thus has non-tangential limits a.e. on (—1, 1). Clearly this im-
plies that f has non-tangential limits a.e. on J fl U. By covering U with a
countable number of such neighborhoods, we have a proof of part (a). The
proof of (b) is similar. 0

5.8 Corollary. If C is a analytic Jordan region and I: C -+ C is a
bounded analytic function, then f has non-tangential limits a.e. on 0G.

Exercises

1. if E is a ciosed subset of OD having measure 0, then 01.) \ E is an
open set having length 2ir.

2. If {Ek} is a countable number of subsets of OD having measure 0,
then Uk Ek has measure 0.

3. Every countable subset of OD has measure 0.

4. Let/:D—+C be defined Showthat
/ is analytic, If(z)I � 1 for all z in D, and f(t) —, 0 as t —. 1—. If
KI 1, find a sequence in D such that z,, —. 1 and —.

5. Let and /2 be bounded analytic functions on D and suppose I,
has a radial limit at each point of E,, where OD \ E, has measure 0.
Show (by example) that + 12 and 1112 may have radial limits at a
set of points that properly contains E1 fl E2.

6. (See Proposition 19.10.4) Let F be a rectifiable Jordan curve and let
be its inside. If U: r —. R is a bounded function that is continuous
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except for a finite number of points, then there is a function ü : ci 1)
K that is harmonic on and continuous at every point of r at which
the boundary function u is continuous.

7. (See Theorem 21.5.1.b) Let F be a rectifiable Jordan curve and let
12 be its inside. (Maximum Principle) If u Cl —. it is a subhar-
inonic function that is bounded above and M is a constant such that
urn u(z) � M for all but a finite number of points a in F, then
u M on Cl.





Chapter 14

Conformal Equivalence for
Simply Connected Regions

In this chapter a number of results on conformal equivalence for simply
connected regions are presented. The first section discusses elementary in-
formation and examples. The next three sections present the basics of the
theory of prime ends for the study of the boundary behavior of Rieznann
maps. This will be used in §5 to show that the RiemMnn map from the unit
disk onto the inside of a Jordan curve can be extended to a homeomorphism
on the closure of the disk. The chapter then closes with a discussion of the
family of all functions that are one-to-one on a simply connected region.

§1 Elementary Properties and Examples

Recall that a conformal equivalence between two regions C and Q in the
complex plane is a one-to-one analytic function / defined on C with f(G) =
Q. the first volume we know that this implies that f'(z) 0 for
all z in C. If I : C -. C is an analytic function whose derivative never
vanishes, then we know that f is not necessarily a conformal equivalence
(the exponential function being the prime example). If f(z) 0 on C, it
doss follow, however, that is locally one-to-one and f is conformal.

In this section the conformal equivalences of some of the standard regions
will be characterized and some particular examples will be ex*mined. A
slightly weaker version of the first result appeared as Exercise 12.4.2.

1.1 PropositIon. If / is a confonnol equivalence from C onto a subset
ofC, then 1(z) = az +b with a 0. In particular, the only conformal
equivalences of C onto itself are the Möbius transformations of the form
/(z) = oz b with a 0.

Proof. Clearly every such Möbius transformation is a conformal equiva-
lence of C onto So assume that f : C -, C is a conformal
onto f(C). Since /(C) is simply connected, 1(C) C. First it will be shown
thatf(z)-asz--oo.Notethatthlssaysthatfhaaapoleatinflnity
and hence f must be a polynomial (Exercise 5.1.13). Since / is a conformal
equivalence, it follows that / has degree 1 and thus has the desired form.

If either f(z) does not exist or if the limit exists and is finite,
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then there is a sequence in C such that oo and f(z,,) a, an
element of C. But f-1 : C —, C is continuous and so = (I (z,,)) —,

oo, a contradiction. 0

To say that a function is analytic in a neighborhood of infinity means
that there is an R> 0 such that f is analytic in {z: jzl > R}. For such
a function f, f(z1) has an isolated singularity at 0. Thus the nature àf
the singularity of / at oo can be discussed in terms of the nature of the
singularity of f a removable singularity at
00 if I is bounded near oo and f(oo) = /(z). If f has a removable
sin riy at inilnity, we wiU say that I is analytic at oo. Similarly f has

/(oo) = oo and think of f as a mapping of a neighborhood of oo in the
extended plane to a neighborhood of 00. The order of a pole at oo is the
same as the order of the pole of

f a homeomorphism that is analytic on
\ {f'(oo)}, then f is a Möbius transfonnation.

Proof. If f(oo) = oo, then this result is immediate from the preceding
proposition. If f(oo) = a $ 00, then g(z) = (f(z) — a hoineo-
morphism of C0 Onto itself and g(oo) = 00. Thus the corollary follows.
0

1.3 Example. If fl = C \ (—oo, for some r > 0, then

4rz
(1._z)2

is a conformal equivalence of Donto fl, f(0) = 0, and f'(O) = 4r. Thus I
is the unique conformal equivalence having these properties.

The uniqueness is, of course, a consequence of the uniqueness statement
in the Riemnnn Mapping Theorem. To show that / has the stated mapping
properties, let's go through the process of finding the Riemann map.

Note that the Möbius transformation fi(z) = (1 + z)(1 — maps D
onto {z:Rez>O}, fi(O) = 1, = 00, and fi(—l) = 0. Now
/2(z) = z2 maps fli onto U2 C\(—oo, 0J; /3(Z) = r(z — 1) maps fl2 onto
(2. The map f above is the composition of these three maps.

Note that the function I in Example 1.3 has a pole of order 2 at z = 1.
andfhasareblesingularityatinfinity.Infactf(oo)=o. Moreover,
f(oo)= = 4r >0. Since /'(z)= 0 if and only Hz = —1,
see that f is conformal on C\ {±1}.

The next example is more than that.
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1.4 Example. For = 1 define

f(z) = (1

Z

for z in D. To facilitate the discussion, denote this map by to emphasize
its dependence on the parameter a. The function Ii is a special case of the
preceding example and thus maps D onto C\ (—oo, —1/4J. For an arbitrary
a, is the composition of the rotation of the disk by a, followed by
fj, followed by a rotation of C by Explicitly, f0(z) = ãfi(az). Thus

The power series representation of this function is given by

Z

(1—az)2 n=1

This will be of significance when we discuss the Bieberbach Conjecture in
Chapter 17. Also see (7.5) in this chapter.

ThefunctioninExample 1.4fora=1 iscalledtheKoebefunctionand
the other functions for arbitrary a are called the rotations of the Koebe
function.

The next example was first seen as Exercise 3.3.13. The details are left
to the reader.

1.5 Example.

1f(z) = z

Ia conformal equivalence of D onto with /(0) = 00. ffg is any other
such mapping, then g(z) for some real constant 0.

Also note that f(z) = f(z') so that / maps the exterior (in of the
closed disk onto Cl.

The next collection of concepts and results applies to arbitrary regions,
not just those that are simply connected. They are gathered here because
they will be used in this chapter, but they will resurface in later chapters
as well.

1.6 DefinitIon. IfGisanopensubsetofCandf : C—' Cisanyfunction,
theuforeverypointain00,Gtheclustersetof/ataisde€nedby

Clu(f; a) fl {cl [f (B(a; E) fl G)J : e> O}.

1.7 ProposItion. For every function f, Clu(f;o) is a non-empty compact
subset of
C.
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Proof. In fact, the sets ci if (B(a; E) fl G)j form a decreasing collection
of compact subsets of and must have non-empty intersection. The
statement about bounded functions is clear. 0

1.8 Proposition.
B(a;r) is connecte4 for allr <p andf is continuous, then Ciu(f;a) is a
compact connected subset of

Proof. In this situation the sets cL [f (B(a; e) fl G)J form a decreasing
collection of compact connected subsets of C when e <p. The result is now
immediate from an elementary result of point set topology. 0

The proof of the next proposition is left to the reader (Exercise 5).

1.9 ProposItion. If a E then ( CIu(f;a) if and only if there is a
sequence mG such that a,, —'a andf(a,,)—'(.

1.10 Corollary. If a E then the limit of 1(z) exists as z a with z
in G if and only if Clu(f;a) is a single point.

ill Proposition. I/f: G —, is a homeomorphism and a E then
Clu(f;a)

Proof. If(€ CIu(f;a), let beasequence luG —'a
and f(a,,) — c E ci and if ç fl, then the fact that is
continuous at implies that a = lim,, a,, = lim,, (1(a,,)) = G,
a contradiction. 0

We end this section with some widely used terminology.

1.12 DefinitIon. A function on an open set is univalent if it is analytic
and one-to-one.

Exercises

1. In Example 1.3, what is f(C \ D)? \ {±1})?

2. Discuss the image of 81) under the map

3. Find a conformal equivalence of C0 \ [—2,2) onto D.

4. Give the details of the proof of Proposition 1.8.

5. Prove Proposition 1.9.

6. Whatisthecluster8etoff(z).=exp{(z+1)/(z_1)}at1?
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7. Characterize the conformal equivalences of the upper half plane H =

{z:Imz >0}ontoitself.

8. Characterize the conformal equivalences of the punctured disk onto
itself.

9. Characterize the conformal equivalences of the punctured plane onto
itself.

§2 Croescuts

With this section we begin the study of the boundary behavior of a con-
formal equivalence r D Much of the discussion here is based on the
book of Pommerenke [19751, which has additional material.

We will limit ourselves to the case of a bounded region (or bounded
Rieniann map) as this facilitates the proofs. The reader can consult the
literature for the general case.

2.1 Definition. If G is a bounded simply connected region in C, and C1
is a closed Jordan arc whose end points lie on OG and such that C C1

with its end points deleted lies in 0, then C is called a crosscut of 0.

Usually no distinction will be made between a crosscut C as a curve or
its trace. In other words, C may be considered as a set of points or as
a parameterized curve C: (0,1) 0. Recall that C is a Jordan arc if
C(s) C(t) for 0 < s <t < 1. It is possible, however, that C1(O) =

C1 is a Jordan curve. At the risk of confusing the reader, we will
not make a distinction between a crosscut C and the corresponding closed
Jordan arc C1. This will have some notational advantages that the reader
may notice in the exposition.

Note that if C is a crosscut of 0 and I : 0 C is a continuous function,
then cL [f(C)1 \ 1(C) c Clu(f; a1) U Clu(f; a2), where a1 and a2 are the
end points of C.

2.2 Lernmii. JIG is a bounded simply connected region inC andC is
a crosscut of 0, then 0 \ C has two components and the portion of the
boundary of each of these components that lies in 0 is C.

Proof. If 0 —' D is a Riem'mn map, then f(z) = —

is a bomeomorphism of G onto C. Hence 1(C) is a Jordan arc in C. By
Proposition 1.11, Clu(f; a) c = {oo} for every point a in 80. Hence,
by the remark preceding this proposition, cLf(C) is a Jordan curve in C,
passing through 00. If awl a2 are the components of C \ c100 1(C) =
C \ 1(C), then f'(fl1) and f1(fl2) are the components of C \ C. 0
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It is now necessary to chooøe a distinguished point in C. In the following
definitions and results, this distinguished point is lurking in the background
as part of the scenery and we must forever be aware of its existence. Indeed,
the definitions depend on the choice of some distinguished point. It seems
wise, however, not to make this point part of the foreground by including it
in the notation. We do this by always assuming that 0 C. The assumption
that G is bounded will also cease to be made explicit.

The preceding lemma justifies the next definition.

2.3 DefinitIon, if C is a simply connected region containing 0, then for
any crosscut C of G that does not pass through 0, let out C denote the com-
ponent of C \ C that contains 0 and let ins C denote the other component.
Call out C the outside of C and ins C the inside of C.

This definition and notation is, of course, in conflict with previous con-
cepts concerning Jordan curves We'll try to maintain peace here by
reserving small Creek.lettem, like a and for Jordan cuzvee, and capital
Roman letters, like X and C, for croescuts.

how on we will only consider croescuts of C that do not pass
through the distinguished point 0.

2.4 DefinItion. A zero-chain (or 0-chain) of C is a sequence of croescuta
of C, baying the following properties:

(a) ins ins

(b)

(c) diam 0 as n oo.

• Note that the condition in the definition of a 0-chain {C} that ci C fl

is a single point. It is riot hard to construct a zero-chain such that
inf,,[diam(ins >0. See the examples below.

Why make this definition? Let fl be a bounded simply connected re-
gion and let r : D -. fl be a conformal equivalence with r(O) = 0.
We are interested In studying the behavior of r(z) as z approaches a
point of 8D. Let a E öD and construct a 0-chain in I) such that
flncl (ins a lean open Jordan arc in Li ByPmpo-
sition 1.11 [ci ç 8(1. Unfortunately it is not necessarily true

We can and will, however, choose the 0-chain in Dso that not only

fact, we will see in the next section that after we introduce an equivalence
relation on the set of 0-chains, there is a way of topologizing Ci, the set Ii
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together with these equivalence classes, so that i- extends to a homeomor-
phism of ci D onto Ii. This will pave the way for us to study the boundary
behavior of r in future sections when more stringent restrictions are placed
on ôft.

The following are some examples of 0-chains. Figure 14.1 has = D and
shows an example of a 0-chain. Some special 0-chains of this type will be
constructed below (see Proposition 2.9).

In Figure 14.2, tl is a slit disk and the sequence of crosscuts is not a
0-chain since it fails to satisfy property (a) of the definition. Again for (1 a
slit disk, Figure 14.3 illustrates a 0-chain.

In Figures 14.4, 14.5, and 14.6, Ii is an open rectangle less an infinite
sequence of vertical slits of the same height that converge to the segment
[2,2+ iJ. The sequence of croescuts in Figure 14.4 is not a 0-chain
since it violates part (a) of the definition; the crosscuts in Figure 14.5 do
not form a 0-chain since their diameters do not converge to 0. The crosscuts
in Figure 14.6 do form a 0-chain.

Figures 14.1, 14.8, and 14.9 illustrate examples of 0-chains.
We begin with a result on 0-chains of D that may seem intuitively obvi-

ous, but which requires proof. It might be pointed out that the sequence of
cros8cuts in Figure 14.6 does not satisfy the conclusion of the next propo-
sition.

Figure 14.2 Figure 14.3

Figure 14.1
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2.5 Proposition. If {X,} i3 a aequence of crosscuts of D with c
and diam —. 0.

Proof. Since ci [ins ci [ins for every n, K ci [ins
is a non-empty compact connected subset of ci D. Since is a crosscut,

C

+ 2i

+ 2i

2 + 2i

22

Figure 14.4

0

Figure 14.5

Cl

C2

Figure 14.6 Figure 14.7

Figure 14.8 Figure 14.9
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0[ins = X. U for the closed arc in 81), = ci [ins X,,J n (91). In
fact, l'n+l = ci [ins fl 01) and so 7 is a closed arc in
OD. It is easy to see that 'r K nOD. Also, since and have the same
end points, diam —* 0. Therefore, y, and hence K, is a single point z0
in 01). A straightforward argument now finishes the proof. 0

The remainder of this section is devoted to the construction of 0-chains
in 1) such that is a 0-chain in Il. The process involves the

proof of a sequence of The first of these necessitates a return to
the notion of a set of measure 0. The proof will not be given of the complete
statement, but only of the statement that can be obtained by the deletion
of any reference to a set of measure 0. The proof of the general statement
can be easily obtained from this proof and is left to the reader.

2.6 Lemma. Let r be a bounded univalent function defined on 1) with
rl�MonD.IfEisasubsetofODhavingmeasure0,1/2<p<1,and

thentherezsa9

11 dr

Prvo/. In fact an application of the Cauchy-.Schwarz Inequality shows that

$ 2 i 1

L I I

r?(rets)I2 di] dO

S J (1 — p)
{J

dO
0 p

< 2(l—p) I I Ir?(rei)I2rdrd,9
Jo Ji/2

since, with p> 1/2, we have 1 <2r for p r. But by Theorem 13.2.12
this last integral equals Areafr({z E D: 1/2 < Izi < l})) � ,rM2. But

(fl_a)inf{{j :a <ti< j [j fr'(reü)ldr]dO.

Hence there is at least one value of 0 with

If 2(1 —p)irM2

Lp J /3—a

whence the lemma. 0

Note that the preceding lemma gives a value 9 such that r —.
p r < 1, is a half open rectifiable Jordan "and also gives an estimate
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on the length of this curve). But a rectifiable open arc cannot wiggle too
much, and so the next result is quite intuitive.

2.7 ProposItion. 1/7: 10,1) —+ Cisa hal/open rechfiable arc andf:
C C is an analytic fi&riction such that /0 is also a rectifiable arc, then
limt_,i_ f(y(t)) exists and is finite.

Proo/. Let L = the length of / oi'. Since the shortest distance between
two points is a straight line, it follows that {f o -y} c B L). In
particular, there is a constant M such that (7(t))I M for 0 < t < 1.

If f (7(t)) does not exist, then there are sequences and
in (0,1) such that <o,, —, 1 and 1, p and

-. a-, and p a-. 110<36< then there is ann0 such
that (7(m)) — I > 6 for all n � no. But the length of the path
{f (y(t)) : � t � a,,} is greater than or equal to ff — f �
6. This contradicts the rectifiability of fo7. 0

A combination of the last two results can be used to give a proof that the
set of points in ÔD at which a bounded conformal equivalence r has radial
limits is dense in OD. Unfortunately this will not suffice for our purposes
and we need more.

2.8 Lemma. If 'r : D -, C is a ôounde4 univalent function, then (1 -
r)max(fr'(z)I: jzj =r} —. U as r —' 1. Hence (1— 0 as
IzI—.1.

Proof. Let r(z) = hence, using the fact that + yj2 � 2 (1x12 +

we get that

rn—i 2

(1 — (zI)2 V(z)12 (1 —

�2(1 - IzD2 +2(1 -
n=l n=rn

Applying the Cauchy-Scliwartz Inequality to the second sum gives
2 2

�

n n



14.2. Croescuts 39

= (1_ z12)_2.

Combining these inequalities gives

(1 — IzD2 5 2(1 — z()2

1

2
2

2

= 2(1 — IzD2

+(1II)2 J.
But if Izi � 1/2, then

rn—i 2

(1 — IzI)2 IT' (z)12 S 2(1 — zI)2

+2

By Corollary 13.2.13, m can be chosen such that the last summand is
smaller than Thus for 1 — IzI sufficiently small, (1 — IzI)2 V (z)12 can
be made arbitrarily small. 0

2.9 Proposition. Let be a bounded simply connected region and let
r:D—.flbetheRiemannmapwitar(O)=Oandi'(O)>O ffO<0<2ir
and is a sequence of positive numbers that conveives monotonically to

such that if crosscut ofDdeflned by
= u {rneu : �t U

then is aO-chain infl.

P,oof. Let M be an upper bound for frj. By Lemma 2.8, positive numbers
can be chosen such that 0 and

2.10 (1 —rn)m <4.
Now apply Lemma 2.6 with a =0—2(1 — and fi = 0(1 —

and

j fr' (re'°') dr < =
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Similarly, there is a j3, with 8 <fi,, and

r'

Actually we want to modify the choice of the points and so that the
values of and (e'°), the radial limits of F at the designated points,
are all different. This is done as follows. Suppose a1,.. . , .. , 13fl_i
have been chosen and let E = {a 0—2(1 — <a <8— (1 —
and (e1°) exists and equals one of (ern'), ..., ? (e'

By Theorem 13.5.3, E has measure 0. By Lemma 2.6,
can be chosen in the prescribed interval with E. By Proposition
2.7, exists and differs from

(em"-'). Similarly choose fin.
Define Y,, as in the statement of the proposition. Clearly } is a 0-

chain in D. Let C, = i- (Y,,). Since C,, is rectifiable, each C,, is a crosscut
of Since ins ins for every n, ins ins for every n.
Since the values (etal), ...; (e8th), ... are all distinct
and ci fl ci = 0, ci C,,, fl ci =. 0. It remains to prove that
diain C,, 0.

Now (2.10) implies that f" r' dt (fin — and —

<4(1 Hence < 4€,,. This, combined with

the preceding estimates, implies that the length of r (Y,,) $ 4€,, +2e,,M (2ir)
and thus converges to 0. It is left as an exercise to show that a,, and 13,, —. 8
asn—'oo. 0

Exercise

1. if {X,,} is a 0-chain in D, show that fl, ci (ins X,,) is a single point
in 8D.

Prime Ends

Maintain the notion of the preceding section. Let fi be a bounded simply
connected region and let r : D —, �1 be the conformal equivalence with
r(0) =0 and r'(O) 0.

3.1 Definition. If {Cft} and {C,} are two zero-chains in say that they
are if for every n there is an in such that ins Cm ins and,
conversely, for every i there is a j with ins C ins

It is easy to see that this concept of equivalence for zero-chains in
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is indeed an equivalence relation. A prime end is an equivalence class of
zero-chains.

An examination of the 0-chain in Figure 14.1 will easily produce other
0-chains that are equivalent to the one given. In Figure 14.2 if the crosscuts
that are above the slit constitute one 0-chain and the crosscuts below the
slit constitute another, then these two 0-chains belong to different prime
ends. It can also be seen that the 0-chains appearing in Figures 14.7 and
14.8 are equivalent. The reader is invited to examine the 0-chains appearing
in the figures in §2 and to find equivalent ones.

Let (i denote 11 together with the collection of prime ends. We now
want to put a topology on (1. (Apologies to the reader for this notation,
which is rather standard but opens up the possibility of confusion with the
polynomially convex hull.)

3.2 Definition. Say that a subset U of 11 is open if U fl 11 is open in 11
and for every p in U \ 11 there exists a zero-chain in p such that there
is an integern with ç Unfl.

Note that from the definition of equivalence and the definition of a 0-
chain, if U is an open subset of Il and p E U, then for every in p,
ins ç Un for all sufficiently large n.

The proof of the next proposition is an exercise.

3.3 Proposition. The collection of open subsets of Q is a topology.

The main result of the section is the following.

3.4 Theorem. ff11 is a bounded simply connected region in C and r D —.
11 is a conformal equivalence, then r eztends to a homeomorphLsrn of el D
onto 11.

Actually, we will want to make specific the definition of for every
z in OD as well as spell out the meaning of the statement that is a
homeomorphism. If z E ÔD, then Proposition 2.9 implies there is a 0-chain
{Yn}inDsuchthatflcl (ins {z} and is aG-chain in 11. We
will define f(z) to be the equivalence class of {r We must show that
is well defined. Thus if is a second 0-chain in D with fl,, ci (ins =
{z}and a 0-chain in 11, we must show that {r (Xc)) and {r
are equivalent. This is not difficult. Fix n; we want to show that ins r (Ym) ç
ins T for some m. But just examine ins = U
where is an arc OD with z as an interior point. Thus there is a 6> 0
such that D fl B(z; 6) ç ins Since diam (ins Ym) 0 (why?), there is
an m with ins Ym ç D fl B (z; ö) ç ins thus inST (Ym) = T (ins Ym) ç
r (ins = ins i- (Xe). Similarly, for every j there is an i with ins r (X2) ç

The proof that is well defined also reveals a little something about
the disk. Namely, the prime ends of D are in one-to-one correspondence
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with the points of 8 D (something that better be true if the theorem is
true). In fact, if is a 0-chain in D, then Proposition 2.5 implies that
diam (ci (ins — 0. By Cantor's Theorem, ci (ins = {zO} for
some point zo in ci D. It follows that ZO E OD (why?). The preceding
paragraph shows that whenever and are equivalent 0-chains in
D, ftcl (ins = ftc! (ins Ye).

We now proceed to the proof that is a homeomorphism. Some prepara-
tory work is required.

3.5 Lemma. If-y: [0,1) D is an arc such that h'(t)I 1 as t —' 1,

then the set Z = {z: there exists tk -. 1 with 7(tk) -. z} is a closed arc in
8D. If / D —. C is a bounded analytic function and / exists,
then either Z is a single point or f is constant.

Proof. Observe that the set Z = 1) (1.6). Thus Z is a closed con-
nected subset of 8D (1.7 and 1.8); that is, Z is a closed arc.

Now assume that I: D -+ C is a bounded analytic function such that
f ('y(t)) = w exists and Z is not a single point. It will be shown

that f must be constant. In fact, let z be an interior point of Z such that
the radial limit of f exists at z. it is easy to see (draw a picture) that the
radial segment [0, z) must meet the curve infinitely often. Hence there is a
sequence {tk} in [0, 1) such that tk —' 1, —. z, and arg('y(tk)) = arg z
for all k. Thus f(rz) = f = By Theorem 13.5.3,

I]

3.6 Lemma. Let r : D Q be a conformal equivalence with =0. If
C is a crosscut of Q, then X = r'(C) is a crosscut of D.

Prpof. LetC:(0,1)—+Clbeaparameterizationofcand,forq=oor
1, let = Iimt....q C(t). So aq E Or!. Clearly X(t) = (C(t)) is an open
JordanarcandlX(t)I—.last--eOor 1. Forq=0, 1,letZq={z:there
exists tk q with X(tk) z}. But r (X(t)) = aq and r is not
constant. By Lemma 3.5, Zq is a single point and so X is a crosscut. 0

Now suppose is a 0-chain in and let So each
is a crosscut of D by the preceding proposition. We will see that it is almost
true that is a 0-chain in D. The part of the definition of a 0-chain
that will not be fulfilled is that clX, fl need not be empty.

Begin by noting that r(ins = ins hence ins ins

3.7 Proposition. If r D Il is a conformal equivalence with r(0) = 0

0-chain of croucuts in Q, then diam X,, —' 0.

Proof. First assume that there is an r, 0 < r < I, such that fl {z:
Izi = r} 0 for an infinite number of values of n. Let zk E Xc,, with
IzkI = r such that r(zk) —. Co; so Co r ({z = r}) ç Il. But if 5 > 0
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such that ç fI, there is a Ico such that JT(zk) — <6 fork � k0.
But -r(zk) E fl and diam C,, —'0. Hence there is a k1 � k0
such chat ç B(4; 6) for k � k1. This implies that ci C,,,, fl = 0.

Since C,,,, is a crosscut, this is a contradiction. Thus for every r < 1,
X1,, fl {z: Izi r} = 0 for all but a finite number of indices n.

Let r1, = inf{fzl z E by the preceding paragraph, r,, — 1. Since
X,, is a crosscut, 8[ins X4 = X,, U 7,, for some closed arc dy,, of 8D. It
follows that K fl,, ci [ins X,,} is a non-empty closed connected subset
of OD and hence is a closed arc in OD. Moreover, K = (why?). It
suffices to show that K is a single point.

Suppose K is a proper closed arc in OD. Then by Theorem 13.5:2
are distinct interior points z and w of the arc K such that the radial limits
of r exist at both z and w; denote these radial limits by and
Since 0 belongs to the outside of each X,,, for each n there are points z,,
and vi,, on X that lie on the rays through z and w, respectively. Thus
r(z,,) and r(w,,) —. But r(z,,) and r(w,,) E r(X,,) = C,, and
diain —. 0. Hence = Since z and w were arbitrary interior
points of K, Theorem 13.5.3 implies that T is constant, a contradiction.
Therefore it must be that K is a single point and so diaxn X,, —' 0. 0

3.8 Lemma. fir 0-. CI *s a conformal equivalence with r(0) =0, {C,,}
is a 0-chain in CI, and X1, the crosscut then there is a point
zo on 80 and there are positive numbers 5,, and e,, with 0 < 6,, <i,, and

0 such that

3.9 flci (ins X,,) = {zo}

and

3.10 DflB(zo;6,,) insX,, DflB(zo;E,,).

Proof. By Propositions 3.7 and 2.5, diamicl (ins X,,)) — 0. Therefore
there is a in ci 0 such that (3.9) holds. By Proposition 1.11, zo £ OD.

It is clear that since diam X,, —. 0, the number e,, can be found. Suppose
the number 5,, cannot be found. That is, suppose there is an n (which will
remain fixed) such that for every 5 > 0, 0 fl B(zo;S) is not contained
in ins X,,. Thus for every 5 > 0 there are points in D fl B(zo; 6) that
belong to both ins X,, and out X,,; by connectedness, this implies that
X,,flB(zo; 5) 0 for every 6 > 0. Hence z0 E ci X,,. Since ins Xm ç ins X1,
for m � n, the same argument implies that z0 E ci Xm for m � n.

Now construct crosscuts {)',} as in Proposition 2.9 so that ft cI (ins =
{Zo}, diam —* 0, and is a 0-chain of CI. It is claimed that
X,, fl 0 for all sufficiently large values of j. In fact, if this were not
the case, then, by connectedness and the fact that zo E ci X,,, X,, c ins Y,
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for all j. But diam[ins Y,] —, 0 and so this implies that X, is a single-
ton, a contradiction. Hence there must be a jo such that fl V, 0 for

j � io. Similarly, jo can be chosen so that we also have fl Y, 0 for

j � j0. But this implies that C, r(Y,) 0 fl r(Y3) for j � jo.
Therefore, � diam r(Y,), and this converges to 0. Thus

ci C,% n ci 0, contradicting the definition of a 0-chain. This implies
that (3.10) holds. 0

Proof of Theorem Define cl D (i by letting = r(z) for

<1 and = the prime end of corresponding to the 0-chain {r(Y,)},
where is any 0-chain in D such that (ins Y3) = {z} and {r(1)}
is a 0-chain in ft. We have already seen that t is well defined.

To show that is subjective, let p E 1l\fI and let be a 0-chain in p.
If X,, = then (3.10) and Proposition 2.9 imply we can construct
a 0-chain {Y,} in D with fl, ci (ins 1',) = {z}, a 0-chain in 12, and
ins ç ins X,, for every n. Moreover, for each n, the form of (3.9),
and fact that diam[ins Xml —' ()imply that ins Xm c Y1, for sufficiently
large m. This implies that and are equivalent 0-chains in 12
and so = p.

The proof that is one-to-one is left to the reader (Exercise 2).
It remains to show that is a homeomorphism. Let U be an open subset

of ci; it must be shown that is (relatively) open in ci D. Clearly
= r'(Uflft), and so this set is open. If z0 e it

must be shown that there is a <5 > 0 with D fl B(zo;b) t '(U) fl D. Put
p = f(zo); so p E U \ 12. Let E p; by definition, there is an integer
n such that ins C,, C Un ft. If X, then X,, is a crosscut and
ins X,, = r1(ins C,,) fl 0. By (3.10), there is a 6 > 0 with
Ofl B(zo; <5) c ins X,.,, and so is continuous.

Finally, to show that is an open map it suffices to fix a zO in 8 D
and a 5 > 0 and show that *(d D fl B(zo; 5)) contains an open neigh.
borhood of p = Construct a 0-chain {Y,,} as in Proposition 2.9
with fl,,cl tins Y,,) = {zo} and ci tins Y,,J C B(zo;<5) for all n. Thus

p and ins r(Y,,) = r(ins Y,,) ç 12 D fl B(zo;<5)). By
definition, D fl B(zo; 5)) is a neighborhood of p. 0

Some additional material on prime ends will appear in the following two
sections. Additional results can be found in Ccliingwood and Lohwater
(1966J and Ohtsuka [1967J.

Exercises

1. Prove that the collection of open sets in 11 forms a topology on ft.

2. Supply the details of the proof that the map is one-to-one.
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3. Can you give a direct proof (that is, without using Theorem 3.4) that
is compact?

4. If is the slit disk, describe the topology on ft

§4 Impressions of a Prime End

We already have seen in § 1 the definition of the cluster set of a function
f: C C at a point a in 0G. Here we specialize to a bounded function
/ : — C and define the radial cluster set of I at a point a in OD.
The preliminary results as well as their proofs are similar to the analogous
results about the cluster set of a fulction.

4.1 Definition. 1ff : D C is a bounded function and a 3D, the radial
cluster set of f at a is the set

{f(ra):i—e<r<1}.

The following results are clear.

4.2 Proposition.

(a) 1ff : D —. C a bounded function anda E 3D, then E Clur(f;a) if
and only if there is a sequence increasing to 1 such that

(b) 1ff is continuous, then a) is a non-empty compact connected

(c) 1ff is a homeomorphism of D onto its image, then is a
subset of 01(D).

4.3 Proposition. 1ff: D C is a bounded function and a E 3D, then f
has a radial limit at a equal to (if and only if Clur(f; a) = {(} -

Now let's introduce another pair of sets associated with a prime end of
a bounded simply connected region containing 0. The connection with
the cluster sets will be discussed shortly.

4.4 Definition. If p is a prime end of a bounded simply connected region
fl, the impression of p is the set

1(r) ci [ins

where E p.
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It is routme to show that the definition of the impression does not depend
on the choice of the 0-chain in p so that 1(p) is well defined.

4.5 Proposition. For each prime end p of fi, the impression 1(p) is a
non-empty compact connected subset of Ofl.

4.6 Definition. If p is a prime end of Cl, a complex number is called a
principal point of p if there is a in p such that C, —' c in the sense
that for every e > 0 there is an integer no such that dist((, <r for all
fl � flo. Let fl(p) denote the set of principal points of p.

It might be expected that at this point it would be demonstrated that
Il(p) is a non-empty compact and possibly even connected subset of Oft
This will in fact follow from the next theorem, so we content ourselves with
the observation that fl(p) ç 1(p).

4.7 Theorem. If r D Cl is the Riemann map with r(O) = 0 and
r'(O) > 0, a E OD, and p is the prime end for Cl corresponding to a (that
is, p = then

Clu(r;a)=1(p) and

Proof. Let ( E Clu(r; a) and let {zk} be a sequence in 1) such that r(zk)
çLet E p. By Lemma 3.8 there are positive numbers e,, and such
that D fl ins ç D fl for all n. This implies
that for every n � 1 there is an integer such that Zk E ins (Cs) for
k � Thus r(zk) ins for k � and so ci (ins Ce). Therefore

1(p).
Now assume that ( E 1(p). If p, then ( ci (ins for all

n � 1. Hence for each n � 1 there is a point z,, lfl ins with
— < 1/n. But an application of Lemma 3.8 shows that z,, —. a

and so (E Clu(r;a).
Let E Clur(r;a) and let 1 1 such that —, (; define the

crosscuts as in Proposition 2.9 so that is a 0-chain in Cl
and E for each n. Note that of necessity p. Thus
(Efl(p).

Finally assume that ( E 11(p) and let be a 0-chain in p such that
C1,, (. An application of Lemma 3.8 implies that CIur(r; a). The
details are left to the reader. 0

An immediate corollary of the preceding theorem can be obtained by
assuming that the two cluster sets are singletons. Before stating this ex-
plicitly, an additional type of prime end is introduced that is equivalent to
such an assumption. Say that a prime end p of Cl is accessible if there is a
Jordan arc (0,11 cI Cl with -y(t) in Cl for 0 < t < I and y(l) in Ofl
such that for some in p, 'y fl C,,, 0 for all sufficiently large n. Note
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that if p is an accessible prime end, then for every in p, fl 0

for sufficiently large n.

4.8 Corollary. Let i : D be the Riemann map with r(O) = 0 and
r'(O)>O and letaE8D withp=?(a).
(a) r(z) exists if and only if 1(p) is a singleton.

(b) The following statements are equivalent.

(i) r(ra) exists.
(ii) 11(p) is a singleton.
(iii) p is an accessible prime end.

Proof. The proof of (a) is clear in light of the theorem and Proposition 4.3.
(b) The equivalence of (i) and (ii) is also immediate from the theorem
and Proposition 4.3. Assume (1) and let ( r(ra). So ( E Oil and
7(r) r(ra) is the requisite arc to demonstrate that p is an accessible
prime end. This proves (iii).

Now assume that (iii) holds and let (0, C be the Jordan arc
as in the definition of an accessible prime end; let ( = 7(1). Thus o(t) =
r'(7(t)) for 0 t < 1 is a Jordan arc in D. Let p and put

= According to Lemma 3.8 there are sequences of positive
numbers and that converge to 0 such that for every n � 1,
Dfl ç ins c Dii where

{a} = flcl [ins

If e > 0 is arbitrary, choose n0 such that e,, <and y ii C,, $ 0 for

Thus 0(t) E ins X,, and hence — <e when to <t. This says that
0(t) a as t 1; define o(1) = a. By Theorem 13.5.4, r has a radial limit
ata. 0

Exercises

1. Prove that the definition of 1(p) (4.4) does not depend on the choice
of 0-chain

2. Let K be a non-empty compact connected subset of C such that K
has no interior and C \ K is connected. Show that there is a simply
connected region il for which K = 1(p) for some prime end p of il.
(The converse of this is not true as the next exercise shows.)

3. Let 7(t) = for 0 t <oo and put f2 = D\ Show that
il has a prime end p such that 1(p) = liD.
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§5 Boundary Values of Riemann Maps

In this section we address the problem of continuously extending a Riemann
map r from D onto a simply connected region ci to a continuous map from
the closure of D to the closure of ci. First note that Proposition 1.11 implies
that if r D —' ci has a continuous extension, r ci D ci ci, then
r(OD) ç Oft. Thus r maps ci D onto ci ft and so r(OD) = Oft. This also
shows that Oft is a curve. If r extends to a homeomorphism, then Oft is a
Jordan curve. The principal results of this section state that the converse
of these observations is also true. If Oil is a curve, r has a continuous
extension to ci D; if Oil is a Jordan curve, r extends to a homeomorphism
of ci D onto ci Il.

This is a remarkable result and makes heavy use of the fact that r is
analytic. It is not difficult to show that = z exp(i/(1 — is a home-
omorphism of D onto itself. However each radial segment in D is mapped
onto a spiral and so a) = 0 D for every a in 0 D. So cannot be
continuously extended to any point of the circle.

Why suspect that conformal equivalences behave differently from home-
omorphisms? Of course we have seen that the conformal equivalences of
onto itself have homeomorphic extensions to the closure. Also imagine the
curves = r > 0; the images of the circles of radius r. r maps
the radial segments onto Jordan arcs that are orthogonal to this family of
curves. If Oil is a Jordan curve, then the curves r > 0} approach Oft
in some sense. You might be led to believe that r has a nice radial limit at
each point of 0 D.

We begin with some topological considerations.

5.1 Definition. A compact metric space X is locally connected if for every
e > 0 there is a 6 > 0 such that whenever x and y are points in X with
Ix — yj < 6, there is a connected subset A of X containing x and y and
satisfying diam A <

The proofs of the following topology facts concerning local connectedness
are left to the reader. An alternative is to consult Hocking and Young [19611.

5.2 Proposition. fix is a compact metric space, the following statements
are equivalent.

(a) X is locally connected.

(b) For every e > 0 there are compact connected sets A1, . . . ,Am with

(c) For every e > 0 and for every x in X, there is a connected open set
U such that x E U C B(x;e).
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Part (c) of the preceding proposition is the usual definition of local con-
nectedness. Indeed it can be easily extended to a definition that can be
made for arbitrary topological spaces. Definition 5.1 was chosen for the
definition here because it is the property that will be used most often in
subsequent proofs.

The next topological fact is easier to prove.

5.3 Proposition. If X and Y are compact metric spaces, / : X Y
is a continuous suijection, and X is locally connected, then Y is locally
connected.

Note that as a result of this proposition it follows that every path is
locally connected. We need one final topological lemma that will be used
in the proof of the main results of this section.

5.4 Lemma. If A1 and A2 are compact connected subsets of C with A1 flA2
connected and non-empty and x and y are points such that neither A1 nor
A2 separates x from y, then A1 U A2 does not separate x and y.

Proof. Without loss of generality it can be assumed that x = 0 and y = cc.
For j = 1,2 let [0,1) \A, be a path with = 0 and

= cc. Since A1 fl A2 is a connected subset of C \ U 72) there is a
component C of C \ U containing A1 fl A2. Thus A1 \ C and A2 \ C
are disjoint compact subsets of C\'y1 and C\-y2; therefore there are disjoint
open sets V1 and V2 such that for j = 1,2, A, \ C C \

Let U = Cu V1 U V2 so that A1 U A2 c U. Proposition 13.1.7 implies
there is a smooth Jordan curve cr in U that separates A1 U A2 from cc;
thus A1 u A2 c ins o-. It will be shown that 0 is in the outside of a so that
A1 U A2 does not separate 0 from cc.

Note that each component C\-y3 is simply connected and does not contain
0. Thus there is a branch of the logarithm f : C \ C. Moreover these
functions can be chosen so that fj(z) = f2(z) on C. Therefore

ifzEV1

f(z)= 12(Z) ifzEV2

fl(z)=f2(z) ifzEG

is a well defined branch of the logarithm on U. Since f'(z) = on U, the
winding number of a about 0 is 0. Therefore 0 is in the outside of 0

Pommerenke [1975) calls the preceding lemma Janiszewski's Theorem.
Now for one of the main theorems in this section.

5.5 Theorem. Let be a bounded simply connected region and let r
D be the Riemann map with r(0) = 0 and r'(O) > 0. The following
statements are equivalent.
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(a) r has a continuous extension to the closure of D.

(b) Oci is a continuous path.

(c) 8(2 is locally connected.

(d) C,, \ Cl is locallRJ connected.

Proof. It has already been pointed out that (a) implies (b) implies (c).
Assume that (c) holds. To prove (d), let e > 0 and choose 6 > 0 so that
for x and y in 0(2 and — <6 there is a connected subset B of 0(2 that
contains x and y and satisfies diam B <e/3. Choose 6 so that 5 <e/3. It
suffices to show that if z and in E X C \ Cl such that Iz — <6, then
there is a connected subset A of C \ ci that contains z and in and satisfies
diazn Z <e. (Why?) Examine [z, in] fl and let x and y be the points in
this set that are nearest z and in, respectively; thus — <6. Let B be
the subset of 8(2 as above and put A = (z,z]UBU[y,w}. So diamA <e
and z, in A.

Now assume that (d) holds. To prove (a) it suffices to show that for every
prime end p of (1 the impression I(p) is a singleton. Fix the prime end p
and let {C1,} E p. Let 0< e < dist(0,Ofl) and let 6> Obe chosen as
in the definition of Locally connected; also choose 5 <e. Find an integer
no such that diain C, < 6 for ii � n0. Thus if a,, and b,, are the end
points of ia,, — <6. Since X C \ ci is locally connected there is
a compact connected subset B,, of X that contains a,, and b,, and satisfies
diain B,, <c. Observe that B, U C,, is a connected subset of B(a,,;c).

Thus if K — a,,I > e, then 0 and ( are not separated by B,, U C,,. If in
addition (E Cl, then 0 and (are not separated by X. But (B,,UC,,)nX =
B,, is connected. Thus the preceding lemma implies that for (in Cl with

> e, 0 and (are not separated by (B,,UC,,)uX C,,UX. That is,

both 0 and (belong to the same component of C\(C,,uX) = Cl\C,,. Hence
(E out C and K — a,,j > c. But this says that ins C,, ç B(a,,;e)
and sodiamC,, <c forn�no. Thus 1(p) isasingleton. 0

It is now a rather easy matter to characterize those Riemann maps that
extend to a homeomorphism on ci U,

5.6 Theorem. If ci is a bounded simply connected region and r : D —+ Cl

is the Riemann map with = 0 and r'(O) > 0, then r extends to be a
homeomorphism o/clD onto dci i/and ordy 1/Of] is aJonian curve.

Proof. If r extends to a homeomorphism of ci D onto ci Cl, then, as men-
tioned before, -r(8 D) =0(2 and so 0(2 is a Jordan curve. Conversely, assume
that 0(2 is a Jordan curve. By Theorem 5.5, r has a continuous extension
to r : ci U — ci (2. It remains to prove that r is one-to-one on Of].

Suppose WI, in2 OD and r(w1) = r(w2); let :0 � r 1}.

So and are two Jordan arcs with end points r(0) = 0 and wo =
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r(wi) = r(w2) that lie inside 11 except for the final point. Taken together,
these arcs form a (closed) Jordan curve a; let A = ma a. (In fact, a is
a crosscut.) By Corollary 13.1.11, A Q. Put = (Out a) fl 1); A1 is
connected (verify). Also Observe that is
the singleton {ao}.

Let V and V1 be the two components ofD\{rw8 :0 � r <1, i = 1,2}.
Since r(V Li V1) = A U A,, a connectedness argument shows that either
r(V) = A or r(V) = A,. Assume that r(V) A; hence r(Vi) = A,.

The proof now proceeds to show that if w belongs to the arc OD fl e9V,
then r(w) = w0. Fix w in this arc; so .X = {r(rw) : 0 r � 1} is a path in
A except for the points 0 and r(w). But r(w) (ci A) fl äfl = {wo}. Since
w was an arbitrary point in the arc ODnOV, this shows that the bounded
analytic function r is constant along an arc of OD. By Theorem 13.5.3, r
is a constant function, a contradiction. 0

A simple Jordan is a simply connected region whose boundary is
a Jordan curve.

5.7 Corollary. If G and fl are two simple Jordan regions and f: G —'
is a conformal equivalence, then / has an extension to a homeomorphism
ofclG onto cifi.

Recall that a curve 'y OD C is rectifiable if 9—' is a function
of bounded variation and the length of the curve is given by f dfryl(e*O)
V(7), the total variation of If the boundary of a simply connected region

is a rectifiable curve, Theorem 5.5 can be refined.
In Chapter 20 the class of analytic functions H' will be investigated.

Here this class will be used only as a notational device though one result
from the future will have to be used. In fact H1 consists of those analytic
functions f on D such that

I
1Jo )

Note that if f is an analytic function on D and 0 <r < 1, then 7r(9)
I(re'°) defines a rectifiable curve. The Length of this curve is given by

rJ I/Ifrete)i dO.
0

Thus the condition that f' H' is precisely the condition that the curves
{yr} have uniformly bounded lengths. This leads to the next result.

5.8 Theorem. Assume that is a simple Jordan region and let r : D —,
be the Riemann map with r(0) =0 and r'(O) > 0. The following statements
are equivalent.

(a) 012 is a rectifiable Jordan curve.
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(b) r'EH1.

(c) The function 0 —, r(e*O) is a function of bounded variation.

(d) The function 9—. is absolutely continuous.

Proof. Using Theorem 5.6, extend r to a homeomorphism of ci D onto Cl

Assume that is a rectifiable parameterization of and let a(9) =
Since both a and are one-to-one, there is a homeomorphism a: [0, 21r1 —'
[0, 2irl such that a(0) = -,i(a(0)) for all 0. So a is either increasing or de-
creasing. ff0 = 00 < = 2ir, then EIa(Ok)—a(Ok_1)I =
E (0(0k)) — 'y (a(Ok_,))! �V('y) since {o(9o),. .. , a(9,,)} is also a parti-

tion of [0, 2irJ. Thus a is a bounded variation. This shows that (a) implies
(c). Clearly (c) implies (a).

Now let's show that (b) implies (c). Assume that r' H' and let 0 <

r <1. = 2ir, then

— = >

j0

where C is the constant whose existence is guaranteed by the assumption
that 1.1 belongs to H'. Letting r —' 1 we get that

�C

and so r is a function of bounded variation of OD.

The fact that (c) and (d) are equivalent and imply (b) will be shown in
Theorem 20.4.8 below. 0

Now for an application of Theorem 5.6 to a characterization of the simply
connected regions whose boundaries are Jordan curves.

5.9 Definition. For any region fl a boundary point is a simple boundary
point if whenever is a sequence in [I converging to there is a path
a: [0, IJ —. C having the following properties:

(a)

a sequence in (0, 1) such that t,, —' 1 and for
all n � 1.
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It is not hard to see that each point of 3D is a simple boundary point
(Exercise 4). The region in Figure 14.4 furnishes examples of boundary
points of a simply connected region that are not simple boundary points.
Exercise 4 also states that not every point in the boundary of a slit disk is
a simple boundary point. Here is one way of getting some examples and a
precursor of the main result to come.

5.10 Proposition. If fi is a simply connected region, g: Il D is a
conformal equivalence, and E t9fl such that g has an extension to a
continuous map from flU {w} ontoDU{a} for somea inäD, is a
simple boundary point of 11.

Proof. Exercise. 0

5.11 Corollary. If Il is a simple Jordan region, then every point of Ofi is
a simple boundary point.

The preceding corollary is a geometric fact that was derived from a the-
orem of analysis (5.6). Giving a purely geometric proof seems quite hard.

5.12 Theorem.

(a) Let fi be a bounded simply connected region and let g : —. D be a
conformal equivalence. If is a simple boundary point of 11, then g
has a continuous extension to flu {w}.

(b) If R is the collection of simple boundary points of 12, then g has a
continuous one-to-one extension to 12 U R.

Proof (a) Ifg does not have such an extension, then there is a sequence
in 12 that converges to w such that w2, 9(4'2n+1)

and w1 w2. it is easy to see that w1 and w2 belong to 3D (1.11). Let
a: 10,11 —' IIU{w} be a path such that a(1) = = and —' 1.

Put p(t) = g (a(t)). It follows that Ip(t)I 1 as t 1 (why?). Let and
J2 be the two open arcs in 3D with end points w1 and w2. By drawing
a picture it can be seen that one of these arcs, say .Ji, has the property
that foreverywon and forO<s< 1, there isatwiths<t< land
p(t) lying on the radius [O,w] (exercise). If r = g' D —e fi, then r is a
bounded analytic function since fl is bounded. So for almost every w in .11,

r(rw) exists; temporarily fix such a w. But the property of J1 just
discussed implies there is a sequence in (0, 1) such that s,, — 1 and

w radially. Thus —# r(w). But = a(s,,) so
r(w) = w for every point of .11 at which r has a radial limit. By Theorem
13.5.3, r is constant, a contradiction.

(b) Let g denote its own extension to 12 U R. Suppose and w2 are
distinct points in R and = g(w2); we may assume that g(w1) =
g(W2) = —1. Since and are simple boundary points, for j = 1,2 there
is a path 10,11 flu such that a,(l) = w3 and a3(t) 12 for
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t <1. Put pj(t) =g(a,(t)); so p, ([0,1)) D and p,(l) = —1. Let to <1
such that for to � 8, t � 1

5.13 IQi(8) — cr2(t)I > t".'i —

Choose 8>0 sufficiently small that

p, (I0,toDflB(—1;6) =0

forj=1,2and put Since each of the curvesp, termi-
nasat_1,wbeneverO<r<ö,thereisat,>tosothatp,(t,)=W,
satisfies 11+ ta,,J = r. Again letting = we have that (5.13) implies
that

1
— w21 < Ir(wt) —

�
Jo'

For each 'value of r, let 8,. be the largest angle than ir/2 such that
—1 + E D for 101 <8,.. The above inequalities rprnoin valid if the
integral is from 4,. to Or. Do this and then apply the Cauchy-
Schwarz Inequality for integrals to get

Iwi

� fr'(—i + do] r2dO}

< irr2[

Thus, performing the necessary algebraic manipulations and integrating
with respect to r from 0 to 6, we get

� frj
= Area (r(A,6))
� AreaCl

Since Cl is bounded, the right hand side of this inequality is finite. The
onlywaytbelefthandsidecanbefiniteisifw1 =w2,contradictingthe
assumption that they are distinct.

TheproofthatgiscontinuousonfluRisleft tothereader. 0

5.14 Corollary. If Cl is a bounded simply connected iegion in the plane
and every boundary point ii a simple boundary point, then Oil is a Jonian
curve.
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Finally, the results of this section can be combined with the results on
reflection across an analytic arc.

5.15 Proposition. Let ci be a simply connected region and let g : (1 1)

be a confonnoA equivalence. If L is a free analytic boundary arc of ft and K
is a compact subset of L, then g has an analytic continuation to a region
A containing flu K.

Proof. Use Exercise 7 and Theorem 13.4.8. 0

Note that even though the function g in Proposition 5.15 is one-to-one,
its extension need not be.

5.16 Example. Let ci = D as the composition
of the function h(z) z + and the Möbius transformation T(z) =

z2—iz+1g(z)=Toh(z)=
z2 + tz + 1

The function h maps onto the upper half plane and T maps this half
plane onto D. The upper half circle L is a free analytic boundary arc of (I
so that g baa an analytic continuat2on across L. In fact It is easy to see that
h#(z) = h(z) on (1 and g#(z) = g(z). Thus even though g is univalent
on ft is not.

The following question arises. If (1 is a simple Jordan region and the
curve that forms the boundary of ft has additional smoothness properties,
does the boundary function of the Riemann map D ft have similar
smoothness properties? If Oft is an analytic curve, we have that r has an
analytic continuation to a neighborhood of ci 1) by the Schwarz Reflection
Principle. But what if 8(1 is just C°°; or Ct? A discussion of this question
is in Bell and Krantz [19871. In particular, they show that if 8(1 is C°°,
then so is the boundary function of r.

Exercises

1. Prove Proposition 5.2.

2. This exercise will obviate the need for Theorem 13.5.3 in the proof
of Theorem 5.6. Let r be a bounded analytic function on D and let
J be an open arc of 8 D. Show, without using Theorem 13.5.3, that
if 'r has a radial limit at each point of J and this limit is 0, then

0. (Hint: For a judicious choice of w1, .. . , in 8D, consider
the function h(z) = r(w1z)r(w2z) .. .

3. Let C be a region and suppose that 8(3 such that there is a
6 > 0 with the property that B(a; 6) fl (3 is simply connected and
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B(a; 6) (1 ÔG is a Jordan arc -y. Let ci be a finitely connected region
whose boundary consists of pairwise disjoint Jordan curves. Show
that 1ff: G ci is a conformal equivalence, then I has a continuous
one.to-one extension to C U

4. Show that every point of 8 D is a simple boundary point, if ci is the
slit disk D\ (—1,01, show that points of the interval (—1,0) are not
simple boundary points while all the remaining points are.

5. Show that if is a simple boundary point of Ii, then there is a 6 > 0
such that 6) fl ci is connected.

6. Show that the conclusion of Theorem 5.12 remains valid if ci is not
assumed to be bounded but C \ ci ci has interior. Is the conclusion
always valid?

7. Show that if J is a free analytic boundary arc of ci, then every point
of J is a simple boundary point.

8. (a) If g: ci I) C is a continuous function that is analytic in D, show
that there is a sequence of polynomials {pn } that converges uniformly
on cii) tog. (Hint: For 0 < r < 1, consider the function 9r : ci D —' C
defined by gr(z) gfrz).) (b) If is a Jordan curve, ci is the inside
of and I : ci ci C is a continuous function that is analytic on
ci, show that there is a sequence of polynomials } that converges
uniformly on ci ci to f.

9. If Cl is any bounded region in the plane and f : ci (1 -, C is a
continuous function that is analytic on Cl and if there is a sequence of
polynomials {j¼} that converges uniformly on ci 11 to /, show that f
has an analytic continuation to mt [Cl], where Ii is the polynomially
convex hull of Cl.

10. Suppose that G and Cl are simply connected Jordan regions and f
is a continuous function on ci C such that f is analytic on C and
f(G) ç ci. Show that if / maps OG homeomorphically onto OC1,
then f is univalent on C and f(G) Cl.

§6 The Area Theorem

If f is analytic near infinity, then it is analytic on a set of the form G =
{z: > R} = ann(0; R, oo), and thus / has a Laurent expansion in C

f(z) =
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this series converges absolutely and uniformly on compact subsets of G.
With this notion, f has a pole at oo of order p if = 0 for n > p. Note
that this is the opposite of the discussion of poles at finite points. The
residue of f at oo is the coefficient and f has a removable singularity at
co if this expansion has the form

a2

Here = f(oo), &i = f'(oo) = z (f(z) — ao)
Consider the collection U of functions f that are univalent in D {z:

1) and have the form

6.1

In other words, U consists of all univalent functions on D with a simple pole
at 00 and residue 1. This class of functions can be characterized without
reference to the Laurent expansion. The easy proof is left to the reader.

6.2 Proposition. A Junction / belongs to the class U if and only if f is
a univalent analytic function on D such that f(oo) = oo and f — z has a
removable singularity at 00.

6.3 Area Theorem. If f EU andf has the expansion (6.1), then

<1

Proof. For r > 1, let F,. be the curve that is the image under f of the
circle = r. Because is univalent, 1',. is a smooth Jordan curve; let ce,.
be the inside of Fr. Applying Green's Theorem to the function u = we
get that

Area(1�,.) =

1!= —: I z
2i Jr

1= j2*

Since F,.(t) = this means that

= r
f
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Using (6.1) we can calculate that

f(re*t) = re_t + +

fl(rett) = 1

Using the fact that emtdt = 0 unless n = 0, in which case the integral
is 2ir, the uniform convergence of the above series implies that

0 � Area(fZ.) = [2irr (21r)]

6.4 =

Therefore

for all r > 1. If the inequality is not valid for r = 1, then there is an
integer N such that 1 < But since r> 1 this also gives that
1 a contradiction. 0

Part of the proof of the preceding theorem, namely Equation 6.4, in-
dicates why this result has its name. What happens to (6.4) when r is
allowed to approach 1? Technically we must appeal to measure theory but
the result is intuitively clear.

IFX,. = IzI � r}) for r>1, then = C\ X,.. Thus = C\
X,. = 1}) = a closed set. As r — 1, Area(Qr) Area(E).

Thus the following corollary.

6.5 Corollary. If f E U, I has the Laurent ezpansion (6.1), and E
C\f(D), then

Area(E) = ir —

Thus Area(E) =0 if and onLy if equality occurs in the Area Theorem.

The next proposition provides a uniqueness statement about the map-
pings in the class U. Note that if / E U and / is considered as a mapping
on the extended plane then f(oo) = 00.

6.6 Proposition. If f EU and f(D) D, then /(z) = z for all z.

Proof. If / is as in the statement of the proposition, then Corollary 6.5
implies that ir = — so that = 0 for all n � 1. Thus
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f(z) = z+ao. On the other hand, the hypothesis on the mapping properties
of / also implies that If(z)I —. 1 as z 1, this implies that

If(z)12 = Iz+a012 = 1z12+2Re —. 1+2R.e (ao)+JaoI2 = 1. Thus
Re(czo) +IaoI2 = 0. Similarly, letting z —1 show that —Re (ao)+Icvo(2 =
0. We now conclude that 00 = 0 and so f(z) = z. 0

The preceding proposition can also be proved using Schwarz's Lemma
(Exercise 3).

6.7 Proposition. 1ff U and f has the expansion (6.1), then tail � 1.

Moreover = 1 if and only if the set E = C \ f(D) is a straight
line segment of length 4. In this case f(z) = z + + a1z' and E =
[—2A+ao, where >2=ai.

Proof. Since is one of the terms in the sum appearing in the Area
Theorem, it is clear that � 1. If lou = 1, then = 0 for n � 2. Thus
f(z) = z+oo+01z'. It can be seen by using Exercise 2 that in this case
E = [—2A + a0,2X + a0), where A2 = Qj. In particular, E is a straight line
segment of length 4.

Conversely assume that E is a straight line segment of length 4; so E has
the form E = + + 13o1, where and j.i are complex numbers
and = 1. ISg(z) = then g E U and'g(D) = C\E = f(D).
Therefore f og' E U and maps D onto itself. By Proposition 6.6, 1 = g

a useful estimate of the derivative of a function
in U.

6.8 Proposition. If f E U, then

(f'(z)l � 1

whenever Izi > 1. Eqizolity occurs at some number a with laI > 1 if and
only if f is given by the formula

1a12 — 1
1(z) = z + °o —

— 1)

Proof. Since f'(z) = 1 — a1z2 — = 1 — an
application of the Cauchy-Schwarz Inequality as well as the Area Theorem
shows that

tf'(z) — =

S
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�
1z12

—2

________

=
1

1

= 1z12—1

It now follows that If'(z)I � If'(z)—lI+l S (1z12—1Y'+l
= 1z12(Izj2 — 1)_i.

Now suppose that there is a complex number a, > 1, such that the
inequality becomes an equality when z = a. Thus If'(a)I If'(a) + 1 �

— 1)—i = If'(a)I. This implies that the two inequalities in the
above display become equalities when z = a. The fact that the first of
these becomes an equality means there is equality in the Cauchy-Schwarz
Inequality. Therefore there is a complex number b such that =
for all n � 1. The fact that the second inequality becomes an equality
means that

1 =

=

— 'b2— 1

Thus = 1a12 — 1. Substituting these relations in the Laurent expansion
for f gives

f(z) =

= —
a taz—1

Now use this formula for 1(z) to compute f'(a):

f'(a) =
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= I — —

— (1a12—1)2—-b
—

sb-b
bb

b

By assumption

— (
\2

—

— 1b12

Equating the two expressions for If'(a)12 we get that Re b Re = —Ibi.
It follows that 6 = —Ibl I — and so / has the desired form.

if f is given by the stated formula it is routine to check that equality
occurswhenz=a. 0

Exercises

1. Show that for r and any complex numbers, f(z) = 4r/3z(13 —

is the composition f = 0 12 ° fl, where f1(z) = (/3 + z)/(j3 —

f2(z) = z2, and 13(z) = r(z—1). Use this to show that f is a conformal
equivalence of {z : < I$I} as well as {z : > J131} onto the split
planeC\{z —rt:t � 1}.

2. For a complex number A, show that 1(z) z + A2z' is the compo-
sitionf2ofi, wherefi(z) = z(A—z)2 andf2(z) = (1+2Az)/z. Use

this to show that 1 is a conformal equivalence of both {z: IzI < IAI}
and {z: > onto C \ 1—2\, 2AJ.

3. Prove Proposition 6.6 using Schwarz's Lemma.

§7 DISIC Mappings: The Class S

In this section attention is focused on a class of univalent functions on
the open unit disk, D. Since each simply connected region is the image
of D under a conformal equivalence, the study of univalent functions on
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D is equivalent to the study of univalent functions on arbitrary simply
connected regions. 11 x' is adjoined to the region D, the resulting region
(also denoted by D) is also simply connected, so that it is equivalent
to consider univalent functions on D. After suitable normalization this
amounts to a consideration of functions in the class U. The class of univalent
functions $ on D defined below is in one-to-one correspondence with a
subset of the class U. The study of is classical and whether to study S or
U depends on your perspective, though one class sometimes offers certain
technical advantages over the other.

7.1 Deflnitjon. The class $ consists of all univalent functions I on D such
that f(O) = 0 and f'(O) = 1.

The reason for the use of the letter S to denote this class of functions is
that they are called Schlicht functions.

If h is any univalent function on D, then f = [h — h(O)j /h'(O) belongs
to 8, so that information about the functions in S gives information about
all univalent functions on D. If I E 8, then the power series expansion of
I about zero has the form

7.2 f(z)=z+a2z2+asz3+•.•.
As mentioned the class S and the class U from the preceding section are

related. This relation is given in the next proposition.

7.3 Proposition.

(a) If g EU andg never van&ies, then 1(z) = [g(z')J 1

E S and, con-
versely, if f ES, then g(z)= EU andg never vanishes.

(b) .111 E S with power series given by (7.2) and = g(w) =
forw in I)', then °o = —a2.

Proof. (a) Supposeg U and f(z) = g(z')]' for z in D. Since g(co) =
00, it is clear that I is univalent on D and 1(0) = 0. Moreover g(z)/z —. 1

as z —. oo and so it follows that f'(O) = f(z)/z = 1 and I E S. The
proof of the converse is similar.

(b) Just use the fact that for < 1, g(z')f(z) = 1, perform the
required multiplication of the corresponding series, and set equal to 0 all
the coefficients of the non-constant terms. 0

7.4 ProposItion.
(a) 1ff S and n is any positive integer, then there is a unique function

ginS such thatg(z)" = For such ojunctiong, g(wz) =wg(z)
for any n-th root of unitV w and all z in D. Conversely, if g E $ and
g(wz) = wg(z) for any n-th root of unity and all z in D, then there
is a function I in S such that g(z)" = f(z").



14.7. Disk Mappings: The Class S 63

(b) Similarly, if f E U, then there is a unique function g in U such that
f(z"). For such a function g, = wg(z) for any n-

ondaflzinD. Conversely, EU such that
g(wz) — wg(z) for any n-th root of unityw and allz mD, then there
is a function f in U such that g(z)" =

Proof. (a) Assume that I and let h(z) = for IzI < 1. The
only zero of h in D is the one at z 0 and this has order n. Thus h(z) =
z"h1 (z) and h1 is analytic on D and does not vanish. Moreover the fact that
f'(O) = 1 implies that h1(O) = 1. Thus there is a unique analytic function

on D such that h1 and = 1. Put g(z) = clearly
= f(zl'&), g(0) = 0, and g'(O) = = gi(O) = 1. Notice

that these properties uniquely determine g. Indeed, if k is any analytic
function on I) such that k(z)" = f(z") and k'(O) = 1, then = 1 and
g/k is analytic, whence the conclusion that k = g.

if the power series of f is given by (7.2), then a calculation shows that
hi(z) = 1 + a2z" + a3z2" so that h(iiz) = h(z) whenever = 1.
Thus for an n-th root of unity w, k(z) = zg1(wz) has the property that

= and k'(O) 1. By the uniqueness statement above, k g.
Thus gi(z). From here it follows that g(wz) = wg(z) whenever

= 1.
To complete the proof thatg E S it remains to show that g is univalent.

if g(z) = g(w), then f(z") = f(w") and so thus there is an n-th
root of unity such that w = wz. So g(z) = g(wz) = wg(z). Clearly we can

For the converse, if g E $ and g(wz) = for any n-th root of unity
w and all z in D, then g has a power series representation of the form

g(z) = z + +

Thus
=

Z + C2nZ2 +

The radius of convergence of this power series is at least 1,/(0) =0, and
f'(O) = 1. If z and w D and 1(z) 1(w), let z1 and w1 be points in D
with z and = w. So = g(w1)". It is left to the reader to
show that this implies there is an n-tb root of unity w such that z1 = wwi.
Hencez=w and so / is univalent. That is, / ES.

(b) This proof is similar. 0

The celebrated Bieberbach Conjecture concerns the class S. Precisely,
this says that if / ES and its power series is given by ( 7.2), then

7.5
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for all n � 2. Moreover, equality occurs if and only if f is the Roebe
function or one of its rotations (1.4).

We will prove the Bieberbach conjecture n = 2. The proof of
the general case is due to L deBranges [1985j. This material is presented
in Chapter 17. We start with a corresponding inequality for the class U,
which is stated separately.

7.6 Theorem. If g EU withLaurentseriesg(z) = then� 2. Equality occurs if and only if g(z) = z+2A+A2z' = z'(z+A)2,
where IAI = 1. In thi,s case g maps D onto C \ [Q,4.Aj.

Proof. Let h E U such that h(z)2 g(z2) for z in D* and let the expansion
of hbe gi yen by Thus

h(z)2 =
= g(z2)

Hence = 0 and But according to Proposition 6.7, � 1
so IaoI � 2. The equality = 2 holds if and only if = 1, in which
case h(z) = z + where A2 = fi (so (Al = 1). But in this case,
g(z2) = h(z)2 = = z2+2A+A2f21sothatg(z) = z+2A
The mapping properties of this function are left for the reader ti verify.
(See Exercise 6.2) 0

7.7 Theorem. 1ff S with power series given by (7.2), then (a2f � 2.
Equality occurs if and only if f is a rotation of the Koebe function.

Proof. Letgbethecorrespondingfunctionintheclassu g(z) [f(z')j'
for z in It follows that g has the Laurent series

g(z)=z—a2+(c4—a3)z'+....

The fact that 1a21 2 now follows the preceding theorem. Moreover equal-
ity occurs if and only if there is a A, (Al = 1, such that g(z) = i'(z + A)2.
This is equivalent to having f be a rotation of the Koebe function. 0

As an application this theorem is used to demonstrate the Koebe "1/4-
theorem."

7.8 Theorem. If f ES, then 1(D) J KI < 1/4}.

Proof. Fix / in $ and let be a complex number that does not belong
to f(D); it must be shown that Ki � 1/4. Since 0 E 1(D), (o 0 and so
g(z) = 1(z) {i — is an analytic function on D. In fact g S. To
see this first observe that g(0) = 0 and g'(O) = (g(z)/zj = f'(O) = 1.

Finally g is the composition of f and a Möbius transformation and hence
must be univalent.
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Since f(O) 0, there is a small value of r such that jf(z)f < for

<r. In this neighborhood of 0 we get

[i — 1 + C'f(z) + ç-2/(z)2

Substituting the power series expansion (7.2) of / and collecting terms we
get that for

z + + a2) z2

(In fact this power series converges throughout the unit disk.) By Theo-
rem 7.7 this implies that + a21 � 2. But � 2 so that � 4, or
I(oJ � 1/4. 0

Consideration of the Koebe function shows that the constant 1/4 is sharp.
The next result is often called the Koebe Distortion Theorem.

7.9 Theorem. 1ff ES and JzJ < 1, then:

(a) S

(b)
(1 ±frj)2

<
(1

Equality holds for one of these four inequalities at some point z 0 if and
only if I is a rotation of the Koebe function.

Proof. For each complex number a in 1) define the function

fa(Z) (1- 1a12)fl(a)

It is easy to see that fa is univalent on D since it is the composition of
univalent functions. Also Ia (0) = 0 and a routine calculation shows that

Thereforef0 ES. Let fa(Z)=Z+b2z2+.'. mD.
Another computation reveals that

= {(i — 1a12)
1(a)

—

2 by Theorem 7.7, this shows that

till

2 j <4.f'(a)

Thus
4

f'(a) 1 — — 1 —
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Multiply both sides of this inequality by a to get

f"(z) 2jzj2 41z1
7.10 Z11()

— l—1z12

Now f' does not vanish on so there is an analytic branch of log f(z)
with logf'(O) = 0. Using the chain rule,

[logf'(re'°)] = flog f'(z)l + [logf'(z)]

—

—
e

Now for any function g, Re(Og/OrI = so

7.11 [log If'fre'9)I] = Re

Thus (7.10) implies

8 4r
)I}— 1_r2

Dividing by r and performing some algebraic manipulation gives that

2r—4 8 2r+4
1_r2 )I] 1_r2

for all re'0 in D. Thus, for p < 1,

7.12 f [log dr � j 2T+4d

or

log log � log

Now take the exponential of both sides of these inequalities to obtain the
inequality in (a) for z = pe'0.

Suppose for some z = pe'0 one of the inequalities in (a) is an equality; for
specificity, assume that equality occurs in the lower bound. It follows that
the first inequality in (7.12) is an equality Thus the integrands are equal

—4 = Re[e1f"(O)j, so that lf"(O)? � 4. By Theorem 7.7,If"(O)I = 4 and
/ is a rotation of the Koebe function. The proof of the case for equality in
the upper bound is similar.

To prove part (b) note that lf(z)l = �
Parameterize the line segment by = tz, 0 t 1, and use part (a) to get
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an upper estimate for After performing the reqinred calculations
this shows that

If(z)I �
the right hand side of part (b).

To get the left hand side of part (b), first note that an elementary ar-
gument using calculus shows that t(1 + t)2 � 1/4 for 0 � t � 1; so it
suffices to establish the inequality under the assumption that 11(z)! < 1/4.
But here Koebe's 1/4-theorem implies that {C : > 1/4} ç 1(D). So
fix z in D with If(z)l < 1/4 and let be the path in D from 0 to z such
that /07 is the straight line segment 10,1(z)]. That is, f(7(t)) = tf(z)
for 0 t 1. Thus 11(z)! = I f'(w)dwf =' Now

f'(7(t))7'(t) = [tf(z)J' = 1(z) for all t. Thus 11(z)! = f, ff'(w)Ildwl. Using

the appropriate part of (a) we get that If'(w)I � (1 — IwI)(1 + IwI)3. On
the other hand if we take 0 � $ <t � 1, h'(t)—7(a)I � 111(t)! — and
so (symbolically), IdwI � dIwI. Combining these inequalities gives that

If(z)I
� jIzf

(1÷)3dr
— IzI
— (1+IzI)2

This proves (b). It is left to the reader to show that / is a rotation of the
Koebe function if one of these two inequalities is an equality.

Before giving an important corollary of this theorem, here is a lemma
that appeared as Exercise 7.2.10.

7.13 Leiinrni.. If {f,j is a sequence of univalent functions on a region C
and f, -, I in 11(C), then either f is univalent or / is constant.

7.14 Corollary. The set S of univalent functions is compact in 11(D).

Proof. By Montel's Theorem (7.2.9) and Theorem 7.9,8 is a normal fain-
ily. Itremajnstoshowthat8iscloeed(8.1.15). But ç Sand/n /
in H(D), then the preceding lemma implies that either / is univalent or /
is constant. But = 1 for all n so that f'(O) = 1 and / is not constant.
Clearlyf(O)=OandsofES. 0

The next result is almost a corollary of the preceding corollary, but it
requires a little more proof than one usually aesociates with such an ap-
pelation.

7.15 Proposition. IfGisaregion,aEG, andbisaviycomplexnwnber,
then S(C,a,b) {f H(G) f is univalent, f(a) = b, and f'(a) = 1) is

compact in H(G).
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Proof. By a simple translation argument it may be that a = b =
0; let 8(G) 8(G, 0,0). Let R> 0 such that 8(0; R) G. If f 8(0)
and fR(z) = for z in D, then JR E S 8(D). Thus fR(D) {(:
1(1 < I/4} and so IfR(etO)I � 1/4 for all 8 (7.8). Hence If(RetG)l � R/4
for all 6 and R/4) C R)). So! maps 0 \ B(O; R) into f(G) \

R/4); that is, Ill � R/4 for z in G\B(0; R). Therefore = z/f(z)
is an analytic function on C, I4'j(z)I � 4 for Izl R and frbf(z)l S
for z in G\ B(0; R). Thus 4' {qSj f E S(C)} is a locally bounded family
of analytic functions on C and hence must be normal.

By an argument similar to that used to prove Corollary 7.14, 8(C) is
closed. So to prove the proposition, it suffices to show that 8(G) is a normal
family. Let be a sequence in 8(G) and let be the corresponding
sequence in 4). By passing to a subsequence if necessary, it may be assumed
that for some analytic function on 0. Clearly the functions
have no zero in C so either 0 or 4 does not vanish in C (7.2.6). Also
for each n, = 1 and so = 1 and hence 4 has no zeros
on C. Let f(z) = Now f'(O) = 1, so f is not constant. Clearly

f(z) z in C. If K is a compact subset of C, let e > 0 such
that � 2e on K. it follows that e on K for all a sufficiently
large (see Exercise 4). This implies that {f4 is locally bounded on C and,
hence, a normal family. 0

We close with an extension of the Distortion Theorem; you might call
this the Generalized Distortion Theorem.

7.16 Theorem. If K is a compact subset of the region C, then there is a
constant M (dependent on K) such that for every univalent Junction f on
G and every pair of points z and w in K,

1 < <M
M — If'(w)I —

Proof. By interchanging the roles of z and w, it suffices to prove the
second of these inequalities. Let 0 < 2d < dist(K, 80) and cover K by
a finite collection B of open disks of radius d/8. Suppose B1 and B2 are
two of the disks from 8 such that B1 fl B2 Let ; B, i = 1,2. So

— z21 <d/2 and d) ç C. Consider the function

f(z1-i-dz)—f(z1)
g(z,

—

This function belongs to the class S. According to Theorem 7.9,

lg'(z)f
� (l—IzJ)3
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for IzI < 1. Making the appropriate substitutions we get

f'(zj+dz) <
f'(zi) — (1—

Take z = (zi — z2)/d so that Izi < 1/2 and we get that

f'(z2)
<

f'(z1) — (1 — 1)3
= M0.

If z and w are arbitrary points of K, then there are points z1 = z, z2,. . .

= w such that each consecutive pair of points is in a disk from 8, n � N,
the total number of disks in 8, and these disks are pairwise intersecting.
Therefore

f'(z) — f'(zj) f'(z2)
— Mf'(w) f'(z2) f'(z3) f1() — — Q

0

Exercises

1. Let f and g be as in part (b) of Proposition 7.3 and show that a1 =
— a3. Show that a2 = —a4 + 2a2a3 — 4

2. Let f be the function given in (1.4) and show that f E $ and if the
power series off is given by (7.2), then = n for all n � 2. Show
that the image of D under / is the plane minus the radial slit from
A/4 to oo that does not pass through the origin.

3. Let = z + nz2 and show that even though = 0 and
= 1 for all n � 1, {f,j is not a normal sequence.

4. Let be a normal sequence of analytic functions on a region C
—.g,wheregisnot

identically 0. Show that if K is a compact subset of C, then there is

a region and fix a point a in C. For a choice of positive con-
stants C,m, and M show that F = {f H(G) Is univalent, ff(a)I
� C, and m If'(a)l � M} is a compact subset of H(G).

6. For the set U of univalent functions on I) = {oo} U {z: > 1),
show that Uu {oo} is compact in the space C(D,CØO).

7. Show that for each integer n � 2 there is a function f in S such that
1ff has the power series expansion (7.2), then �

g in S.
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8. Show that if K is a compact subset of a region G, then there is a
constant M such that for every pair of points z and w in K and for
every univalent function f on G, ff(z)I S Jf(w)I + Mjf'(w)J.

9. If G is a simply connected region, a C, and I : C D is the
conformal equivalence with 1(0) = a and f'(O) > 0, show that
[4dist(a,OG)j' �f'(a) [dist(a,OG)j'.

10. Show that if r is a bounded univalent function on D with C =
then fr'(z)j 4(1 — 1z12)'dist(r(z),ÔG). (Hint: Use Exercise 9 and
Schwarz's Lemma.)



Chapter 15

Conformal Equivalence for
Finitely Connected Regions

In this chapter it will be shown that eath finitely connected region is con-
formally equivalent to a variety of canonical regions. Subject to certain
norrnkli,.ations, such conformal equivalences are unique. We begin with
some basic facts about complex analysis on finitely connected regions.

§1 Analysis on a Finitely Connected Region

Say that a region C InC is n-connected If CO\G has n+1 components. Thus
a 0-connected region is simply connected. Say that C is a non-degenerate

n-connected region if it is an an n-connected region and no component of
its complement in is a singleton. A region G is finitely connected if it is
n-connected for some non-negative integer n. Note that if C is any region

in and K is any component of \ G that does not contain oo, then
KmustbeacompactsubeetofC;
precisely the bounded components of C \ G.

Throughout this section the following notation will be fixed: C is an
n-connected region in C and Kr,... , are the bounded components of
C\G; K0 will be the component ofC03\G that contains co. Note that for

any compact subset of C, then by Proposition 13.1.5 there is
a positive Jordan system r = 71,.. ,y,j in C having the following
properties:

(i) Ecinarco;
1.1 (ii)

for j k.

= 1.

A positive Jordan system r satisfying (1.1) with E = 0 will be called a
curve generating system for C. In fact, the curves .. are a set of
generators for the first homology group of C as well as the fundamental
group of C.
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In the case of a finitely connected region the condition that a harmonic
function has a conjugate can be greatly simplified. In fact, the infinite
number of conditions in part (c) of Theorem 13.3.4 can be replaced by a
finite number of conditions.

1.2 Theorem. If C is an n-connected region and r . . is a
curve generating system for C, then a harmonic junction u C R has a
harmonic conjugate if and only if dy — dx) 0 for 1 S j � n.

Proof. From Theorem 13.3.4 it is easy to see that it suffices to assume that
f, f=Oforl 5j andprovethatfhasaprimitive. Fix
a j)oint a, in K, for 1 5 j 5 n. If is any closed rectifiable curve in C, put
m3 = n('y; 03). It follows that the system of curves {'•y, . . ,

is homologous to 0 in C. By Cauchy's Theorem,

0_—jf_>miff.
But this implies that f f 0

What is going on in the preceding theorem is that the first homology
group of C is a free abelian group on n generators and the curves
form a system of generators for this group. Morever, if r is an element of
the first homology group, then F corresponds to a system of closed curves
in G and the map F ' Jr f is a homomorphism of this group into the
additive group C. Thus the condition of the preceding theorem is that this
homomorphism vanishes on the generators, and hence vanishes identically.

Let C bean n-connected region and let 1= beacurve
generating system in C. For a harmonic function u C R with conjugate
differential du, the numbers

c3 = f
1 5 j 5 n, are called the periods of u. Note that the periods of u are real
numbers since u is real-valued. So a rephrasing of Theorem 1.2 is that a
real-valued harmonic function u on C has a harmonic conjugate if and only
if all its periods are 0.

Theorem 1.2 can be used to describe exactly how a harmonic function
differs from one that has a harmonic conjugate.

1.3 Theorem. Let C be an n-connected region with K1, . . . , the bounded
components of its complement; for 1 5j 5n, leta, K,. Ifu is a real-
valued harmonic junction on C and c1,. . . , are its periods, then there is
an analytic junction h on C such that

u=Reh+>c
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Proof. Consider the harmonic function

Now 1(z) = log Izi is harmonic on the punctured plane Co C \ {O} and

an elementary computation shows that - its, = fzI2 Thus for
any closed rectifiable curve 'y not passing through 0,

j(lxdv — 4dx) = _ijfldz = 2ir n(-y;O).

So if Lk(z) = j and 0
otherwise. It is straightforward to see that the choice of c3 gives that

dy — dx) = 0 for I � j n. By Theorem 1.2, there is an analytic
function h on C such that U = Re h. 0

This theorem has several interesting consequences. Here are a few.

1.4 Corollary. ii u is a real-valued harmonic function in the punctured
disk Bo(a; R) B(a; R) \ {o}, then there are real constants b and c such
that

fu(a b logr +c.

Proof By Theorem 1.3 there is a real constant 6 and an analytic function
h on Bo(a; R) such that u Re h + blog Iz — Thus,

j u(a + re*)dO = bj Jog + f Reh(a + re*O)dO

= log r + j Reh(a ÷

But it is easy to see that Re h(a + re'°)dO is the imaginary part of the
integral

where = a + re19, and hence is a constant. 0

The next result might have been expected.

1.5 Corollary. I/u is a bounded harmonic function in the punctured disk
Bo(a;R), thenu has a harmonic extension to B(a;R).

Proof. It suffices to assume that u is real-valued. Suppose IuI M on
Bo(a; R). According to Theorem 1.3, there is a real constant 6 and an
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analytic function h on Bo(a; R) such that u = blog — aJ + Re h(z). Also
there is a real constant c such that for r < R

fu(a+1Q8)dO=21r6 logr+c.

On the other hand, 5 M so I2irb logr + cj 5 2irM for r < R. But this
is impossible if b 0 so it must be that b = 0.

Hence u = Re h in Bo(a; R). This implies that h is an analytic function
on Bo(a; R) whose real part is bounded. Consider g = exp(h); g is bounded
in Bo(a; R) since = exp (Re h). Therefore a is a removable singularity
for g. This implies that a is a removable singularily for g' = g and thus
also for h = g'/g. This provides the required harmonic extension of u. 0

Most of the preceding material is taken from Axler [19861.

1.6 Definition, if none of the components K0, K1,. . , of C,, \ C is a
point, then the harmonic basis for C is the collection of continuous functions

. . on that are harmonic on C and satisfy 1 and

Note that these functions exist since the hypothesis guarantees that we
can solve the Dirichiet problem for G (10.4.17). Also the function WO that
is 1 on OK0 and 0 on the boundary of the bounded components is not
included here since this function can be obtained from the others by means
of the formula wO = 1 —

In the literature these functions in the harmonic basis are often called
the harmonic measures for C. This terminology originated before the full
blossoming of measure theory. Later a harmonic measure for G will be In-
troduced that is indeed a measure. In order to avoid confusion, the classical
terminology has been abandoned.

The next lemma will be used in the proof of some conformal mapping
results for finitely connected regions.

1.7 Proposition. If C is a non-degenernte n-connected iegion, r {'vo,...,
y,,} is a curve generating system forO, and forl k 5n

C,k
= —f

where {(&si,. . . , is the harmonic basis for C, then the n x n matrix
(c3k1 15 invertsble.

Proof. It suffices to show that this matrix is an injective linear transfor-
mation of R' into Ret. So suppose there are real scalars A1,. . . , A, such
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that
+ c12A2 ÷ ... + = 0

.f =0.

We want to show that A1 = = =0.
Put u = Akwk. So u is continuous on and harmonic on C. Also

j •du=>Akf

Therefore Theorem 1.2 implies there is an analytic function f on C such
that u = Re f.

n, pick constants > 0 such that if = {( E C: IReC — AkI <ek}, then
Co Now u = Ref is continuous on so {z E
(u(z) — <ek} is a relatively open subset of cl(,0G and contains ôKk.
Therefore if Uk equals the union of Kk and the component of {z E cLG:

— AkI <Ek} that contains 8Kk, then Uk is open in C and contains Kk.
(The fact that some of the constants Ak may coincide forces some of this
awkward language. If it were the case that Ak A, for k j, then the Ek
could have been chosen so that the sets 11k have pairwise disjoint closures
and the language would be simpler.) By Proposition 13.1.5, for 1 k � n
there is a Jordan curve contained in Uk such that Kk ok and
n(ck; z) = —1 for all z in 14. Similarly, there is a Jordan curve o0 in Uo such
that out 00 and n(oo; z) = +1 for all z in K1 . U K,, U•
Hence E = (00,01,... ,ør,,} is a Jordan system in C; in fact, Elsa curve
generating system for C.

Now

f-Co
° 0k;Co).

But f a is a closed curve lying inside the vertical strip 12k
and Co lies outside this strip. Thus n(f o ok;Co) = 0 for 0 � k � n. By
the Argument Priniciple this implies that the equation f(z) = Co has no
solutions in ins E. But f(Uk) and so 1(z) = has no solution in

Uk. Therefore Co 1(G). Since was an arbitrary point with Re(o
we get that 1(G) c the union of the lines {( : Re( =

for k 0,. .. , it. By the Open Mapping Theorem, f, and hence u, must be
constant. But u =0 on OK0 so u 0. in particular = ... = =0. 0
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Exercises

1. If G is an (n + 1)-connected region In C, Har(G) is the vector space
of harmonic functions on C, and is the subspace of Rar(G)
consisting of all those harmonic functions with a harmonic conjugate,
then the quotient space is an n-dimensional vector
space over R. Find a basis for this space.

2. Find the harmonic basis for the annulus.

3. (The n + 1 Constants Theorem) Let C be an n-Jordan region with
boundary curves . . , and let A0, A1,. . . , be real con-
stants. Show that if u is a subbarmonic function on C such that
for a in 0 � i � n,

� A,,

then

u(z) � EA,wj(z),

where {Wi,... is the harmonic basis for C and = 1— +

4. Let C he an annulus and I C —. C an analytic function. Use the
preceeding exercise with u = to deduce Hadamard's Three Circles
Theorem (6.3.13).

§2 Conformal Equivalence with an Analytic Jordan Region

Recall the definition of an analytic Jordan region (13.4.11). The main result
of this section is the following.

2.1 Theorem. If C is a non-degenerate n-connected region, then C is
conforvnolly equivalent to an analytic n-Jordan region 1). Moreover, fI can
be chosen so that its outer boundanj is OD and 0 ft

Proof. The proof consists of an iterative of the Riemann Map-
ping Theorem. Let K0, K1,. . . , K,, be the of C with K0
containing oo. Consider C0 = C \ Ko and note that G0 is simply con-
nected since its complement in C<,0, 1(0, is connected. Let Go —' D be
a Riemann map and put =

So is a finitely connected region and
K00uK01u. . Now let C1 = again C1 is a simply

connected region in containing oo and the region flu. Let C1 —. D
be the Riemann map with = 0 and put Again
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is an n-connected region. The components of its complement in C,0 are

\D, K12 4'1(K02),...,
Note that the components of the boundary of are OD, =

OK12,...
So at this stage we have that G is conformally equivalent to a region

contained in D, two of whose boundary components are analytic Jordan
curves, one of them being the unit circle. Continue the process to get that
G is conformal equivalent to an n-Jordan region contained in D and
having OD as its outer boundary. Now pick a in D\ ci let be the
Schwarz map (z — a)(1 — az)', and put f) = 0

The preceding proposition has value for problems that involve properties
that are invanant under conformal equivalence, but its value diminiqhes
when this is not the case.

The next result is the analogue of the classical Green Identities using the
conjugate differential and the 8-derivative. For the remainder of the section
it is assumed that C is an analytic Jordan region with oriented boundary
r = . with as the outer boundary.

2.2 Proposition. Let C be an analytic Jonian region with oriented bound-
r. (a) If u and v are ftinctions that are C' on dC, then

j(vdu_udv) =

= 2fj(uvvx_uzvv).

(b) Ifu andy are ft&nctions that ore C1 onciG and C2 onG, then

f(v 'du — u'dv) = 4ff —

Proof. (a) Using the definition of du and dv, applying Green's Theorem,
and then simplifying we get

f(vdu — udv) = fRvu2 — + —

= 2ff
Again using the definitions of the expressions and simplifying, we also have
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proving part (a).
(b) Using Exercise 13.3.2 we have

[vdu _2ifvou+ifvdu,
Jr Jr Jr

I udv = —2i[uOv+i[udv.
Jr Jr Jr

Performing the required algebra yields

*du — u dv) = ._2ij(vthi — u8v) + ij(vdu — udv).

Now apply Green's Theorem to the first integral and part (a) to the second

in order to get

j(v*du — = —21 [21ff — uOv)1]

=

— uOv)1

=

0

Recall (13.2.3) that the Laplacian of a function u is

2.3 Corollary. If u and v are functions that are C' on ci C and harmonic
onG, thenfrfrudv.

Recall that there is a Green function g(z, a) for C. If a is fixed,
ga(Z) = — log — ai + where Ra is harmonic on C. Now g0 is
monic on C \ {a) and identically 0 on I'. By Coruliary 13.4.12, g0 can be
extended to a harmonic function defined in a neighborhood of r. We will
always assume that 9c has been so extended. Since - ails also har-
monic in a neighborhood of F, it follows that the same holds for RQ. In
particular it is legitimate to discuss the integrals of the functions and

as well as their derivatives and conjugate differentials on F.
The first application of these notions is a formula for the solution of the

Dirichiet Problem, but first a lemma.
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2.4 Lemma. L.etr >0 such that ç G and put B,. = B(a;r). Ifu
is a C' function on d C that is harmonic inside C, then

J (9a'dUU'dga)

where 0 as r 0.

Proof. Put = log IC—al. Using the definition of dt and parametrizing
the circle 8B,. by = a + re'6, we get that dt = dO on OB.. Thus

/ u dt = / u(a ÷ re'°)d9 = 2ir u(a)
Jo8,. Jo

by the Mean Value Property for harmonic functions. Also there is a constant

M such that IfoB u dRG1 � Mr. Hence 188,. u *dga u(a). On the
other hand, there are constants C1 and C2 such that for all r,

ga'duJ
=88,. 88,.

S C1rlogr+C2r.

This completes the proof of the lemma. 0

2.5 Theorem. IfC is an analytic Jonlan region, r is the positively oriented
boundanj of C, h isa continuous function on r, andh is the solutwn of
the I)irichlet Problem with boundary values h, then

h(z) =

where is Green's function for C with singulartty at z.

Proof. Both sides of the above equation behave properly if a sequence of
functions converges uniformly to a function h on r. Thus, it suffices
to prove this under the extra assumption that h is a smooth function on I'.
Let r> 0 such that B(a; r) C. Put C,. = G\B(a; r) and F,. = 0G. with
positive orientation. Let B,. = B(a; r) and always consider OB. as having
positive orientation. Put u = h. According to Corollary 2.3

du
=

Udga.

Now g4 is identically 0 on F so that

Jr udga = JOB,.
— 9a du)

=
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by the preceding lemma. Therefore taking the limit as r —, 0 we get that

Jh*dgo = —2irh(a).

This proves the theorem. 0

The reader might note that the converse of Theorem 2.5 is valid. If h is a
continuous function on r, then the formula in (2.5) gives the solution of the
Dirichlet problem. Thus (2.5) is a generalization of the Poisson Formula for
D. See Exercise 3. We will see more of these matters in Chapters 19 and
21.

Using the definition of normal derivative, the formula for the solution of
the Dirichlet Problem in the preceding theorem can be rewntten as

9zh(z) = j h(w) (w)

2.6 Corollary. If {w1,. .
.

is the harmonic basis for C, then for 0

f d90 —w3(a).

Proof. Take h in the preceding theorem to be the characteristic function
of')',. 0

Exercises

1. If C is an rn-connected region and n of the components of its com-
plement in are not trivial, then G is conformally equivalent to an
analytic n-Jordan region with rn — n points removed.

2. Show that the matrix [c,kl from Proposition 1.7 is positive definite.

3. Prove that with the hypothesis of Theorem 2.5, if h r —' R is a
continuous function, then the solution of the Dirichlet Problem is
given by the formula there. If C D, show that the formula in (2.5)
is precisely the Poisson Integral Formula.

4. Show that the matrix [c,kJ from Proposition 1.7 is a conformal in-
variant for analytic Jordan regions.
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§3 Boundary Values for a Conformal Equivalence Between
Finitely Connected Jordan Regions

The results from §14.5 on boundary values for a conformal equivalence be-
tween two simply connected Jordan regions can be extended to a conformal
equivalence between two finitely connected Jordan regions. To do this it is
not necessary to start from the beginning, but rather the results from the
simply connected case can be used to carry out the extension.

We begin by showing that if G and 1) are finitely connected regions and
q5: C fl is a conformal equivalence, then defines a correspondence
between the components of the boundaries of the two sets. Recall (13.1.2)
that the map F - FflO,X,G defines a bijection between the components of

\ C and the components of For our discussion fix an n-connected
region C and let K0,.. . be the components of C,0 \ C with oo in K0
and let Co,. . . be the corresponding boundary components. Let (1 be
another n-connected region and assume there is a conformal equivalence

C —' fl. For 0 � n and e > 0, let 4',(€) = E C dist(z, K,) <
= cI[ql({z C: dist(z, C,) <e})J and put $, = ft $,(e). Here the

distance involved is the metric of the extended plane, though the usual
metric for the plane can be employed if is bounded. It will be shown that
the sets 5o,. .. , are precisely the components of 8jl, ,

3.1 Lemmzi.

(a) ç
(b) If monotonically decreases to 0, then $, =

(c) If U is on open set containing 4,, then there is an >0 such that

(d) is a connected subset of OOOI1.

Proof. The proofs of parts (a),(b), and (c) are left to the reader. It is
also left to the reader to show that Suppose that U and V are
disjoint open sets and ç U U V. By part (c) there is an e > 0 such that

ç U U V. But is clearly a connected set as it is the closure of
a connected set. This contradiction establishes part (d). 0

3.2 Proposition. The sets 4o, $i,. . . ,4, are precisely the components of

Proof. By part (d) of the preceding lemma, each set is contained in
one of the components 'y• of On the other hand, similar arguments
involving show that each point of OJI must belong to one of the sets
4,. Thus a simple counting argument shows that {$o, 4'i, . . . , are the
components 7k,... , 0
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if = then we will say that 4, associates C, with To maintain
some flexibility we might also say in this situation that 4, associates K, with

The idea here is that even though 4' may not extend as a function to
the boundary of G, it is possible to think of 4, as mapping the components
of onto the components of

The next result is just a restatement of Theorem 2.1 with the added
piece of information that any component of the complement of C can be
made to be associated with 0D.

3.3 Theorem. If G is a non-degenerate n-connected region and C is any
component of its extended boundary, then there is a conformal equivalence
4, of C onto an analytic n-Jordan region such that the outer boundary of
Q and4,associoksC WIUZÔD.

Proof. Refer to the proof of Theorem 2.1. Using the notation there it
follows that the map 4, constructed there associates with 8D. If C =
OK1 for 1 � i n, then a simple relabelling proves the present theorem. if
C = OK0, then look at the image G1 of G under the Möbius transformation
(z—a) an appropriate choice of a. Here C corresponds to the boundary
of a component of the complement of C1 that does not contain 00 and the
previous argument applies. 0

3.4 Theorem. If G and (1 are two finitely connected Jordan regions and
4,: G —' is a equivalence, then 4, extends to a homeomotphism
ofclG onto cift.

Proof. Using the above notation and letting C, = OK,, we can assume
that 4, associates the boundary curve C, of C with the boundary curve

� n. It suffices to assume that Gis an analytic Jordan region.
In fact if this case is done, then for the general case apply Theorem 2.1 to
find two analytic Jordan regions C1 and and conformal equivalences f:
C—iC1 Let 4ii :Ci —if1 bedefinedby4,1 =ro4,of'.
Now observe that if the theorem is established for the special case where the
domain is an analytic Jordan region, then by taking inverses the theorem
also holds when the range is an analytic Jordan region. Thus each of the
maps J, r, and as well as their inverses extends to a homeomorphism.
Hence 4, extends to a homeomorphism.

So we assume that each of the curves Co,.. . , C,, is an analytic Jordan
curve. LetO < r < dist(7,,7k) forj k. Let 0< e < dist(C,,Ck) for
j by Proposition 3.2 and Lemma 3.1, e can be chosen such that
4,((z C < e}) {( E f : dist((,7,) <r}. By Corollary
13.5.7, 4, has non-tangential limits a.e. on each C,.

Fixj, soda2 beanytwopointsonC, atwhich4,
has a non-tangential limit. Since C2 is an analytic curve, there are Jordan
arcs : [0,1) —i C, i = 1,2, such that th(t) —, aj as t —i 1, qi(0)

— a4 <e, and lime_i = a point in 'y,. Note that
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because if they were equal, then the non-taigential limit of 4,
would be this common value at a.e. point on one of the two subarcs of
C1 that joins and 02. (See the proof of Theorem 14.5.6.) Let 'lo be
one of the two arcs in C1 that joins a1 and 02 and let be a Jordan
arc in C joining to Thus C = is a Jordan curve and
CC {z E C: dist(z,C3) <e},soinsC cc. = fori 1, 2,3; so
each isaJordan arc in fI and isajordan arc joining 02 too1. If

is either of the two subarcs of joining 01 to then =
is a Jordan curve that is disjoint from 4,(ins C); choose the arc such
that 4,(ins C) ins Since ins -y fl and 4, is surjective, it follows that
4,(ins C) = ins -y. By CorolLary 14.5.7, 4, extends to a homeomorphism of
cl(insC) onto cl(ins-)'). Thus 4, maps '70 homeomorphically onto

By examining the other subarc of C3 that joins to a2, we see that 4,
extends to a homeomorphism of G U C3 onto fl U yj. The details of this
argument as well as the remainder of the proof are left to the reader. 0

The proofs of the next results are similar to the preceding proof and will
not be given. The following extends Theorem 14.5.5.

3.5 Theorem. is a finitely connected Jordan region and 4, : C -+ fl
ISO conforrnoi equivoieivx, then the following are equivalent.

(a) 4, has a continuous exten.non to the closure of C.

(b) Each component of 011 is a continuous path.

(c) 811 is locally connected.

(d) \ 11 is locally connected.

Recall the definition of a simple boundary point (14.5.9). The next the-
orem extends Theorem 14.5.12.

3.6 Theorem. Let Cl be a bounded finitely connected region, G a finitely
connected Jordan region, and let g : Cl —. C be a conformal equivalence.

(a) If w is a simple boundary point of Il, then g has a continuous exten-
sion toflU{w}.

(b) If R is the collection of simple boundary points of 11, then g has a
continuous one-to-one extension to Cl U R.

These results on conformal equivalences between finitely connected re-
gions can be used to extend some of the results of §14.5 to unbounded
simply connected regions. Rather than listing all the possibilities, we ex-
amine a couple that will be of use later.

3.7 Proposition. Let (0, oo) C be a Jordan are such that (t) —4 00
as t -4 co and let Cl = C\'y. Ifr 0— Il is the Riemann map with
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r(O) = a and r'(O) > 0, then r extends to a continuous map ofclD onto
coo.

Proof. Consider the Môbius transformation T(z) = (z — a)' and put
= T o So c is a conformal equivalence of D onto A E the complement

in the extended plane of the arc A = and c(O) = oo. Thus the cluster
values of 0 at points of ÔD all lie on the arc A. Put A = {z: 1/2 < <
1}; thus is the region bounded by the arc A and the Jordan curve
cr({IzI = 1/2}). According to Theorem 3.5, op has a continuous extension
to ciA. here it easily follows that r = (1 — ao)/o has a continuous
extension to ci D. 0

Such regions as Il in the preceding proposition are called slit domaws
and will play an important role in Chapter 17 below. Another fact about
mappings between a slit domain and the disk that will be used later is the
following.

3.8 Proposition. If I) is a slit domain as in the preceding proposition and
D is a conformoi equivalence, then g can be continuously extended

to flu

Proof. ='y(O)isasmpoundarypointoffl,butflis
not bounded so that Theorem 3.6 is not immediately available. However if

= (0), T(() = (C — w) ', and A T(fl) C C,0, then h = goT' is a
conformal equivalence of A onto D with h(oo) =0. If A = {z: 1/2 < Izt <
1} and A1 = h'(A), then A1 is a bounded region and T(wo) is a simple
boundary point. It is left to the reader toapply Theorem 3.6 to A1 andh
and then unravel the regions and maps to conclude the proof. 0

Exercises

1. Give the details in the proof of Theorem 3.5.

2. In Proposition 3.7 show that the extension of t to ci D has the prop-
erty that there are unique points a and b on OD that map to
and oo and that every other point of has exactly two points in its
preimage.

3. Acoutinuousmapf:G—'QisproperifforeverycompactsetK
contained in fi, is compact in G. (a) Show that a continuous
function is proper if and only if for each a in ÔG, Ciu(f,o) can.
(b) Uf: C Cl is analytic, show that j is proper if and only if there
is an integer n such that for each c in Cl, the equation f(z) = C has
exactly n solutions, counting multiplicities.
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4.
show that / is a finite Blaschke product. (See Exercise 7.5.4 for the
definition.)

§4 Convergence of Univalent Functions

It is desirable to extend the concept of convergence of analytic functions
as discussed in Chapter 7. (In this section the regions will be assumed to
be arbitrary; it is not assumed that they are finitely connected.) To begin,
assume that for every positive integer ci there is a region that contains

-'C.Howcanwegiveineaning
to the statement that converges to a function / C —. C? Without
some restriction on the behavior of the regions C,, there is no hope of a
meaningful concept.

4.1 Definition. If is a sequence of regions each of which contains 0,
define the kernel of (with respect to 0) to be the component of the
set

{z:thereisan r>Ospchthat
for all but a finite number of integers n}

that contains 0, provided that this set contains 0. If the above set is empty,
then } does not have a kernel. When } has a kernel it is denoted
by Say that converges to C if C is the kernel of every
subsequence of this is denoted by Cn C.

Note that if } is an increasing sequence of regions and C is their
union, then —. C. Also if is defined by letting = D when n is
even and C, = the unit square with vertices ±1 ± i when ci is odd, then
D = ker{G1,,} but ) does not converge to D. Also notice that there is
nothing special about 0. If there is any point common to all the regions
C,,, it is possible to define the kernel of } with respect to this point.
This quasigenerality will not be pursued here.

We also note that the kernel of } is the largest region C containing
0 such that if K is a compact subset of C, then there is an n0 such that

forn�n0.
With the notion of a kernel, the extended idea of convergence of functions

can be defined.

4.2 Definition. Suppose that is a sequence of regions each of which
contains 0 and such that C = exists. If f,, : C,, C is a function
foralln�
if for every compact subset K of C and for every e > 0 there is an
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such that — f(z)I <6 for all z in K and all n � n0. This will be
abbreviated to f (tic).

When the notation —. f (tic)" is used, it will be assumed that all the
notation preceding the definition is in force. The following notation will be
used often in this section.

For each n � 1, is a region containing 0 and : —. C is

4.3 an analytic function with = 0, > 0, and
=

The reader is invited to revisit Chapter 7 and verify that most of the results
about convergence of analytic functions there carry over to the present
setting. In particular, if each is analytic and f (uc), then f is
analytic and f'(uc). We also have the following.

4.4 Proposition. Assume (4.3). ff each : —, C is a univalent
function and f (tic), then either f is univalent or f is identically 0.

4.5 Lemma. Assume (4.3). If each f', is a univalent/unction,
f is not constant, then the sequence of regions {fZ,%} has a kernel that

contains 1(G).

Proof. Let = f(G); so is a region containing 0.
Let K be a compact subset of Cl. Now C can be written as the union of
the open sets {Hk}, where clHk is compact and contained in Hk÷1. Thus
Cl = Uk f(Ifk) and so there is a k � 1 such that K 1(14). By the
definition of a kernel, there is an n0 such that ci H, C,, for n � Thus

0

The reader might want to compare the next result with Proposition
14.7.15, whose proof is similar.

4.6 Lemma. Assume (4.3). 1/ C = exists, each is univalent,
and = 1 for all n, then there is a subsequence {f,,j such that G =

} exists and } converges (tic) to a univalent function f : C —.

C.

Proof. Let R > 0 such that R) ç C; let N0 be an integer such that
B(0; R) c for all n � N0. Put = As in the proof of
Proposition 14.7.15, � 4 for � R and for z in

Write C = D,, where each D3 is a region containing R) and
ci D, is a compact set that is included in Let N0 <N1 <• such
that ci C C,, for n � N3. From the preceding observations, n �
N3} is uniformly bounded on D,. Let {g, : n E A1} be a subsequence
that converges uniformly on compact subsets of D1 to an analytic function
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h1 D1 C. There is a subsequence n E A2} of {g71 n E A1}
that converges in H(D2) to a function h2. Continue to obtain infinite sets
of integers {A3} with A3÷1 c A3, n � N3 for all n in and such that

: ii E A3} converges in H(D3) to an analytic function h3 defined on
D3. From the nature of subsequences it is clear that h3 = h3÷1 for all j.
Hence there is an analytic function g: C C such that gIL)3 = h3 for all

Let n3 be the i-tb integer in A3. Since Dk for j � k, C =
}. Also } is a subsequence of each : n E Ak} and so

9n, g (uc). Since never vanishes on C, and g,,(O) = 1 for all n,
g(O) = 1 and hence g does not vanish on C (why?). It is easy to check (as
in the proof of Proposition 14.7.15) that f = z/g (uc). 0

The next result can be considered the principal result of this section.

4•7 Theorem. Assume If C,, —. C, each is univalent, and
= 1 for all n, then there is a univalent f on
f (uc) if and only if Il,, for some region When this happens,

= f(G) and q5,, = f;' f'(uc).
Proof. Let us first assume that f (uc) for a univalent function f
defined on G; put = f(G). According to Lemma 4.5, A ker{1l,,} exists
and ç A. Let q5,, = f;' — C,,. According to Lemma 4.6 there
is a subsequence } such that A = ker{flflk } and a univalent function

—.Ø(uc).
Fix > 0. Since 0 such that ç and

0(C)— Ø((')p <e/2 whenever and <' are in B(0;p). Letk1 be chosen so
that B(0; p) ç when k � k1. Pick r > 0 such that f(B(0; r)) ç B(0; p)
and choose k2 > k1 such that fflk(B(0; r)) B(0; p) for k � k2. Finally
pick k3 > k2 such that IOnk(C) — for k � Ic3 and 1(1 <p. Thus
for k� k3 and Izi < r we have

lOflk(fflk(z)) — 0(f(z))I � IOnk(fnk(z)) — 41(fnk(z))I

+ I0(fnk(z)) —

< e.

But for each k, Oflk(fflk(z)) z and so 0(1(z)) = z for all z in B(0;r). But
f(G) = c A so we get that 0(f(z)) = z for all z in C.

Now Lemma 4.5 applied to the sequence {Oflk } implies that C ç 0(A) c
ker{Oflk = ker{G,,k}, which equals C since C,, C. From here it

Note that the preceding argument can be applied to any subsequence of
{ f',}. That is, for any subsequence {fmk} there is a further subsequence
{fmk, } such that = ker{Ilmk } and 0 = f*

Now to prove that f),, —' ft if not, then there is a subsequence {Ilmk }
that either has no kernel or does not have as its kernel. In either case
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there is a compact subset K of such that K \ 0 for infinitely many
n. Thus there is a subsequence } such that K \ IZm,. 0 for all k.
But then the reasoning of the preceding paragraph is applied, and we get
a subsequence of } that has (I as its kernel, giving a contradiction.

Now for the converse. Assume that Il,, and put 4) = f1 So

= 0 and 4),(0) = 1. If is not convergent, then there is an
e > 0, a compact subset K of C, and a } such that

— f,,1(z)l €: z E K} for all n3. Once again Lemma 4.6
implies there is a subsequence } of } such that �I = }

and 4) (tic), a univalent function on ft But we already know that
ft Now we can apply the first half of the proof to this sequence

to obtain the fact that C = 4)(ft) and f This
contradicts the fact that : z K} � e for all
Thus there is a function f on G such that —' / (tic). Since f'(O) = 1, it
must be that f is univalent. 0

Before proving an extension of the preceding theorem, here is a result
that will be useful in this proof and holds interest in itselL This proposition
is true for all regions (as it is stated), but the proof given here will only be
valid for a smaller class of regions. The complete proof will have to await
the proof of the Unifortuization Theorem; see Corollary 16.5.6 below.

4.8 Propo8ition. Let C be a region in C that contains zero and is not
equal to C. If f is a conformal equivalence of C onto itself with f(0) = 0

and f'(O) > 0, then f(z) = z for all z in C.

Proof. Let C be a non-trivial component of the complement of C in
Put = C; so is a simply connected region containing C. Let
4): D be the Riemann map with 4i(0) = 0 and 0) > 0. Put
C1 = 4)(G), = 4)1G. and fi = o f o So is a conformal
equivalence of G1 onto itself with = 0 and > 0. If it is shown
that is the identity map, it follows that 1 is the identity. Thus it can be
assumed that the region C is bounded.

LeLM be a constant with Izl <M for all z in C and pick R > 0 such
that B(0;R)cG. Forn� 1, put f,, =fofo...of, thecompositionof
/ with itself n times. So f,,(0) = 0 and = [f'(O)]". Using Cauchy's
Estimate it follows that 0 < = S M/R. Thus f'(O) � 1. But
applying the same reasoning to the inverse off implies that [f'(O)]' 1.

Hence f'(O) = 1.

Let am be the first non-zero coefficient in the power series expansion of f
about 0 with m � 2. So 1(z) = z + a,,,zm By an induction argument,

= z +namzm +. . •. Once again Cauchy's estimate gives that =
M/Rm. But this implies that a,,, = 0, a contradiction.

Hence the only non-zero coefficient in the power series expansion for I is
the first. Thus 1(z) = z. 0
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4.9 Corollaiy. If G is a region not equal toC, and if f andg are conformal
equivalences of C onto a region f) such that for some point a in C, f(a) =
g(a), f(a) > 0, and g'(a) > 0, then f g.

The next result is a variation on Theorem 4.7.

4.10 Theorem. Assume (4.5) and suppose that C C. If Gn -+ G, each
is univalent, and > 0 for each n, then there is a univalent function

fonC such that (uc) if and only i/fl,, — fifor some regionfi.
this happens, f(G) = Il.

Proof. First assume that f,, f (uc) for some univalent function f. Thus
f(0) > 0 and f,(0) f'(O). Thus ifg,, = and g = —,

g (tic) onG.
According to the preceding theorem, g(G). But g,,(G,,) =
(0)] 'fl,,, which converges to [f'(OW'fl (see Exercise 2). Thus Q,,

Now assume that Il,, -. fi for some region containing 0. To avoid
multiple subscripts, observe that anything demonstrated for the sequence
{f,,} applies as well to any of its subsequences. Put g,, = and
assume that 0. By Lemma 4.6 there is a subsequence {g,,,, }
that converges (tic) to a univalent function g on C. By Theorem 4.7,

= —. g(G). According to Exercise 2, g(G) = C.
Since gis univalent, this implies that C = C, a contradiction. Now assume
that f,(O) oo. The same argument shows that there is a subsequence and
a univalent function g on C such that = g(G).
Again Exercise 2 applies and we conclude that can have no
kernel, a contradiction.

Thus it follows that there are constants c and C such that c � �
C. Suppose that —+ a for some non-zero scalar a. Maintaining the
notation of the preceding paragraph, there is a subsequence } such that

p (tic) for some univalent function p on C. Thus f,,, = —.

= f. Since a 0, 1 is univalent and, by Theorem 4.7, f maps C onto
ft Note that f'(O) = a.

Now suppose that the sequence of scalars has two distinct limit
points, a and /3. The preceding paragraph implies there are conformal
equivalences f and h mapping C onto fi with /(0) = h(0) =0, f'(O) = a,
and h'(O) = /3. By Corollary 4.9, / = h and a = /3. It therefore follows
that the sequence has a unique limit point a and so —, a.
As above, this implies that {f,,} converges (uc) to a univalent function /
onGthathasf(C)=fl. 0

This concept of the kernel of regions was introduced by Carathéodory,
who proved the following.

4.11 Corollary. (The Catheodory Kernel Theorem) If for each n? 1, h
is a univalent function on D with f,,(0) = 0, > 0, and f,,(D)
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then converges uniformly on compact subsets of D to a univalent
function if and only if has a kernel fl C and —' 12.

Theorem 4.10 is false when C = C. Indeed, if = C = for all n
and = then C, —+ C, but {f,j does not converge to
a univalent function.

Note that the general purpose of the main results of this section is to
provide a geometrically equivalent formulation of the convergence of a se-
quence of univalent functions.

Much of this section is based on §V.5 of Goluzin [1969].

Exercises

1. If C = and T is a Möbius transformation, then T(G) =
ker{T(G,%)}; similarly, if C, —+ C, then —' T(G). Give condi-
tions on an analytic function I so that f(G) = whenever
C =

2. Assume (4.3) and let {c,,} be a sequence of complex scalars. (a) If
C,, —. C and c,, c, then c,,G,, —. cC. (b) If {C,,} has a kernel and
c,, —+ co, then c,G,, —. C. (c) If {G,,} has a kernel and c,, —' 0, then
{c,,G,,} has no kernel.

3. Give the details in the proof of Corollary 4.11.

4. Let C be the region obtained by deleting a finite number of non-zero
points from C and show that the conclusion of Proposition 4.8 holds
for C.

Assume (4.3). If {C,} has a kernel C and C1, C, then for every a
in OG there is a sequence with a,, E C,, such that a,, a.

6. Give an example of a sequence of regions {G,, } such that for each
n � 1, C \ C,, has an infinite number of components and C,, —. D.

7. Assume that C is a finitely connected Jordan region and C C
is a conformal equivalence; so extends to dC. if C is not simply
connected and there is a point a in OC such that = a, then is
the identity.

Conformal Equivalence with a Circularly Slit Annulus

This section begins the presentation of some results concerning regions that
are conformally equivalent to a finitely connected region. The reader might
consider these as extensions of the Riemann Mapping Theorem. We know
that each simply connected region is conformally equivalent to either the
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unit disk or the whole plane, this latter case only occurring when the region
in question is the plane itself. The picture for finitely connected regions is
more complicated but still manageable.

For our discussion fix an n-connected region G and let K0, . .. , K be

a circularly slit annulus if it has the following form

r1 <land � n},
where C, is a closed proper arc of the circle J(J = r3, r1 <r3 <1, and these
arca are pairwise disjoint. For notational convenience set ro = 1. Note
that this slit annulus in an n-connected region. Of course there is nothing
in what follows that requires having the outer radius of the associated
annulus equal to 1; this is done for normalization purposes (see Exercise
1). For notational convenience Co will be the unit circle 8D and C1 will
be the circle {z: = r1}, and these will be referred to as the outer circle
and the inner circle of Cl. The main result of this section is the following.

5.1 Theorem. JIG is a non-degenerate n-connected region in C, A and B
are two co,nponents of 801,G, and a E C, then there is a unique circularly slit
annulus (I and a conformal equivalence : C Cl such that associates
A with the outer circle and B with the inner circle and 4/(a) >0.

The uniqueness statement will follow from the next lemma. Also the proof
of this lemma will provide some motivation for the proof of existence.

conformal equivalence such that I associates the outer circle of Cl with the
outer circle of A, then / extends continuously to the outer circle of 1) and
maps this onto the outer circle of A. (In fact, / extends analytically across
the outer circle.) Similar statements apply to the inner circle.

5.2 Lemma. If Cl and A are two circularly slit aimtdi and / : Cl A is a
conformal equivalence such that f associates the outer and inner circles of
Cl with the outer and inner circles of A, respectively, then there is a complex
numberci andf(z)=cxz for aliz inCl.
Proof. Let C be an analytic n-Jordan region such that there is a conformal
equivalence C -. Cl. We can assume that G 1), the outer boundary
of G is 8 D, and that associates 0 D with 81). Let . . , be the
remaining Jordan curves in the boundary of C and put = 81). Number
these curves so that associates with the inner circle of Cl and orient 71
so that n(#(71);O) = —1. Let be the harmonic basis for C. Note
that each wk extends to a harmonic function in a neighborhood of ci C.

Adopt the notation in the paragraph before the statement of the theorem
and let A = : land( 2Dj}, wh isacloeedproper
arc in the circle p,}. Let D1 and D0 be the inner and outer circles
ofh. : C—' Abe the conformal It follows that

and extend continuously to dC (3.5).
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Since 4 does not vanish on u = log is a continuous function on ci G
that is harmonic on G. Because of the behavior of on OG, u is constant on
each component of OG; let u A, on Thus Ak'k is harmonic and

0G. Therefore u — AkWk 0. Defining C,k as in Proposition 1.7 we get

>CjkAk = dWk

=
2ir

ir:
— 1 [4/
—

=

— f_i if j=1
— 0 if

Now carry out the analogous argument with Since / is a confor-
mal equivalence we have = = —1. So

1 � j � n. But Proposition
1.7 says that the matrix is invertible and so = A, for I S j � n.
Thus log = log Hence = on G and this implies the exis-
tence of acon nt a with isuch that Thus A = and

= a4(z) for all z in G. 0

It is easy to construct an example of a circularly slit annulus for which
no rotation takes Il onto itself. So in this case if f is a conformal equivalence
of C� onto itself that maps the outer and inner circles onto themselves, the
conclusion of the lemma is that I is the identity function.

Proof of Theorem 5.1. According to Theorem 3.3 we may assume that G
is an analytic n-Jordan region such that the component A of .9G is = OD,
the outer boundary of G. The component B of OG is another curve. Let
b be a point inside this curve; so b G. If T is a Möbius transformation
that maps D onto D and T(b) = 0, then replacing C by T(G) we may
assume that 0 belongs to the inside of B. Denote this boundary curve B
byyi betheremainingboundarycurves.Son('yj;O)=O
for 2 <i � n and we can orient 'Yo and 1i such that n('y1; 0) = —1 and

Forl let

C,k = f dw,.
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According to Proposition 1.7 the matrix is invertible.
Corollary 13.4. 14 implies there is an analytic n-Jordan region W contain-

ingclGsuchthateachharmonicfunctiouwk,
to a function harmonic in W; also denote this extension by Let =0

in sothat theylieinthe
complement of ci W.

Since [C3k1 is invertible, there are (unique) real numbers . . such
that

= —1

5.3

Let u be the harmonic function on W given by

U =

By Theorem 1.3 there is an analytic function h on W such that

u(z)

where c1,... , are the periods of u. Let's calculate these periods.
For 1 � j s

c1
2ir

=

=

5 -1

1.
0 2Sj�n.

Thus u = Reh - log IzJ.
Put 4, = So 4, is an analytic function on W that does not vanish

there. Note that = = expu. Thus is constant on each of
the boundary curves of G, . , 'y,1. In fact on It
is claimed that 4, is the desired conformal equivalence. To establish this,
many things must be checked.
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For any complex number (, let N(() be the number of solutions, counting
multiplicities, of the equation = (that lie in the region G. From the
Argument Principle, if ( for 0 � j � n, then

5.4 N(()
= L, =

Now is a closed curve (possibly not a Jordan curve) and, since =
on this closed curve must be contained in the circle 4, = {(: =

Thus = 0 for 1(1 > and = for
r3. Using Proposition 13.3.5 we get that for 0 � j � n,

=
2irs z

=
it z

= -1--fdu.
2,r

For 1 j <n this last integral is c1, which was calculated previously. For
j = 0 first observe that Ott is an analytic function on W so that

it
0) = — j Ou

712

=

=
:jtci

Therefore we obtain

1 if j=0
5.5 = —1 if j = 1

0 if

Substituting in (5.4) this implies that if 1(1 rO(= 1),r1,. . . ,r,, then
N(() = () + () and so a consideration of all the possible
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cases (save one) gives that

0 if

5.6 C) if KI<land KI<ri
1 ifrj<ICI<1.

The one possibility that is left out is to have N(C) = —1 for 1 < 1(1 <r1.
But this is nonsense; the equation = ( cannot have -1 solutions in G.
Thus � 1. But is open so that must have some solutions.
Thus we have that

<1.

Equation 5.6 also shows that is a one-tb-one map of G onto its image
and R : Ti < 1(1 < 1}. Let C, = ç A,. Again (5.6)
shows that N(() = 1 for C in R and r,(2 S j � n). So

{C E R r2,... Because is a bomeomorphiMn of G onto
= = U {<: = 1 or Ti }. This implies two

things. First it must be that r1 <r2 <1 for 2 � j � n. Second

Now and hence ci, must be a connected set and so each C, is a
proper closed arc in the oircle A,. That is, is a slit annulus.

What about Ø'(O)? It may be that is not positive. However by
replacing q$ by for a suitable 9 and replacing CI by e'IZ, this property
is insured.

The proof of uniqueness is an easy consequence of Lemma 5.2 and is left
to the reader. 0

Consider the annulus C = {z: R < Izi < 1). The map = AR/z for
a scalar ,\ with lAt = 1 is a conformal equivalence of C onto Thus
the uniqueness of the conformal equivalence obtained in Theorem 5.1 is
dependent on the assignment of two of the boundary components. The use
of a rotation shows that in addition to assigning two boundary components
it is alab necessary to specify the sign of the derivative at a pomt.

What happens if some of the components of CC \ C are singletons?
Suppose that \ C has n +1 non-trivial components Ko, . . . , K, and m
components ai,. . . that are singletons. By the application of a simple
Möbius transformation, it can be assumed that oo K0. Let H Cu

.. ,am}. According to Theorem 5.1 there is a conformal equivalence
lforsome circularly slit annulus C . Let (a'). This leads to

the following.
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5.7 Theorem. If n � 1 and C 13 an (n + region with only
(n + 1) of the components of its complement in non-trivial, then C is
conformally equivalent to a circularly slit annulus with m points removed.

The above thereoms have an appealing form in the case that n = I and
it is worth stating this separately.

5.8 Theorem. JIG is a 1-connected region in C, then the following state-
ments hold.

(a) If each component of C
the punctured plane C0.

(b) If one component of \ G is a point and the other is not, then C
is conforrnally equivalent to {z: I < 121 <oo}.

(c) I/neither component of C(Q\G is a point, then there is a finite number
rsuchthatGi.sconforvnailyequivalentto{z: I <IzI<r}.

and only if r1 = r2.

Proof. The proofs of (a), (b), and (c) are straightforward. The proof that
and A1.2 are conformally equivalent if and only if r1 = f2 follows from

the uniqueness part of Theorem 5.1. 0

Exercises

1. Show that every proper annulus is conformally equivalent to one of
theform{z:rczJzI< 1).

2. Assume G is an analytic Jordan region and is a circularly slit
annulus as in the proof of Theorem 5.1; adopt the notation of that
proof. if 4: ci C ci is the continuous extension of the conformal
equivalence of C onto Ii, show that for 2 j � n, is two-to-one on
'y,. (Hint: Let be a Jordan curve in C that contains 'Vj in its inside
and has the remm fling boundary curves of C in its outside. Note that

is a Jordan curve in fl that contains precisely one boundary
arcof(linitsinaide.Whathappensase-O?)

3. 1(0 <R, � oo,j = 1,2,showthatann(O;r1,R1)and ann(O;r2,R2)
are conforrnally equivalent if and only if Ri/r1 = R2/r2.

4.
lytIc functions f : A A that are bijective.
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5. (a) Let G be a non-degenerate n-connected region with boundary
components CO,G1,...,CI, and let : C —. G be a conformal equiv-
alence. Show that if n � 2 and for three values of k, associates Ck

with itself in the sense of §3, then is the identity mapping. (b) If
n � 2, show that the group of all conformal equivalences of G onto
itself is finite. Give a bound on the order of the group. (See Hems

(1946].)

§6 Conformal Equivalence with a Circularly Slit Disk

In this section we will see another collection of canonical n-connected re-
gions that completely model the set of all n-connected regions.

61 Definition. A circularly slit disk is a region f� of the form

'I

where for 1 j n, C, is a proper closed arc in the circle izl = 0 <
r3 < 1.

Note that as defined a circularly slit disk contains 0. The point 0 will
be used to give the uniqueness statement in Theorem 6.2 below. The main
result of this section is the following.

6.2 Theorem. JIG is a non-degenerate n-connected region, a E C, and A
is any component of ÔG, then there is a unique circularly slit disk and
a unIque conformal equivoience C —# I) such that associates A with
OD, and

As in the preceding section, we will prove a lemma that will imply the
uniqueness part of the theorem and also motivate the existence proof.

6.3 Lemma. andA are slit disks and f —. A is a conformal
equivalence such that f(O) =0 and f(8D) — OD, then there is a complex
number a with iaI = 1 such that A = afl and f(z) = crz for all z in fl.

Proof. Some details will be omitted as this proof is similar to that of
Lemma 5.2. Let C be an analytic Jordan region with outer boundary =

C—
C such that =0. Denote the remaining boundary curves of C

by . . , Adopt the notation in Definition 6.1.
Let ii So u is a negative harmonic function on G\{o} and, for

�n, where exp(p,) —r,.
analytic function that never vanishes on C. So u = log (z — aI + log (h( and
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is harmonic on C. If is the basis for C, [u—
p, — log — ails harmonic on G and u — p, vanishes on 0G.

Thus

u(z) = —g(z,a) +

where g(z, a) = g6(z) is the Green function for C with singularity at a.
Thus

j du = - f + j
= wj(a)+Ecjkpk,

where C,k is one of the periods of On the other hand,

=
2ir j,. 7r1 f.,1

— 1

— 2irif.,1
=0

for 1 j � n. Therefore pie.. . , are the unique solutions of the equations

6.4 =

Arguing as in the proof of Lemma 5.2, if = / o 4,, then = and so
Cl

Proof of Theorem 6.2. Without loss of generality we may assume that
C is an analytic Jordan region with outer boundary A = = 8D; let
vi,... , be the remaining boundary curves. Let = — log — +
be the Green function for C and let w1,. . . , ii,, be the harmonic basis for
C. If {c.3k} are the periods for the harmonic basis, let . . be the
unique scalars such that (6.4) is satisfied. Put u = + and put
v = u — log lz — af. So v is harthonic on C and a computation shows that
for

dv
= dgQ+>cikpk

=
= n(75;a)

=0.
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Therefore there is an analytic function h on C such that t Re h. Moreover
h can be chosen so that h(a) is real. So u = log lz — a( + Re h.

Let = (z — so that = u. It follows that = ion
and = on for 1 � j � n. For any complex number (

let N(() be the number of solutions of the equation (, counting
multiplicities. As in the proof of Theorem 5.1,

N(C) =

Now ç {(: = r2.} so that to calculate N(C) it sufikes to calculate
But

n(4(-y3);O)

=
2irz z—a

= n(-y,;a)

11 if j=O

1
0 if

Collating the various pieces of information we get that if KI r3 for 0 �
j � n, then

° ifl(I>1

11
From here it follows that Q = is a slit disk and 4' is a conformal
equivalence of C onto with 4'(a) = 0. Since h(a) is a real number, a
calculation shows that 4/(a) > 0.

The uniqueness follows from Lemma 6.3 and is left to the reader. 0

Exercises

1. Denote the conformal equivalence obtained in Theorem 6.2 by 4'(z, a);
so 4'(a, a) = 0 and 8i4'(a, a) > 0. Show that if [d,kJ is the inverse of
the matrix [c,kJ, then

log l4'(z,a)f = —g(z,a) + d,kw,(z)t&?k(a).
j,k=1

Thus 4'(z,a) = 4'(a,z).
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2. Show that if G is an n-connected region
a conformal equivalence on C that maps C onto the extended

plane with circular slits and = 0 and = 00. (Hint: Let
t,li(z) = b) (notation from Exercise 1); use the Argument
Principle to show that is one-to-one.)

3. Row must Theorem 6.2 be changed if some of the components of the
complement of C are trivial?

§7 Conformal Equivalence with a Circular Region

A region is a circular region if its boundary consists of a finite number of
disjoint non-degenerate circles. In this section it will be shown that every
n-connected region is conformally equivalent to a circular region bounded
by n + 1 circles. This proof will be accomplished by the use of Brouwer's
Invariance of Domain Theorem combined with previously proved conformal
mapping results. But first the uniqueness question for such regions will
be addressed. Recall that the oscillation of a function / on a set E is
osc(f; E) = sup{If(x) — : z, y E}. For a curve £('y) denotes its
length.

1.1 Let K be a compact subset of the region C and let f be a
bounded analytic function on C \ K. If, for every e > 0 and every open
set U containing K and contained in C, there are smooth Jordan
{'vi,.. . in U that contain Kin the union of their insides such that

and

then / has an analytic to C.

Proof. Let be a smooth positively oriented Jordan curve in C \ K that
contains K in its inside. Fix a point z in G\K and inside 70. Fore > 0 let
71, . . . , be as in the statement of the lemma arranged so that they lie
inside and the point z is outside each of them. Give the curves . . . , 'in
negative orientation. So F = {yo,'ii,. . ., y,} is a positively oriented Jordan
system in C. Let d = dist(z, Hence

1(z) = J
f(w)

dw + I dw.
2irz 2,rzj w—z

Fix a point w, on'i,. Since z is in the outside of

= f f f(w)d
2irs ii., — z 2irz to — z 27r2 w — z
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= 1 [ f(w)_f(wj)dW
w—z

Hence if 5,

[ f f(w)—f(w,)
Idwi

— w—z

— L.4 2ird

1/2 1/2

�

Since e was arbitrary,

f(z) = f f(w)
dw

2irt w — z

for all z inside and lying in G \ K. Thus this formula gives a means of
defining / on the set K that furnishes the required analytic continuation.
0

For the following discussion, let's fix some notation. Let be a circular
region whoee outer boundary is = 3D. Let 'ye,... be the remaining
circles that form the boundary of Cl; put 'Yj = 8B(a,;r,). Now look at the
region that is the reflection of Cl across the circle Recall that the
reflection of a point z across the circle 'y, is the point w given by

7.2

Note that this formula is the conjugate of a Möbius transformation. Thus
the image of Cl under this transformation is another circular region; call
it Cli, for the moment. Note that the outer boundary of is the circle

Thus CZ(1) is alsoacircular
region, though its complement has more components (how many more?).
Now for each and for each of ita boundary circles look at the image
of under the reflection across y. Denote the resulting circular regions

:1 �j Notethatehoftheseistheimageofflundertwo
successive reflections and hence is the image of Cl under the composition of
two transformations of the type given in (7.2). It is easy to check that the
composition of two such transformations is a Môbius transformation. Let
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fl(2) be the union of fl(1), the regions : 1 � j � N2}, together with
the circles forming the inner boundary of 11(1).

Continue. This produces for each integer k a collection of circular regions
1 � Nk} and an increaamg sequence of circular regions {fl(k)),

where fl(k) is the union of fl(k — 1), the regions {flkj : 1 j �
together with the circles that form the inner boundary of fl(k — 1). Put
fl(oo) = Ukfl(k). So

fl(oo) = flu U{clflk, : k � land 1 � j �

For k � 1 and 1 � j � = Tk,(fl), where Tk, is a Möbius trans-
formation if k is even and the conjugate of a Möbius transformation if k is
odd. Let I i � n, be the circles that are the components of 811kj
exclusive of its outer boundary. So the components of Ofl(k) are the unit
circle together with the circles : 1 j � 1 � � n}. Put =
the radius of

7.3 With the preceding notation,

1 �j SNk,

Proof. Firstnotethattheregions{1Z,13:k�1,
disjoint. Let Dk, be the derivative of Tk, when k is even and the derivative
of the conjugate of Tk, when Ic is odd. Let B = B(a; r) be a disk contained in
fi and consider the disks Tk,(B). By Koebe's 1/4-Theorem, Tk,(B) contains
a disk or'radius r IDk,(a)I /4. Thus � IDk,(a)12 /16. Thus

7.4 : 1 � i � N,j <oo.

According to the Distortion Theorem (14.7.16), for 1 i � n there is a
constant M1 such that for k � 1 and 1 � � Nk,

sup{IDk,(z)I : z E � M1 IDk,(a)I.

j IdzI � M1 fDkJ(a)j2lrru.

Combining this with (7.4) gives the proof of the 0

7.5 Proposition. Iffl andA are circular regions andf: fl—sAisa
conformal equivaknce, then / is a Möbius transfonnation.
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Proof. By Theorem 3.4 it follows that f maps each circle in the bound-
ary of ci homeomorphically onto a circle in the boundary of A. By using
appropriate Möbius transformations, it suffices to consider the case that
the outer boundaries of ci and A are the unit circle and / maps 8D Onto
itself. If .. . , are the other boundary circles of A, the numbering can
bear forl Si�n.

Adopt the notation of Lemma 7.3 and the analogous notation for the
circular region A. By using the Reflection Principle there is for each Ic � 1
a conformal equivalence fk : ci(k) A(Ic) that continues I. Hence we get
a conformal equivalence f,,, : 1Z(oo) A(oo). Note that K =1) \ f�(oo) is
compact.

Now apply Lemma 7.1 to show that has a continuation to D. Once
this is done the proof will be complete. Indeed, if g = A —, ci, the
same argument shows that g has a continuation to D that is a conformal
equivalence on A(co). In fact gd,, = f;'. Since z = it
must be that the continuation of / to D is a conformal equivalence whose
inverse is the continuation of g to 0. Thus f is a conformal equivalence of
D onto itselL According to Theorem 6.2.5, f is a Möbius transformation.

To see that Lemma 7.1 is applicable to let U be an open subset of
D that contains K and let e > 0. By Lemma 7.3 and an easy topological
argument, there is an integer m such that for k � m each of the circles
is contained in U and

If is the radius of m can also be chosen so that

But fk maps the circle onto the circle tlkj;. So if 6kji = osc(f, l'k,s),
this last inequality implies that

Lexnma7.l. 0

The topological lemma that follows will be used in the existence prooL

7.6 Lemma. (a) Let {flk} be circularly slit disks such that OD is the outer
boundary of each and each is n-connected. If Cl is a non-degenerate
n-connected region with outer boundary 8D and cik -. ci in the sense of
(4.1), then Cl is a circularly slit disk.
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(b) Let {Gk} be circular regions 3uch that OD is tize outer boundary of
each and each Gk is n-connected. If G is a non-degenerate n—connected
region with outer boundary 81) and Gk —+ C in the sense of (4.1), then G
is a circular region.

Prcof. (a) Let FYi, . . . , be the bounded components of the complement
ofQ;put7o =01). LetO
Choose an integer k1 such that fork 2k1, K {z E � 6) c

If 0 j � n and a3 E then Exercise 4.5 implies there is an integer
k2 > k1 such that for k � k2, dist(a,, Ollk) < 6/2. Fix k � 1c2 for the
moment and let O(Zk with la,k — a3 <6/2. If 7jk is the component
of 011k that contains a,k, then it must be that 7j1C {z : dist(z, <5).
Indeed the fact that K ç and Q c 1) implies that 'yjk ç D \ K. Since
7jk is connected, the choice of 6 implies that {z : dist(z, <5).

Thus we have that for k � 1c2, the proper arcs that form the bounded
components of the complement of t1k can be numbered 7jk,- . . , $0 85
to satisfy

7.1T lJk c (7j)6 {z : dist(zvy2) <6}.

Now fix j, I < j n. For each in Exercise 4.5 implies there is
a sequence {(k} with (k in such that (* <. By (7.7), Ck for
k � k2. If 'Yjk is contained in the circle {(: this implies that
Pjk = IC,kI -4 Since ( was an arbitrary point of this shows that 'y,
is contained in the circle {7: = p,}, where Pjk p., as k oo. But fi
is connected and no component of the complement of (1 is trivial. Thus -y,
is a proper closed arc in this circEe and hence fl is a circularly slit disk.

The proof of part (b) is similar. 0

7.8 Lemma.
(a) Let {Gk} and C be circular regions such that 81) the outer boundary
of each and each is n-connected; for each k � 1 let fk : --4 be a
conformal equivalence onto a circularly slit disk with outer boundary
OD such that fk(O) = >0, and fk(OD) = OD. —* C in the
sense of (4.1), then 1k —. f (uc), where I is a conformal equivalence of C
onto a circularly slit region with outer boundary OD, and --4 CL

(b) Let {C�k} and be circularly slit disks such that OD is the outer bound-
ary of each and each is n-connected; for each k � 1 let 4,k : —-4 be a
conformal equivalence onto a circular region Gk with outer boundary t9D
such that = 0, > 0, and 4,k(OD) OD. If in the
sense of (4.1), then 4,k —-4 4,(uc), where is a conformal equivalence of Cl
ontOaularlVslitreiJsOnGWtthOüterboundargOD,andCk-4G.

Proof. As with the preceding lemmA, the proofs of (a) and (b) are similar,
so only the proof of (a) will be presented.

First we show that is bounded away from 0. Let be
the circles in the boundary of C that are different from 8 D and choose e > 0
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such that the closure of V = {z dist(z, OD) <e} is disjoint from each C,.

Since Gk C, there is a k1 such that fork � ki,C1V flOCk = 3D. Thus

each fk with k � k1 admits a univalent analytic continuation to Gk U V,

which will also be denoted by 1k (Proposition 13.4.4). It is straightforward
tocheckthatGkUV-'GUV.

We now want to construct certain paths from 0 to points on the unit

circle. Let z OD and consider the radius [0, zI. This radius may meet
some of the circles C,. Enlarge these circles to circles D1,... , so that
they remain pairwise disjoint, do not meet 3D, and do not surround 0.
Whenever [0, z] meets replace the segment of [0, z) by half of this circle.
Each circle D, has radius less than 1 so that we arrive at a path from 0
to z that lies entirely in C, stays well away from the circles C1,...
and has length less than I + nit. Thus we can find an open subset U of
C such that 3D ç ci U C U V, 0 E U, and for each z in 3D there
is a path in U from 0 to z having length 1 ÷ nit. Let k2 > k1 such
that ci U k � k2. According to Theorem 14.7.14 there is a
constant M such that � M JfL(O)J for all k � 1c2 and z in ci U. If
Izi = 1, let be a path in U for 0 to z with length ('rny) 1 + nit. Thus
I = < nit). Hence is bounded

below.
Now we will show that is bounded above. Let ck = [fL(0)1'

and put 9k = ck fk• If is unbounded, there is a subsequence {ck, }
that converges to 0. But according to Lemma 4.6, by passing to a further
subsequence if necessary, there is a univalent function g: C C such that

9k, —' g (tic). Theorem 4.7 implies that Ck, = 9k, (Gk,) g(G). But
the sets are all contained in D and since ck, —' 0, (CIC, } can have
no kernel, a contradiction. Thus must be bounded.

Remember that anything proved about the sequences {fk) or { (0) }

is also true about any of their subsequences. Suppose that a, a
non-zero scalar. Using the notation of the preceding paragraph, there is a
subsequence {gk, } and a univalent function g on C such that 9k, g (uc).
Thus ag(G).

Thus / a g is a conformal equivalence of C onto a region and 11k, —'
(�. Since the outer boundary of is 3D, Lemma 7.6 implies that is a
circularly slit disk.

Now suppose that {fk, } and {fm, } are two subsequences of {fk} such
that fk1 -. f and f h are conformal equivalences
of G onto circularly slit disks and A, respectively, with /(0) = h(O) =
0, f'(O) > 0, and h'(O) > 0. Thus = / o h' is a conformal equivalence
of A onto ti with = 0, > 0, and q5(8D) = 3D. By Lemma 6.3,
A and for all in A. Thus h= I.

To recapitulate, each subsequence of {fk) has a subsequence that con-
verges to a conformal equivalence of G onto a circularly slit disk, and each
convergent subsequence of {fk} has the same limit point. This implies that
{ 1k } converges to a conformal equivalence / of C onto the circularly slit
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disk Hence 11k by Theorem 4.10. D

7.9 Theorem. If G ii a non-degenerate finitely connected region, A is
a component of the extended boundary of G, and a E C, then there is a
unique csreular region Q and a unique conformal equivalence / C 11

such thatf associatesA with andf'(a) >0.

Proof. Once existence is established, uniqueness follows from Proposition
7.5 as follows. Suppose that for j = 1, 2, C —, is a conformal
equivalence that associates A with OD such that fj(a) =0 and f(a) > 0.

Then g = 12 o is a conformal equivalence of fIj onto f�2, g(81)) =
OD, g(0) = 0, and g'(O) > 0. It follows from Proposition 7.5 that g is
a Möbius transformation. The remaining information about g shows that
g(z) = z for all z.

Now for the proof of existence. Let C be the collection of all circular
regions C that are n-connected such that 0 E C and 8 D is the outer
boundary of C. Let N be the collection of all circularly slit disks fI that
are n-connected such that OD is the outer boundary of According to
Theorem 6.2, for every GmC there isa unique in N and aconfornial
equivalence f: C fi such that 1(0) = 0,f'(O) > 0, and f associates 8D

are conformally equivalent. To prove the theorem it suffices to show that
F is surjective.

We now topologize C and N. If C E G, let C1,.. be the &cles
that form the boundaries of the bounded components of the complement
of C. Each circle C, is determined by its center = a, + ib, and its
radius Thus C can be identified with the point in R3' with coordinates
(ai, r1,.. . , b,,, r,,); let C' be the set of such points in that are so
obtained. Note that C' is a subset of

C' is a proper subset of this set since we must have that the circles compris-
ing the boundary ofCdo not intersect. If C Q, let C' be the corresponding
point in C'.

If 11 E N, let . .. be the closed arcs that constitute the bounded
components of the complement of fl. Each 'yj is determined by its beginning
point = a, + if3, and its length 8, as measured in a counterclockwise
direction. Thuswealaohavethateach inNcan be identifiedwitha

to a function F' : N'.
Give Q' and N' their relative topologies from it is left to the reader

of Definition 4.1) if and only if —' C' in g'. Similarly for
sequences in N and N'. We will show that F is surjective by showing that
F' is a homeomorphism.
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7.10 Claim. Both and Ii' are connected open subsets of

The proof of this claim is left to the readers so that they might more
thoroughly familiarize themselves with the notation and the identifications.
At this point it seems safe to abandon the distinction between the regions
and the corresponding points in and we do so.

Note that F is injective by the uniqueness statement of Theorem 6.2.
Let Gk —' C in and put cik = F(Gk) and fl = F(G). According to
Lemma 7.8, 11k --4 and so F is continuous. By the Invariance of Domain
Theorem, F : Q 1•t is an open map. Suppose F is not surjective; let

ii \ and let = F(G0) E F(g). Since fl is an open connected
subset ofR3", there is a path Il: (0,1] fl with = 11o and Q(1) =
Since is open, there is a r with 0 < r � 1 such that and

= F(G(t)) E for 0 t <r. Let 0 < tk <r such that tk so

IZ(tk) —' fl(i-). If Gk = then Lemma 7.8 implies that Gk C,
a circular region, and it must be that F(G) = contradicting the fact
that cl(r) F(g). Thus F is surjective, proving the theorem. 0

Exercises

1. Give an example of a sequence of circularly slit disks that converges
to D in the sense of (4.1).

2. What happens in Theorem 7.9 if some of the components of the com-
plement of C are trivial?

3. Refer to Exercise 3.3 for the definitions of a proper map. Let C be
a non-degenerate n-connected region and let Aut(C) be the group of
all conformal equivalences of C onto itself. Show that if f: C C is
a proper map, then f E Aut(C) (Rado [1922)) (Hint: Take C to be
a circular region with outer boundary OD. Use the hypothesis that
f is proper to show that f extends to ciG. Now extend f by the
Schwarz Reflection Principle. Now f defines a permutation of the
boundary circles . . , of C. Show that for some integer m � 1,
the m-th iterate of f, fm, defines the identity permutation. Thus,
without Ices of generality, we may assume that f defines the identity
permutation of the boundary circles. Now use the method of the proof
of Proposition 7.5 to extend f to a proper map of D onto D and use
Exercise 3.4. Also show that f fixes the points of D \ G(oo).)

4. if C is a non-degenerate n-connected region and I : C C is a
conformal equivalence such that J(z) = z for three distinct points z
in C, then f is the identity.





Chapter 16

Analytic Covering Maps

In this chapter it will be shown that for every region Q in the plane such that

C \ has at least two points, there is an analytic covering map r: D ii
This is the essential part of what is called the Uniformization Theorem. The
reader might want to review §9.7 before going much further. The reader will
be assumed to be familiar with some basic topological notions such as the
fundamental group and its properties. Some topological facts will be proved
(especially in the first section) even though they may seem elementary and
assumable to many.

§1 Results for Abstract Covering Spaces

Recall that if 12 is a topological space, a covering space of 12 is a pair
(C,r) where C is also a connected topological space and r : C 12 is a
8urjective continuous function with the property that for every (in 12 there
is a neighborhood of ( such that each component of

r homeomorphically onto Such a neighborhood of ( is called a
fundamental neighborhood of (.

We will be concerned in this book with covering spaces (C, r) of regions
12 in C where C is also a region in C and r is an analytic function. Such
a covering space will be called an analytic covering space. It is not dif-
ficult to check that (C, exp) and (C \ {O}, zT1), for n a non-zero integer,
are both analytic covering spaces of the punctured plane. Of course any
homeomorphism yields a covering space and a conformal equivalence gives
rise to an analytic covering space. In fact our main concern will be analytic
covering spaces (C, r) of regions 11 in C where C = D. But for the moment
in this section we remain in the abstract situation where G and 12 are met-
ric spaces. In fact the following assumption will remain in force until it is
supplanted with an even more restrictive one.

Assumption. Both C and Ii arcwise connected and locally arcwise
connected metric spaces, (C, r) i3 a coverzng space of 12, ao C, and
ao = r(ao) E 12.

Recall that a topological space is said to be Locally arcwise connected if
for each point in the space and each neighborhood of the point there is a
smaller neighborhood that is arcwise connected. A good reference for the
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general theory of covering spaces is Massey [19671. Because certain notions
will be so frequently used and to fix the notation, we recall a few facts from
§9.7.

if 'y: [0, 1] —' fl is a path with = then there is a unique path
[0,1] C with = ao and ro 5 (9.7.5). Such a path '5 is called

an ao-lifting (or ao-lift) of Moreover if [0, 1] Q is another path
with initial point aO and & is its ao-lifting,then -5' and 5 have the same final
point in C if -y and a are fixed end point (FEP) homotopic in (9.7.6).
Indeed -5' and 5 are FEP homotopic under this hypothesis. A loop in fl is
a closed path. 1f: [0, 1J Cl is a loop with -y(0) = 7(1) = ao, say that
is a loop with base point a0.

We begin with some basic results about "liftable" continuous functions.

1.1 LemmA. Suppose (C,r) is a coverrng space of Cl, X is a locally con-
nected space, f : X Cl is a continuou3 function, and T: X -4 C is
a continuous f-unction such that roT = f. Ifs X, is afundamen-
toA neighborhood of = f(s), U is the component of containing
z = T(x), and w is a connected neighborhood ofx such that 1(W) ç
then TIW = 0(11W).

Proof. Using the above notation, T(W) is connected and contained in
and z T(W); therefore T(W) U. Since 1(w) = -r(T(w)) for

all w in W, the lemma foUows. 0

1.2 Proposition. Suppose (C, r) is a covering space of Cl, X is a connected
locally connected space, f: X —' Cl is a continuous function, and S and T
are continuous functions from X into C such that I = r o T = r 0 S. If
there is a point in X for which T(xo) = S(xo), then T = S.

Proof. Set Y = {s E X : T(x) = S(x)}. By hypothesis Y 0 and
clearly Y is closed. It suffices to show that V is also open. if s Y, let
z = T(s) = 5(x), = f(s), a fundamental neighborhood of and let
U be the component of that contains z. If W is a neighborhood
of x such that f(W) c then the preceding lemma implies that TIW =
(r(U)' 0(11W) and also SIW = (rlU)' 0(11W). Thus W Y and Y is
open. 0

1.3 Theorem. Suppose (C, r) is a covering space of Cl, X is a connected
locally connected space, and f : X Cl is a coatinuous function with
f(xo) = a0 = r(ao). If X is simply connected, then there is a unique
continuous such that f=roT and T(xo)=ao.
Proof. IfZEX,letcbeapathinXfromzotoz.Sofoo.jsapathjn
Cl from to f(s). Let -5' be the a0-lift to C. Define T(x) = -5'(1); it must
be shown that T(x) is well defined. So suppose that is another path in
X from to x. Since X is simply connected, a (FEP) in X. Thus
f o a (FEP) in Cl. By the Abstract Monodromy Theorem, the
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a0-lift of f o has the same final point as Therefore the definition of
T(s) does not depend on the choice of the curve a and is well defined.

To prove continuity let z X and let z T(x). Let a be a path in X
from tos, 'y = foa, and let be the a0-lift to C. So z Let A
be a fundamental neighborhood of ( = f(s) and let U be the component
of that contains z. Choose A so that it is arcwise connected. Let
W be an arcwise connected neighborhood of x in X such that f(W) ç A.
If w is any point in W, let A be a path in W from stow. So foA is a path
in A from = f(s) to f(w). Thus the z-lift offoA is A = of.oA.
But Ac is a path in X from to w and this leads to the fact that T(w) =
A(1) (rJU)'(f(w)). Thus TIW = (rIU)' ° 11W and T is continuous.

It is easy to check from the definition that r o T = I and T(xo) = 00.
Uniqueness is a consequence of Proposition 1.2. 0

1.4 DefinitIon. If (Ga, and ((32, r2) are covering spaces of 1), a ho-
momorphzsm from to C2 is a continuous map T : —, G2 such that

o T = r1. If T is a homeomorphism as well, then T is called an isomor-
pb.ism between the covering spaces.

If (C, 'r) is a covering space of (1, an automorphssm of the covering space
is a covering space isomorphism of G Onto tselL Let Aut(G, T) denote the
collection of all automorphisms of (C, i-).

Note that the inverse of an isomorphism is an isomorphism and Aut(G, r)
is a group under composition. The next result collects some facts about
homomorphisms of covering spaces that are direct consequences of the pre-
ceding results.

1.5 Proposition. Suppose that (Ga, r') and (C2, r2) are covering spaces
of 11 with r(aj) = r(a2) =

(a)

If G1 is a unique homomorphism T: G1
(32 with T(ai) = a2.

(c) Any two covering spaces of fl that ore simply connected are isomor-
phic.

Proof. (a) Without loss of generality we may asume that T(a1) = 02. To
see that T is surjective, let z2 be an arbitrary point in C2 and let be
a path in (32 from a2 to z2. Let i' = o and let be the a1-lift of
Now is a path inC2 with initial point 02 and y. By the
uniqueness of path lifts, To = Thus z2 = = T

a T is
is immediate from Lemma 1.1.

(b) This follows from Theorem 1.3.
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(c) Let T : C1 be a homomorphism with T(aj) = 02 and let

S : C2 —' C1 be a homomorphism with S(a2) Thus S o T is a
homorphism of C1 into itself that fixes the point a1. From Proposition 1.2
it follows that S o T is the identity homorphism of C1 and so T must be a
isomorphism (with S as its inverse). 0

Thus we say that a simply connected covering space of ci is the universal
covering space of ci. The reason for the word "universal" here is contained
in (b) of the preceding proposition. The reason for the use of the word
"the" is contained in (c). Of course this uniqueness statement does not
imply existence. The existence of a universal covering space for subsets
of the plane will be established before the end of this chapter. Existence
results for more general spaces can be found in any standard reference.

1.6 Corollary. If (C, r) is the universal covering space of ci and a1 and
02 are two points in C w2th r(a1) r(a2), then there is a unique T in
Aut(C,r) with T(ai) = a2.

Proof. Apply Theorem 1.3 and, as in the proof of the preceding proposi-
tion, show that the resulting homomorphism is an automorphism. 0

1.7 Corollary. If (C, r) is the universal covering space of ci and z E C,
then = {T(z) : T E Aut(C,r)}.

1.8 Theorem. If(G, r) is the universal covering space of Il, then Aut(G,r)
is isomorphic to the fundamental group of ci, ir(ci).

Proof. Let T E Aut(G,r) and let he any path in G from 00 to T(ao).
Since T E Aut(C, r), r o is a loop in ci with base point If &
is another path in C from 00 to T(00), then the simple connectedness of
C implies that & and 5' are FEP homotopic in C. Thus r o & and -y are
homotopic in ci. This says that for each T in Aut(G, T) there is a well
defined element 7T in ir(f1). It will be shown that the map T 1T IS

an anti-isoniorphism of Aut(C,r) onto ir(fl). (The prefix "anti" is used
to denote that the order of multiplication is reversed.) This implies that
T —. yr' defines an isomorphism between the two groups, proving the
theorem.

Let S and T be two automorphisrns of the covering space; it will be
shown that 7ST = To this end let and & be paths in C from 00 to
T(ao) and S(ao), respectively. So '-yT = 'ro '5. and 'y is a
path in C from S(ao) to S(T(ao)) so that (So is a path in C from 00
to S(T(ao)). Therefore 'YST = r o [(So '5)&j = ft o (So [r o = 1T '-,s.

To show that the map is surjective, let 'y ir(fl, and let '5' be the
ao-lift of 'y. According to Corollary 1.6 there is a unique automorphism T
such that T(ao) = It follows from the definition that = 'y.

Finally let's show that the map is injective. Suppose T E Aut(C,i-) and
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= 0 in Cl. Let be the a0-lift of 'i'; soT(a.j) = 5'(l). Now 'y 0

implies that is homotopic to the constant path But the Abstract
Monodromy Theorem implies that the a0-lifts of ao and have the same
end point. Since the a0-lift of the constant path ao is the constant path
a0, this says that T(ao) = a0. By Proposition 1.2 this implies that T is the
identity automorphism. 0

Exercises

1. Suppoee(G,r)isacoveringspaceofflandAiisasubsetofQthat
is both arcwise connected and locally arcwise connected. Show that
if H is a component of r(A), then (H,r) is a covering space of

2. If r(t) = show that (R, r) is a covering space of 8D. Find Aut(R, r).

3. For the covering space (C, exp) of C \ {0}, find Aut(C, exp).

4. Forthecoveringspace(C\{0}, zTh) of C\{0}, find Aut(C\{0},

z in G, show that {T(z) : T E Aut(G, r)} is a closed discrete
subset of G.

6. ffG = {z :0< Re z < r} and r(z) ez, show that (G,r) is a
covering space of ann(O; 1, eT) and find Aut(G, r).

7. IfC= {z :0< Rez} and r(z) = es, show that (G,r) isacovering
space of {z: 1 < Iz( <oo} and find Aut(G, r).

8. Prove that for the universal covering space, the cardinality of {T(z):
T E Aut(G, r)} is independent of the choice of z.

§2 Analytic Covering Spaces

In this section we restrict our attention to analytic covering spaces and
derive a few results that are pertinent to this situation. Assume that Cl and
C are regions in the plane and r G Cl is an analytic function that is
also a covering map.

2.1 Proposition. If (C, r) is an anolytic covering space of (1, H is an open
subset of the plane, f: H —. Cl is an analytic function, and T: H —. C is
a continuous function such that r o T = f, then T is analytic.

Proof. This is an immediate consequence of Lemma 1.1. 0

2.2 Corollary. If (C1, r1) and (C2, r2) are analytic covering spaces of Cl
and T: C1 — C2 is a then T is analytic.
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2.3 Corollary. If (G, r) is an analytic covering space of then every
function in Aut(G, r) is a conformal equivalence of C.

2.4 Corollary. If (G1,ri) and (G2, T2) are analytic covering spaces of
and T: C2 is an isomorphism, then T is a conformal equivalence.

2.5 Corollary. If r D is an analytic covering map, r(O) = cxc, and
r'(O) > 0, then r is unique.

Proof. Suppose that D —. is another such map. By Proposition 1.5
there is an isomorphism f : (D, r) (D, jt) of the covering spaces with
1(0) 0. By the preceding corollary, f is a conformal equivalence of the
disk onto itself and thus must be a Möbius transformation. But 1(0) = 0

and f'(O) > 0; therefore f(s) = z for all z. 0

2.6 Corollary. Suppose (G, r) is an analytic covering space of ci, X
is a region in the plane, and f X —' ci is an analytic function with
•f(xo) = a0 = i-(ao). If X is simply connected, then there is a unique
analytic function T: X G such that I = roT and T(xo) = a0.

Proof. Just combine the preceding proposition with Theorem 1.3. 0

It will be shown later (4.1) that if ci is any region in the plane such
that its complement in C has at least two points, then there is an analytic
covering map from the unit disk D onto ft The next result establishes that
for this to be the case it must be that the complement has at least two
points. Recall that Co denotes the punctured plane.

2.7 Proposition. The pair (C, r) is a universal analytic covering space of
Co if and only if C C and r(z) = exp(az + b) for some pair of complex
numbers a and b with a 0.

Proof If a, b E C with a 0, then ax + b is a Möbius transformation of
C onto itself. It is easy to see that if r(z) = exp(az + b), then (C, r) is a
covering map of C0.

For the converse assume that C is a simply connected region in C and
(C, r) is a covering space of C0. We have already seen that (C, exp) is a
covering space for Co so Proposition 1.5 and Corollary 2.4 imply there is a
conformal equivalence h: C — C such that exp z = r(h(z)) for all z in C.
But according to Proposition 14.1.1, C = C and h(z) = az + b for complex
numbers a and b with a 0. 0

2.8 Example. Let ci be the annulus {z: I <Jzj <p}, where p = elr. If

1. (I+z\ irr(z)=exp
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then (D, r) is the universal analytic covering space for £T The maps in the
group Aut(D, r) are the Möbius transformations

z —
i2— IJflz

where
— —2wn

= = tanh(2irn).
+

To see this first observe that the map r above can be expressed as a
composition of two maps: the first is a conformal equivalence of D onto
a vertical strip; the second is the exponential map, which wraps the strip
around the annulus an infinite number of times. To show that the auto.
morphisms of this covering space have the requisite form uses some algebra
and the following observation. (Another verification of the statements in
this example can be obtained by using Exercise 1.6 and the form of the
conformal equivalence of D onto the relevant vertical strip.)

If (D, 'r) is the universal analytic covering space for fl, then every T in
Aut(D, T) is necessarily a conformal equivalence of D onto itself. Hence T
is a Schwarz map,

T(z) = e'0
Z

1 — f3z

for some choice of 9 and (3, 1131 < 1. For convenience, whenever (D, 'r) is the
universal analytic covering space for a region ft in C, we will let

=Aut(D,r).

By Theorem 1.8, ir(ft). It is known that for regions ft in C, ir(ft)
is a free group (see Exercise 3). if \ ft has n ÷ 1 components, then
ir(ft) is the free group with n generators. If \ (I has an infinite num-
ber of components, then 7r(ft) is the free group on a countable number of
generators.

Exercises

1. For < 1, define r(z) = exp[z(1 — lzIY'] and show that (D, r) is a
covering space of C \ {O}.

2. Show that for an n-connected region ft. is a free group on n
generators.

3. LetKbeacompactsubsetofCandputft=C\K.
are paths in ft, let 5 > 0 such that dist(7,, K) > 5 for 1 j � n. Let

= {w E ft : dist(w, K) > e5}. Show that fl(S) is finitely connected
and contains the paths . , Show that the fundamental group
of ft is a countably generated free group.
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4. Let (1 = {z: 1 <Izl} and let r(z) = exp Explicitly determine

Aut(D, r).

The Modular Function

Here we examine a special analytic function called the modular function.
This is a special analytic covering map from the upper half plane onto the
plane with the points 0 and I deleted.

3.1 DefinitIon. A modular transtbrmation is a Möbius transformation

3.2

such that the coefficients a, b, c, d are integers and ad - be =1. The set
of all modular transformations is called the modular group and is denoted
byM.

The designation of M as a group is justified by the following proposition.
The proof is left as an exercise.

3.3 Propoeltlon. M is a group under composition with identity the iden-
tity transformation 1(z) z. If M(z) is given ôy (S 2), then

M1(z)= dz—b
-cz+a

Let H denote the upper half plane, {z Tm z > 0).

3.4 PropositIon. If M E M, then = R<,,, and M(H) = H.

Proof. The first equality follows because the coefficients of M are real
numbers. Thus the Orientation Principle implies that M(H) is either the
upper or lower half plane. Using the fact that M M and consequently
has determinant 1, it follows that

3.5 ImM(z)= 1
—Imz.

This concludes the proof. 0

Let denote the subgroup of M generated by the modular transforma-
tions

3.6 S(z)
2z+1 and T(z) z + 2.

Let

3.7 G= {zEH: —1 <Rez< 1, 12z+1I � 1, > 1).



16.3. The Modular Function 117

G

Figure 16.1

0 1/3 1/2 1

Figure 16.2.

This set G is illustrated in Figure 16.1. Note that G fl P = 0. The reason
for defining G in this way and excluding portions of its boundary while
including other parts of will become clear as we proceed. For now,
gentle reader, please accept the definition of G as it is.

3.8 Example. If $ is as in (3.6) and G is as above, then S(G) {c

Im( >0, 12(—1I Si, � 1, 16(—1I > > 1}.
Consequently, S(G) fl G = 0.

The region described as S(G) is depicted in Figure 16.2. To see that
the assertation of this example is true, first let L_ and be the rays
{z : Im z > Oand Re z = ±1} and let C_and C÷ be the half circles
{z Im z > 0 and j2z = 1}. Observe that S(L±) and must be
circles that are perpendicular to the real line. Since S(0) = 0, S(—1) =
1, 5(1) = 1/3, and S(oo) = 1/2, applications of the Orientation Principle
show that S(G) has the desired form.

3.9 Lemma. Let G and Q be as in (3.6) and (3.?).

(a) IfML and

M E

M having the form (3.2)
such that the coefficients a and d are odd and b and c are even inte-
gers.
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Proof. Let be the collection of all modular transformations described
in part (c) and note that if S and T are defined as in (3.6), then they belong
to Q1. The reader can verify directly that is a group under composition,
and so it follows that ç ç

3.10 ClaIm. If M1, M2 and M1 M2, then M1(G)nM2(G) =0.

Because Qj is a group, to prove this claim it suffices to show that if
M E and M I, then M(G) (1 C =0. This will be done by considering
two possible cases. The first case is that c =0 in (3.2); so M(z) = (az+b)/d,
whereaanddareoddintegersandbiseven.SinceI=ad-bc=ad, a=
d=±1. Thus M(z)=z+2n, It is
now clear that M(G) fl G 0.

Now assume that M has the form (3.2), M E G1, and c 0. Notice that
the closed disk 1/2) meets C without containing in its interior any
of the points -1,0, or 1, while any other closed disk whose center lies on the
real axis and that meets C must have one of these points in its interior. This
leads us to conclude that if M(z) 5(z) +b, where is the transformation
in (3.6) and b is an even integer, then Icz+dI >!for all zinC. Indeed,
if there is a point z in C with Icz + � 1, then B(—dfr, 1/Id) C 0.
For the moment, assume this dosed disk is not the disk B(—1/2; 1/2). As
observed, this implies that 0, +1, or —1 E B(—d/c; 1/Id); let k be this
integer. So + < 1/Id and hence + dl <1. But c is even and d is
odd, so that icc + d is odd, and this furnishes a contradiction. Thus

3.11 Icz+dI>lforallzinG,

provided —d/c —1/2 or 1/f Cf 1/2. On the other hand, if —d/c =
—1/2 and 1/Id = 1/2, then c = ±2 and d = ±1. All the entries in a
Möbius transformation can be multiplied by a constant without changing
the transformation, so we can assume that c = 2 and d = 1. But the
condition that the determirnmt of M is 1 implies that a — 2b = 1, so
a= 1+2b. Thus

az + b
M(z) =

2z + 1

— z+2bz+b
2z + 1

= S(z)+b.

So (3.11) holds whenever M is not the transformation S(z) + b.
Note that (3.5) implies that if M S +6 for S as in (3.6) and b is even,

then
Im M(z) <Im z for all z in C.
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— —' — —

Figure 16.3.

The definition of C and (3.5) show that when M equals 5(z) + b, we still
have that

ImM(z)�LmzforallzmC.
Now let M be an arbitrary element of the group It is left to the

reader to show that either M or M' is not of the form S + b, with S as
in (3.6) and b an even integer. Thus either lin M(z) <Im z for all z in
C or un < Im z for all z in C; assume for the moment that the
former is the case. If there is a z in CflM(G), then Im z = Im MM1(z) <
Im M'(z) � Im z, acontradiction. Thus GnM(G) = 0. If M'(z) <Im z
for all z in C, a similar argument also shows that C M(G) = 0. This
establishes Claim 3.10. /

Now let L = u{M(G) : M E a subset of H. If T is as in (3.6), then
T't(z) = z+2n. So for each n in Z, L contains T'(G), which is the translate
of C by 2n. As discovered in Example 3.8, S maps the circle 12z + ij = 1

onto the circle 12z — = 1. Combining these last two facts (and looking at
Figure 16.3) we get that

L containsevery z in H thatsatisfiesl2z — kI > 1

3.12 —

foralloddintegers /c.

Fix a(in Ill. Because {c( + d: c, d Z and c, d occur in some M
in has no limit point in the plane, there is an element of this set hav-
ing minimum modulus. Thus there is a transformation Mo(z) = (aoz +
bo)/(coz ÷ d0) in g such that + doI � fc( + for all M(z) = (az +
b)/(cz+d) in By virtue we get that Im M0(() � bn M(() for all
M in ç. Putting z = Mo(() and realizing that MM0 G whenever M g,
this shows that

3.13 Imz�ImM(z)forz=Mo(C)andforallMing.

Let n Z and continue to have z = M0(() for a fixed (in H. Applying
(3.13) to M = ST" and using (3.5) as well as a little algebra shows that

Imz>ImST"(z)= mhZ

12z—4n+ 112
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Now apply (3.13) to M = and perform similar calculations to get
that

un zImZ�

But Im z> 0 so these inequalities become

Z.

But {4n — 1, 4n + 1 n Z} is the collection of all odd integers, so (3.12)
implies that z — Mo(() E L. Thus ( = E = L. Since (
was arbitrary, this proves (b).

Remember that we have already proved that c c Let M1 c1. By
part (b) there is a transformation M in Q such that M(G) fl M1 (G) 0.

But both M and M1 are in so Claim 3.10 implies that M1= ME
This proves (c). By (3.10), part (a) also holds. 0

Now the stage is set for the principal result of this section. It is convenient
to let C \ {0, 1}. The reader might want to carry out Exercise 1
simultaneously with this proof.

3.14 Theorem. If G and c are as in (3.6) and (3.7), then there is an
analytic fttnction A : H C having the following

properties.

(a) AoM=AforeveryMinc.
(b) is univalent on G.

(c) A(H) = Co,1.

(d) A is not analytic on any region that properly contains H.

(e) (H, A) is a covenng space of C0,1.

Proof. Let

Co={z:hnz>0, 0<Rez< 1, and t2z—lI> 1);

so C0 ç G. Let fo: C0 H be any conformal equivalence and extend
fo to a homeomorphism of onto (14.5.7). Let A be a Möbius
transformation that maps fo(O) to 0, fo(1) to 1, fo(oo) to oo, and takes H
onto itself. Hence f = A ° fo is a homeomorphism of onto cLH, a
conformal equivalence of C0 onto U, and fixes the points 0, 1, and oo.

Since f is real-valued on OG0, f can be extended to mt C by reflecting
across Re z =0. This extended version off satisfies f(x+iy) = f(—z + iy)
for z+iy in C0. (Note that is also real-valued on the portions of 12z—1l = I
and + = 1 that lie in ci C, so that by successively reflecting in these
circles and the circles and vertical lines of the various reflected images of C
it is possible to extend f to all of H. The argument that follows does just
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this but with a little more fines8e and accuracy by using the action of the

group
Define the following sets:

= {z:Jrnz�O, Rez=O}U{oo};

1.2 = {z:Imz�O, 12z—111};

L3 = {z:bnz�O, Rez=1}U{oo}.

=O,,G0. Forj = 1,2,3,1., is connected and sothesame
holds for f(L,). By an orientation argument (supply the details)

1(L1) =
f(L2) = {z:z=RezandO�z�1};
1(L3) = {z:z=Rez�1}U{oo}.

Thus
f(int G) = C \ [0, co);

1(G) = C0,1 fl.

Extend / to a function A : H C by letting

3.15 A(z) =

whenever M E and z E M(G). According to Lprnmp 3.9 this function A
is well defined.

Why is A analytic? Observe that if S and T are defined as in (3.6), then
A is analytic on V and V is an open set that
contains C. Thus for every M in 0, A is analytic on a neighborhood of
M(G). Thus A is analytic on all of H.

Clearly condition (a) of the theorem holds because of the definition of
A. Because f is defined on C by reflecting a conformal equivalence, it is
one-to-one on C, so (b) holds. Since 1(G) = IZ, (c) is also true. Part (d) is
a consequence of the following.

3.10 C)aim. {M(0) : M E 0) is dense in R.

In fact if this claim is established and A has an analytic continuation to
a region A that contains H, then A must contain a non-trivial open interval
(a, b) of R. But (3.16) implies that for every a in (a, b) there is a sequence
{Mk} in such that Mk(0) a. Let y 0 through positive values. Then
A(Mk(O)) = A(Mk(iy)) = A(iy) = A(0) = 0. Thus a is an
accumulation point of zeros of A, a contradiction.
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To prove Claim 3.16 let M and suppose M is given by (3.2). So
M(O) = bid. Now band care even integers, a and dare odd, and ad—bc = 1.

It suffices to show that for every even integer b and odd integer d such that
b and d have no common divisor, there is an odd integer a and an even
integer c with ad — bc = 1. Equivalently, show that given integers m and n
such that 2m + I and 2n have no common divisor, there are integers p and
q such that

1 (2p+1)(2m+1)—(2n)(2q)

4pm+2m+2p+1—4nq.

This happens if and only if p and q can be found so that —rn = p(2m +
1) — (2n)q. But {p(2m + 1) — (2n)q : p, q E Z} is the ideal in the ring
Z generated by 2m + 1 and 2n. Since these two integers have no common
divisors, this ideal is all of Z.

it remains to prove (e). If ( C \ [0, oo) and 5 > 0 is chosen sufficiently
small that B = C\[O,oo), let U0 = f'(B) cm C. It is easy to
verify that A'(B) = u{M(U0) : M E and so {M(U0) : M E are the
components of A'(B). Now assume that (= t E (0, 1) and choose S > 0

sufficiently small that B = B(t; 5) Co,1. An examination of the definition
of I as the reflection of a homeomorphism of onto shows that
f'(t) = {z+, z...} C 8G, where 12z* ii = 1. Also f'(B) consists of
two components, and U..., where Thus f(U±) Bflcl (±R).
If S is the Möbius transformation defined in (3.6), then it can be verified
that S maps the circle J2z + 1 onto the circle 2z — = 1. (The
reader has probably already done this in Example 3.8.) Since t = =

= A(S(zj)), it follows that S(z_) Hence Uo U÷ U S(U_) is

an open neighborhood of (Verify!) and A(U0) = f(U+) U A(S(U_)) =
f(U÷) U f(U_) B. Therefore {M(Uo) M are the components of
)('(B) and clearly A maps each of these homeomorphIcally onto B. The
final case for consideration, where ( t E (1, oo), is similar to the preceding
one and is left to the reader. 0

3.17 Example. if r(z) = A(i(1 — z)/(1 + z)), then (D, r) is an analytic
covering space of C0,1.

3.18 Definition. The function A obtained in Theorem 3.14 is called the
modular function.

Calling A the modular function is somewhat misleading and the reader
should be aware of this when perusing the literature. First, A is not unique.
as can be seen from the proof, since its definition is based on taking a
conformal equivalence fo of C0 onto IF!. Given fo' A is unique. It is possible
to so construct the function A that A(O) = 1, — oo, and A(oo) = 0.
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Having done this the function is unique and is the classical modular function
of complex analysis.

Remarks.

1. The material at the beginning of this section has connections with
the study of the group SL2(R), modular forms, and number theory.
The interested reader should see Lang [1985]. Also see Ford [1972] for
the classical theory.

2. A nice reference for the Uniforxnization Theorem for Riemann sur-
faces is Abilcoff [1981]. Also see Ahlfors [19731.

Exercises

1. This exercise constructs the exponential function by a process similar
to that used to construct the modular function and is meant to help
the student feel more comfortable with the proof of Theorem 3.14.
(Thanks to David Minds for the suggestion.) Let Go be the strip
{z : 0 < Im z < ir} and let be the conformal equivalence of G0
onto H with =0, = oo, and = 1. Now extend

by reflection. If = z + 2ir in for n in Z, extend to a function
E on C by letting E(z) = for an appropriate choice of n.
Show that B is a well defined entire function that is a covering map
of C0 and prove that E is the exponential function.

2. 11 A is the modular function, what is Aut(H, A)? (By Theorem 1.8,
Aut(H, A) which is a free group on two generators. So the
question asked here can be answered by finding the two generators of
Aut(H, A).)

3. Let {a, b} be any two points in C and find a formula for an analytic
covering (D, r) of C\ {a,b}. If E C\ {a,b}, show that r can be
chosen with r(O) = ao and r'(O) > 0.

§4 Applications of the Modular Function

In this section the Picard theorems are proved as applications of the mod-
ular function and the material on analytic covering spaces. Proofs of these
results have already been seen in (12.2.3) and (12.4.2), where the proofs
were "elementary."
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4.1 Little Picard Theorem. If f is an entire function that omits two

values, then / is constant.

Proof. Suppose f is an entire function and there are two complex numbers
a and b such that a, b 1(C). By composing with a Möbius transformation,
we may assume that 1(C) ç Let r: D C0,1 be a universal covering
map. According to Theorem 1.3 and Proposition 2.1, there is an analytic
function T: C —' I) such that r o T f. But the T is a bounded entire
function and hence constant. Thus f is constant. 0

As we know from §14.4, the key to the proof of the Great Picard Theorem
is to prove the Montel-Carathéodory Theorem.

4.2 Montel-Carathéodory Theorem. If X is any region in the plane
and F = {f: is an analytic function on X with 1(X) Co,1), then F
is a normal family in C(X,

Proof. To prove that F is normal, it suffices to show that for every disk
B = B(zo; R) contained in X, FJB is normal in C(BP To prove this,
it suffices to show that for any sequence in F, there is either a subse-
quence that is uniformly bounded on compact subsets of B or a subsequence
that converges to oo uniformly on compact subsets of B (why?). So fix such
a sequence By passing to a subsequence if necessary, we may assume
that there is a point a in such that a. We consider some
cases.

Claim. If a E C and a 0,1, then {f1j has a subsequence that is
uniformly bounded on compact subsets of B.

Let r 0 -. Co,1 be a universal analytic covering map and let =
B(a; p) be a fundamental neighborhood of a. Fix a component U of (a).
Since -.. a, we may assume that E for all n � 1. According
to Theorem 1.3 and Proposition 2.1, for each n � 1 there is an analytic
function : B I) such that E U and r o = on B. But

is a uniformly bounded sequence of analytic functions and so there
is a subsequence } that converges in H(B) to an analytic function T.
Clearly IT(z)I 1 for all z in B. If there is a z in B such that JT(z)J = 1,
then T is constantly equal to the number A with IAI = 1. In particular,
Tflh(zo) —. A. But limk(rIU)'(f,,k(zo)) lflflkTnk(Zo) = A,
a contradiction. Thus it must be that IT(z)I < 1 for all z in B.

Let K be an arbitrary compact subset of B. From the discussion just
concluded, there is a number r such that M = rnax{IT(z)I z E K} <r <
1. Let k0 be an integer such that JTflb(z) — T(z)J <r — M for all z in K

on B(0;r). It follows that = is uniformly bounded on K.
Since K was arbitrary, this proves the claim.
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Now assume that a = 1. Since each function f',, never vanishes, there
is an analytic function : B C with In. Since 1, we

can choose the branch of the square root so that gn(zo) —1. But once
again, So the claim implies there is a subsequence {Oflk} that
is uniformly bounded on compact subsets of B. Clearly this implies that

} is uniformly bounded on compact subsets of B.
Assume that a = 0. Here let = 1 — f,,. So gn(zO) —' 1 and never

assumes the values 0 and 1. The preceding case, when applied to {gn},
shows that {f4 has a subsequence that is uniformly bounded on compact
subsets of B.

Finally assume that a = co. Let = 1/f,,. Again is analytic,
ç C0,1, and 9n(ZO) —4 0. Therefore the preceding case implies there

is a subsequence that converges uniformly on compact subsets of B
to an analytic function g. But the functions } have no zeros while
g(zo) = 0. By Hurwitz's Theorem (7.2.5), g 0. It now follows that

(z) oo uniformly on compact subsets of B. 0

4.3 The Great Picard Theorem. If I has an essential singularity at
z = a, then there is a complex number a such that for ( a the equation
f(z) = has an infinite number of solutions in any punctured neighborhood
of a.

For a proof the reader can consult Theorem 7.4.2.

Exercises

1. Prove Landau's Theorem: If ao and a1 are complex numbers with
p0 0,1 and a1 1, then there is a constant L(ao,a1) such that
whenever r > (I and there is an analytic function I on rD with 1(0) =
a0, f'(O) = a1, and f omts the values 0 and 1,then r � L(ao,a1).
(Hint: Let D C0,1 with = ao and r'(O) > 0. Use Corollary
2.6 to find an analytic function T: rD D such that r o T = f and
T(0) =0. Now apply Schwarz's Lemma.)

2. Prove Schottky's Theorem: For a in and 0 </3 < 1, there is
a constant C(a, /3) such that if I is an analytic function on D that
omits the values 0 and 1 and 1(0) = a, then If(z)I C(a,/3) for
JzI � /3. (See

The Existence of the Universal Analytic Covering Map

The purpose of this section is to prove the following theorem.

5.1 Theorem. If Q is any region in C whose complement in C has at
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least two points and ao fi, then there is a uniqie analytic covering map

D —, Q with r(0) = ao and r'(O) > 0.

The proof requires some preliminary material. The first lemma is a re-
statement of Exercise 3.3.

5.2 Lemma. Ifo, b, and E C with ao o,b, then there is an analytic
covering map r : D—'C\{a,b} with r(0)= ao and r'(O) >0.

The next lemma is technical but it contains the vital construction needed
in the proof.

5.3 Lemma. Suppose is a region in C and (C, r) is an analytic covering
with r(a) = ao for some pointa inC. = B(ao;ro) is afunda.

mental neighborhood of 00 and go is the local inverse of r defined on
such that go(ao) = a, then the following statements hold:

(a) >0 if r'(a) >0.
(b) Ify: [O,1)—.ft then there is an anolytic

continuation along {(gg, : 0 ( t S 1) of (go, such that
ç C/or alit.

(c) Jf(gi, and are obtained from by analytic contin-
uation, C, and g1(uJj) = g2(J2) for some points in

in thenw1 = 92(w) for aliw in

(d) If (g, is obtained by analytic continuation of (go, and c
C, then r(g(w)) = w for all w in

Proof. Part (a) is trivial. To prove (b), use Lebesgue's Covering Lemma
to find a 6>0 with 6 <rO and such that for each t, 0 � t � 1, B('7(t);6)
is a fundamental neighborhood. Let 0 = to <ti < ... <t = 1 be such
that -y(t) E B(y(t1);6) for t,_1 t � 1,, 1 � j n.

In particular, = 00 E B(-y(t1);ö); let gj: —. C be the
local inverse of r such that gi(ao) = a. Clearly 9' go on nA1. Hence
(91, is a continuation of (go, A.0). Similarly, let A2 6) and
let 92 : A2 —. C be the local inverse of r such that g2(7(t,)) =
so go =g, Ofl fl A2. Continuing this establishes (b).

Let {(gt, : 0 t � 1) be any continuation of (go, A.o) along a path
such that ç C for all t and put F = {t E [0,1) : r(g,(z)) =
z for all z in Since 0 E F, F 0. It is left as an exercise for the reader
to show that F is closed and relatively open in [0,1] and so F = [0,1). This
proves (d).

Using the notation from (c), the fact that g' and go are local inverses of
r (by (d)) implies that wj = r(g1(w,)) = r(g2(w2)) = w2. The rest of (c)
follows by the uniqueness of the local inverse. 0

Proof of Theorem 5.1. Let a and b be two distinct points in the com-
plement of and put = C\{a, b}. By Lemma 5.2 there is an analytic
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covering map To : D —, Qo with iö(O) = a
fundamental neighborhood of ao that is contained in Q and let h0 : —' D

be the local inverse of r0 with ho(ao) = 0 and h,(O) > 0. Define F to be
the collection of all analytic functions g : —. D having the following
properties:

(a) g(ao)=Oandg'(ao)>O;

(b) 1f7:[O,1J_-.flisapathwithi(0)=ao, then

there is an analytic continuation : 0 � t � l}

of (g, A0) along such that Cl and gg(At) D for all t;

5.4 (c) If (ii, and (92, A2) are obtained from (g, Ao)

by analytic continuation with A, ç and = g2(w2)

for some points in and in A2, then

Wj =w2 and gl(w)=g2(w) for alL, in

A1nA2.

Note that conditions (b) and (c) are the conditions (b) and (c) of Lemma
5.3withGreplacedbyD. Henceh0
inFisboundedby l,Fisanormalfamily.Thestrategyhere,reminiscent
of the proof of the Riemann Mapping Theorem, is to show that the function
in F with the largest derivative at will lead to the proof of the theorem.

Put ,c sup{g'(ao) g E F}; so 0 < #c <oo. Let {hk} ç F such that
h'k(czo) Because F is a normal family, we can that there is an
analytic function hon A0 such that hb —. h uniformly on compact subsets
of A0. So h(cro) 0 and h'(cto) = > 0. Thus (5.4.a) is satisfied; it will
be shown that (b) and (c) of (5.4) also are satisfied so that h E F.

that 'y(t) E A, B('y(t,); 5) for t1...1 � t t,. By hypothesis each function
hk admits unrestricted analytic continuation throughout A1, and so the
Monodromy Theorem implies there is an analytic function hjk : -+ D
with hlk hk on A1 fl Ao. Continuing, for 1 j � n we get an analytic
function h,k : A D such that h,k = h,_j,* on A, fl A1_1. Fix for
the moment. So {h,k Ic � 1) is a uniformly bounded sequence of analytic
functions on A, and must therefore have a subsequence that converges
uniformly on compact subsets of A, to an analytic function g, : A D.
By successively applying this argument we see that the functions gj can be
obtained so that g, on A• flA,_1. Thus {(g5,A,) : I � j � n} is
an analytic continuation of (h, A0) and (5.4.b) is satisfied.

Now adopt the notation of (5.4.c) with h replacing the function g. Argu-
ing as in the preceding paragraph, there are sequences of analytic functions
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{(hjk,Aj)} and {(h2k,A2)} such that for j 1,2,(h,k,A,) is a continu-

ation of (hk, Ao) and h,k g, uniformly on compact subsets of as

k oo. Now Hurwitz's Theorem (and Exercise 7.2.11) implies that for
j = 1,2 and all sufficiently large k there are points in A, such that

= gi(wi) = = these points can be chosen so
that as Ic 00. But hk F and so (5.4.c) implies that for each
k, = and = on Ai n A2. Thus w1 and gi = 92 Ofl

A1 fl A2. That is, h satisfies (5.4.c). Therefore h E F.
Fix the notation that h is a function in F for which h'(ao) =

5.4 ClaIm. For every z in 1) there is an analytic continuation (ga, A1) of
(h,Ao) such that z E g1(A1).

Suppose the (5.5) is false and there is a complex number C in D such that
nocontinuationofhinGwithvluesinDeverassumesthevaluec.Since
h(ao) =0, 0 < id <1. Let T be the Möbius transformation
so T is a conformal equivalence of D\{0} onto D\{c} with T(0) = c. Thus
if gL(z) = T(z2), ((D\{O}), is an analytic covering space of D\{c}.

Let a be a square root of C; so = 0 and = —2a/(1 — id2). Let

g be a local inverse of defined in a neighborhood of 0 with g(0) = a and

apply Lemma 5.3 to ((D\{0}), Thusg satisfies properties (b), (c), and
(d) of LImmk 5.3 (with ao = 0, G = D\{0}, r = p, and fl = D\{c}).
Now goh is defined and analytic near oo and g(h(ao)) = a. If (hj,A1)
is any analytic continuation of (h,Ao) with h1(A1) ç D, then h1(A1) ç
D\{c}. Since, by Lemma 5.3.b,g admits unrestricted analytic continuation
in D\{c), it follows that go h admits unrestricted analytic continuation in
a

We want to have that goh€ F, but two things are beking g(h(ao))
a 0 and (go may not be positive. These are easily corrected as
follows. Let M be the Möbius transformation M(z) b(a - z)/(1 -
where b = dial = Putf = Mogoh. Thus ffrzo) = 0 and /
satisfies (5.4.b) and (5.4.c) since go h does. Also

f'(ao) =
=

Now z = so 1 = p'(g(O))g'(O) = —2a(1 — 1c12)_1g1(O). Thus g'(O) =
—(1 A computation of M'(a) shows that the above equation
becomes

b fl_1c12\
f'(ao)

=
1+lcl

=
>0.
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Therefore / E But this also shows that f'frio) > 'c, contradicting the
definition of ic. Thus Claim 5.5 must hold.

Now to define r, the covering map of D onto this is the easy part.
As above, let h be a function in .1 with !"(QO) 'c. If z E D, Claim 5.5
implies there is an analytic continuation (h1,o1) of h with z in hi(ái);
say z = for in If (h21 A2) is another continuation of h with
z = for somew2 in A2, then (5.4.c) implies that = W2 and h1 = h2

on Ai fl A2. Since (5.4.c) also implies that h1 is univalent on we can
safely define r on U by r = Since z was arbitrary, r
is defined on D. From the definition it is dear that r is analytic; it is just

The only remaining part of the existence proof is to show that i is a
covering map. To do this fix a point w in we must find a neighborhood
of w such that each component of r'(A) is mapped by r homeomorphically
onto A. To find A just take any analytic continuation (h1, A) of h, where A
is a disk about w. Suppose (h2, A2) is another continuation of h with w in
A2. According to (5.4.b), h2 has a continuation to every point of A. Thus
(there is something extra to do here) the Monodromy Theorem implies that
h2 extends to an analytic function on A2 U A. So we may assume that h2
is defined on A. That is, we may assume that every continuation (h2, A2)
of withwinA2 hasAçA2. Let be the
collection of all the distinct analytic continuations of (h, to A. (At this
time we do not know that is countable, though this will turn out to be
the case.) From the definition of r,

r'(A) =
iEI

But (5.4.c) implies that n h,(A) = 0 for i j. Thus {h1(A) i E J}
are the components of r1 (A) (and so i is countable). Clearly r maps each
hj (A) homeomorphicaliy onto A since r = (hjj A)'. This completes
the proof of existence.

The uniqueness statement follows by Corollary 2.5. 0

Theorem 5.1 is the essential part of what is called the Uniforinisation
Theorem. The treatment here is from Pfluger [1969] but with conaiderable
modification. The reader can also see Fisher [1983J, Fisher, Hubbard, and
Wittner 1988), and Veech as well as the survey article Abilcoff [1981)
for different approaches and additional information.

We can now furnish the proof of Proposition 15.4.8 in its entirety. Recall
that the proof given there was only valid for the case that the complement
of the region 0 had a component that was not trivial.

5.5 Corollary. containszeru. if/wa
conforinai equivalence of C onto itself with /(0) 0 and f'(O) > 0, then
f(z)=zforallz mG.
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Proof. If C Is the entire plane less a single point, the proof is left to the
reader. If the complement of C has at least two points, let r : D C be
the universal analytic covering map with r(O) = 0 and T'(O) > 0. It follows
that for: C is also an analytic covering map with (for)(0) (land
(f a r)'(O) > 0. Thus / or = r. That is, f(r(z)) = r(z) for all z in D and
the corollary follows. 0

Exercises

1. Show that if is simply connected and r is the covering map obtained
in Theorem 5.1, then r is the R.iemairn. map.

2. Let 12 be a region in C whose complement has at least two points
and let r : D —. 12 be the analytic covering map with r(0) = and
i-'(O) > 0. If f Il —' C is an analytic function, show that g = Jo r
is an analytic function on D such that g o T g for all T in
Conversely, ifg: D C is an analytic function with goT = g for all
T in then there is an analytic function f on 12 such that g = for.

3. Suppose .12 is an n-Jordan region and r is as in Theorem 5.1. (a) Show
that for any point a in D, {T(0) : T E and {T(o) : T E have
the same set of limit points and these limit points are contained in
OD. Let K denote this set of limit points. (b) Show that if w E OD\K,
then there is a neighborhood U of w such that r is univalent on UnD
and r has a continuous extension to D U (OD\K).

4. Prove a variation of Corollary 5.6 by assuming that C \ G has at least
two points but only requiring F to be a covering map of G onto itself.

Exercises 5 through 8 give a generalization of Schwarz 'a Lemma. The
author thanks David Mmdc for supplying these.

5. if C is a proper simply connected region, a E C, and is an analytic
function on C such that f(G) C and 1(a) = a, then S 1. The
equality 1 occurs if and only if I is a conformal equivalence
of C onto itself that fixes a.

6. Let C be a region such that its complement has at least two points, let
a E C, and let r: D C be the analytic covering map with r(O) a
and r'(O) >0. if f is an analytic function on C with 1(G) ç C and
1(a) = a, show that there is an analytic function F: D —. D with
F(0) = 0 and for = roF. Also show that F(r'(a)) ç r'(a).

7. Let / and C be as in Exercise 6. (a) Show that If f
is a conformal equivalence of G onto itself, show that 1f'(a)I = 1 and
f'(a) = 1 if and only if f(z) = z for all z. (c) Let Aut(G, a) be all the
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conformal equivalences of C onto itself that fix tbe point a and prove
that the map f f'(a) is a group rnonomorphism of Aut(G, a) into
the circle group, 8 D, and hence Aut(G, a) is abelian. (d) If C is not
simply connected, show that C is a finite cyclic group. What happens
when C Is simply connected?

8. Let C, f, r, and F be as in Exercise 6. This exercise will show that if
If'(a)I = 1, then I E Aut(G3a). For this purpose we can assume that
C is not simply connected or, equivalently, that r'(a) is infinite.
(a) Show that if If'(a)I = 1, then there is a constant c such that
F(z) = cz for all z in D. (b) Examine the action of F on r'(a) and
conclude that c is an n-th root of unity for some positive integer n.
(c) Conclude that f Aut(G, a).

9. Let f and C be as in Exercise 6. For n � I let be the composition
off with itself n times. Prove that if f Aut(G,a), then —' a

uniformly on compact subsets of C.

10. In this exercise let C be a proper region in the plane, let a and b
be distinct points in C, and let f be an analytic function on C with
1(C) ç C, f(o) a, and f(b) = b. (a) if G is simply connected and
1(a) = a and 1(b) = b, show that f(z) = z for all z in C. (b) Give
an example to show that (a) fails if C is not assumed to be simply
connected. (c) If C is not simply connected but the complement of C
has at least two points, show that f is a conformal equivalence of C
onto itself and there is a positive integer n such that the composition
off with itself n times is the identity. (d) What happens when C = C
or C0?

11. Suppose I is an analytic function on D such that S 1 and
1(0) = 0. Prove that if z1 is a point in Ddifferent from 0 and =
0, then If'(O)I (Hint: Consider f(z)/zT(z) for an appropriate
Möbius transformation T.)

12. The Rigidity Theorem. Let C be a region that
is not simply connected and whose complement has at least two
points; let a E C. Show that there is a constant a depending only on
C and a with 0 a < 1 such that if / is an analytic function on C
with f(G) C and /(a) = a, and if f is not a conformal equivalence
of C onto itself, then If'(a)( a. (Hint: Let r be the analytic cover-
ingmapofDontoCwitbr(0)=aand r'(O) >0 andlet Fbeasin
Exercise 6. Write r1 (a) = {0, zj, z2,. . .} with 0 < )z1 � �
Observe that Ffr'(a)) and try to apply Exercise 11.)

13. Show that if C is simply connected, no such con8tant a as that ob-
tained in the preceding exercise can be found.





Chapter 17

De Branges's Proof of the
Bieberbach Conjecture

In this chapter we will see a proof of the famous Bieberbach conjecture.
Bieberbach formulated his conjecture in 1916 and in 1984 Louis de Branges
announced his proof of the conjecture. In March of 1985 a symposium on
the Bieberbach conjecture was held at Purdue University and the proceed-
ings were published in Baernstein et al. [1986J. This reference contains a
number of research papers as well as some personal accounts of the history
surrounding the conjecture and its proof. The history will not be recounted
here.

The original ideas of de Branges for the proof come from operator theory
considerations. The proof presented here (in §6) is based on the proof given
in Fitzgerald and Pommerenke [19851. This avoids the operator theory,
though some additional preliminaries are needed. Another proof can be
found in Weinstein [1991J. Though this is shorter in the published form
than the Fitzgerald-Pommerenke proof, it actually becomes longer if the
same level of detail is provided.

The strategy for the proof, as it evolves in the course of this chapter, is
well motivated and clear from both a mathematical and a historical point of
view. The tactics for the proof of the final crucial lemma (Lemma 6.8) are
far from intuitive. Perhaps this is part of the nature of the problem and con-
nected with the conjecture lying unproved for so many decades. The tools
needed in the proof have existed for quite some time: Loewner chains and
Loewner's differential equation (1923); Lebediv-Millin inequalities (1965).
In fact, de Branges brought a new source of intuition to the problem. This
insight was rooted in operator theory and is lost in the shorter proofs of
Fitzgeraid-Pommerenke and Weinstein. The serious student who wishes to
pursue this topic should look at de Branges'8 paper (de Branges [19851) and
the operator theory that has been done in an effort to more fully explicate
his original ideas.

§1 Subordination

In this section we will see an elementary part of function theory that could
have been presented at a much earlier stage of the reader's education.
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1.1 Definition. If C is a region including the origin and f and g are two
analytic functions on C, then I is subordinate to g if there is an analytic
function #: C C such that = 0 andf = go 4.

It follows from the definition that if f is subordinate to g, then 1(0) =
g(0). Also note that if f is subordinate to g, then 1(G) ç g(G). In Corollary
16.2.6 it was shown that if g: D —' Cl is the universal analytic covering map
for Cl with g(0) = and f is any analytic function on D with f(O) = and

f(D) c Cl = g(D), then f is subordinate to g. In this section we will use
this result for the case that Cl is simply connected and g is the Riemann
map. The proof for this case is easy and so it is presented here so as to
make this section independent of Chapter 16.

The fact that subordination is valid in a more general setting should be
a clue for the reader that this is a more comprehensive subject than it will
appear from this section. In fact, it has always impressed the author as a
favorite topic for true function theorists as it yields interesting estimates
and inequalities. For a further discussion of subordination, see Goluzin
[1969] and Nehari [19751.

1.2 Proposition. Jig is a univalent function on I), then an analytic func-
tion f on D is subordinate tog if and only if 1(0) = g(O) and f(D) c g(D).
1ff is subordinate tog is the function such that f—_go4, is
unique.

Proof. If f(D) g(D), : D —. D be defined by = g'of; this
shows that is subordinate to g. The converse was observed prior to the
statement of this proposition. 0

1.3. Proposition. 1ff and g are analytic functions on D, is subordinate
to g, and is the function satisfying f = go and = 0, then fur each
r> 1:

(a) {f(z) : <r} {g(z) : <r};
(b) max {If(z)I lzI � r} � : jzl � r};
(c) (1 — Iz(2)Ifl(z)I (1 —

(d) � with equality if and only if there is a constant c with
id = 1 such that 1(z) = g(cz) for oil z.

Proof. Let D —. D be the analytic function such that f = g o

Since = 0, Schwarz's Lemma implies that � on D. This
immediately yields (a) and part (b) is a consequence of (a).

To prove part (c), first recall from (6.2.3) that

(1 — � 1 —



17.1. Subordination 135

for all z in D. Thus

(1 — = (1 —

1.4 5 (1 —

establishing (c).
Since f'(O) and Schwarz's Lemma implies that 5 1,

we have that If'(O)I S Ig'(O)I. If If'(O)l = g'(O)I, then = 1 and so
there is a constant c with id = 1 such that b(z) cz for all z. 0

We now apply these results to a particular class of functions on D. Let P
be the set of all analytic functions p on D such that Re p(z) > 0 on II) and
p(O) = 1. The first part of next result is a restatement of Exercise 6.2.3.

1.5 Proposition. If p P and z E D, then

5 5

and

ip'(z)i s _Izi)2

These inequalities are sharp forp(z) = (1 + z)/(1 — z).

Proof. The Möbius transformation T(z) = (1 + z)/(1 -. z) maps to D
onto the right half plane and T(0) = 1. Thus Propo€ition 1.2 implies p is
subordinate to T. Let : D —+ D be the analytic function with = 0
and

p(z) = = + 4(z)

for allz in D. But for any in 0,

'—1(1< '+Ki

SO

<

—

But 5 whence the first inequality.
For the second inequality, apply (1.3.c) to obtain that

lp'(z)I 5

2
1

1 —

1

— 1
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<

2

=

0

1.6 Corollary. P is a compact subset of H([)).

Exercises

1. Show that for p in P and Izi < 1: (a) Re p(z) s

(b) p(z)I (c) p(z)I sins (d)

2. (a) Show that if f is an analytic function on D with 1(0) = 0 and
f'(O) 1, then the convex hull of 1(D) contains B(0; 1/2). (Hint:
Show that if this is not the case, then f is subordinate to a rotation
of the map g(z) = z/(1 — z).) (b) Show that if I S (14.7.1) and
f(D) is convex, then 1(D) contains B(0; 1/2).

3. (a) Let f0 be the rotation of the Koebe function (Example 14.14).
Show that if f is an analytic function on D with f(O) =0 and f'(O) =
1, then /(D) meets the ray r � 1/4) unless f
f S (14.7.1) and 1(D) is a star like region; show that 1(D) contains
B(0; 1/4). (This is a special case of the Koebe 1/4-Theorem (14.7.8).)

4. Show that if f is an analytic function on D with 0 < ff(z)$ <1 for
all z, then If'(O)! � 2/e and this bound is sharp.

§2 Loewner Chains

If 1: D x [0, oo) C, then f'(z, t) is defined to be the partial derivative
of / with respect to the complex variable z, provided this derivative exists.
The derivative of f with respect to the real variable t is denoted by f(z, f)

2.1 Definition. A Loewner chain is a continuous function / : Dx [0, oo)
C having the following properties:

(a) for all t in [0, oo), the function z — f(z, t) is analytic and univalent;

(b) f(0,t) = 0 and f'(O,t) =
(c) for 0 � $ <t < oo, f(D,s) ç f(D,t).
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Let C denote the collection of all Loewner chains.

The first question is the existence of Loewner chains. If g is the Koebe
function (14.1.4) and f(z,t) = etg(z) = etz(1 — z)2, then it is easy to
check that f is a Loewner chain with f(D, t) = C \(—oo, _et/4). II' g is any
function from the class 8, then f(z, t) = etg(z) satisfies conditions (a) and
(b) of the definition of a Loewner chain, but it may not condition
(c). An amplification of this existence question appears in Theorem 2.16
below.

The first result gives some properties of the parametrized family of simply
connected regions 11(t) = f(D, t) associated with a Loewner chain that will
be used in the construction of the examples just alluded to.

2.2 PropositIon. If I is a Loewner chain and for each t � 0, 11(t) =
f(D,t), then:

(a)

11(s) 11(t);

2.3 (b) if —. t, then —' 11(t) in the

sense of Definition

(c)

Proof. The proof that 11(s) ç 11(t) when s < t is immediate from the
definition. Since f'(O, a) f'(O, t), the uniqueness part of the Riemann
Mapping Theorem implies that Il(s) 11(t). Part (b) is clear from Theorem
15.4.10. Note that the Koebe 1/4-Theorem (14.7.8) implies that f(D, t)

0

We now prove what is essentially a converse of the preceding proposition.

2.4 Proposition. Let {11(t) 0 t <oo} be a family of simply connected
regions satisfying (2.3) and for each t > 0 let D 11(t) be the Riernann
map with = 0 and = 13(t) > 0. If h(z, t) = and = 13(0),
then the following hold.

(a) The function is continuotzs, strictly increasing, and 13(t) oo as t —,
00.

(b) If A(t) = and f(z, t) = A-' (t)), then I defines a
Loewner chain with f(D, t) =

Proof. Let
h(z, t) = 13(t)[z + b3(t)z2 + . . .J.
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By (2.3.b), if is a sequence in (0, oo) such that t, then —.÷

cz(t) and so — h : D x [0, co) C

is a continuous function that satisfies conditions (a) and (c) of Definition
2.1 as well as h(O, t) = 0 for all t. So 4 fails to be a Loewner chain only
because it lacks the property that W(O, t) = et. Indeed, there is no reason
to think that = et. However it is easy enough to reparainetrize.

Note that if —* t, in H(D) and so /3(t). Hence /3 is
continuous.

Fix s <t; so By Proposition 1.2 there is an analytic func-
tion : D D with 0(0) = 0 and such that h(z, s) = 4(0(z), t) for all z in
D. By Schwarz's Lenuna I0(z)I < Izi and I0'(O)I < 1, where the strict in-

equality occurs because Cl(s) Cl(t). Thus /3(s) = s) = h'(O, t)0'(O) =
But 0'(O) > 0 and we have that /3 is a strictly increasing function

from [0, oo) into (0, co). Moreover Cl(t) C as t cc so that it must be
that /3(t) -9 cc as t cc. This proves (a).

So we have [0,00) —.4 [flo,00) is strictly increasing, continuous,
and surjective. Thus = is a strictly increasing contin-
uous function from [0, cc) onto itself. Define f(z, t) as in part (b). So
f : D x (0, cc) —. C is a continuous function that is easily seen to sat-
isfy conditions (a) and (c) in (2.1) and f(0,t) = 0. If r = then
t so that et = 13(r)/$o. So f'(O,t) = = et. Thus f is a
Loewner chain and it is clear that f(D, t) = 0

Of course the constant must appear in (b) of the preceding result.
The function fo in a Loewner chain belongs to the class 5, and for an
arbitrary region Cl(0) there is no reason to think that the Riemann map of
D onto Q(0) comes from the class S.

The following example will prove to be of more value than merely to
demonstrate the existence of a Loewner chain.

2.5 Example. Let [0, cc) C be a Jordan arc that does not pass
through 0 and is such that 7(t) cc as t cc and 7(0) = GO. For
0 <00, let it be the restriction of -y to fr,cc) and put = It
is easy to see that (2.3) is satisfied. By means of Proposition 2.4 we have
an example of a Loewner chain.

For a Loewner chain let ft denote the univalent function on D defined
by fg(z) f(z, t). Think of a Loewner chain as a parametrized family of
univalent functions on D, indexed by time, where fo is the starting
point, and as time approaches cc the functions expand to fill out the plane.

2.6 Proposition. If f E £ and 0 s � t < cc, then there is a unique
analytic function z 0(z, s,t) defined on D having the following properties.

(a) Ø(z, 3, t) E D and f(z, s) = f(0(z, s, t), t) for all z in D.

(b) z 0(z,s,t) is univalent, 0(0,s,t) =0, I0(z,s,t)I < z in
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D, and e3_t.

(c) mD.

(d) Ifs t � u, then z in D.

Proof. Because f3(D) fj(D), there is a unique analytic function s, t)
defined on D with values in D and such that s, t) = 0 and ft(Ø(z, s, t)) =
f3(z) (Proposition 1.2). Since both ft(z) and f,(z) are univalent on D, is

also. This shows (a). The fact that .c, t)j for all z in D follows by
Schwarz's Lemma. Taking the derivative of both sides of the equation in
(a) at z = 0 gives that e3 = f'(O, s) = et$J(O.s.t).

This proves part (b).
Part (c) follows by the equation in (a) and the fact that the function

s.t) is unique. Finally, to show (d) observe that the properties of the
functions imply that for tsj = Ø(z, s, 1), t, it), it) = f(w, t) = f(z, s),
so that (d) follows by the uniqueness of 0

2.7 Definition. The function s, t) defined for z in D and 0 s t <
00 and satisfying

2.8 f(z,s) =

f for Loewner

is the

f
for t <00,

2.10

e(1 Jf(z,t)I �
)zl

Proof. In fact, the function e_tf(z, t) S, the class of univalent functions
defined in §14.7. Thus this lemma is an immediate consequence of the Koebe
Distortion Theorem (14.7.9). 0

The preceding lemma quickly implies that for any T> 0, {f(z. t) : 0
t T} is a normal family in 11(D). However we will prove much more than
this in Proposition 2.15 below.
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2.12 Lemma. 1ff is a Loewner chain with transitzon function then the
function p is defined for z in D and 0 � s t <oc by

1 — ea_t [i + s,t)
1+es_t [z—cb(z,s,t)

— 1—

belongs to the class P and p(O, s,t) = 1.

Proof. Let = s, t) for s and t fixed. The fact that p belongs to
P is a consequence of the fact that � IzI and hence belongs to 0 for
allzinD. 0

2.13 Lemma. 1ff E1, zJ< 1, andO<s<t<u,oo, then the following
inequality hokis:

If(z, s) — f(z, t)I (et — e').

Proof. For the moment, fix s and t, s t, and put =
According to (2.10), ii 1(1 � IzI < 1, then If'(C,t)I � — 1CD3 �
2et(1 — IzIY3. Since � Izi this implies

lf(z,t) — f4'(z)

(1
— zi.

Now to estimate — Applying Proposition 1.5 to the function p
defined in Lemma 2.12, we get

fl+e3_tl z—4(z)
= jp(z,s,t)I

<
— 1—Izi

Hence

1' 11+IzIl
[1+e3_tJ [1

2.14 � (1 — et).
Therefore

If(z,t) — f(z,s)I
(1

(1— eJ_t)

< (et — e3)
—
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proving the lemma. 0

2.15 Proposition. The set £ of all Loewner chains is a compact subset of

the metric space C(D x [0,oo),C).

Proof. The inequality (2.11) implies that for every (z, t) in D x 10, oo),

t)I f E C) <oo. Also Lemma 2.13 shows that C is equicontin-
uous at each point of D x [0,00). Thus the Arzela-Ascoli Theorem implies
that £ is normal in C(D x (0,oo)). It remains to show that £ is closed.

If is a sequence in £ and f,, f in C(D x [0,oo)), then for each t,
f(z, t) in H(D). Hence for each t, z f(z, t) is analytic. Clearly

f(0, t) = 0 and f'(O, t) et. Since each t) is univalent, Hurwitz's
Theorem implies that z f(z, t) is also univalent. Finally, if 0 � s < t <
00, s) ç f(D, f E £ and
£isclosed. 0

Note that if f is a Loewner chain, then z —, f(z, 0) is a function in the
class $ defined in §14.7. A further amplification of the fact that Loewner
chains exist is the next theorem, which asserts that any function in the
class $ can occur as the starting point of a Loewner chain.

2.16 Theorem. For every function in S there is a Loewner chain f

such that f(z, 0) = fo(z) on D.

Proof. First assume that f is analytic in a neighborhood of ci D. Thus
= f(OD) isaclosed Jordan curve. Letg : ci D cl [out 7jbe

the conformal equivalence with g(00) = cc and g'(oo) > 0. For 0 t < 00,

put = the inside of the Jordan curve g({z : lzJ = et}). Note that

= f0(D) and {cl(t)} satisfies the condition (2.3).
Letting h be as in Proposition 2.4, the uniqueness of the Ftiemanu map

implies that h(z,0) = fo(z) and so = I (in the notation of (2.4)). An
application of Proposition 2.4 now proves the theorem for this case.

For the general case, let f be an arbitrary function in S, for each positive
integer n put 1— and let = So each ES
and is analytic in a neighborhood of ci D. By the first part of the proof
there is a Loewner chain with = By Proposition 2.15
some subsequence of converges to a Loewner chain F. It is routine to
check that F(z, 0) f(z) in D. 0

Note that if fo maps D onto the complement of a Jordan arc reaching
out to infinity, then the preceding theorem is just Example 2.5. It is this
particular form of the theorem that will be used in the proof of de Branges's
Theorem.

The study of Loewner chains continues in the next section, where we

examine Loewner's differential equation.
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Exercises

1.

f(z, t) is continuous and for each t in [0, oo), z —+ f(z, t) is analytic.
Assume that properties (a), (b), and (c) of Definition 2.1 are satisfied.
Show that Lemma 2.9 is satisfied for this function and consequently
that f is a Loewner chain.

2. Let be a simply connected region containing 0 such that \
consists of two Jordan arcs that meet only at oo. Let ho be the

Riemann map of D onto with h0(0) =0 and = ho(0) >0. Show
that there are two Loewner chains f and g with f(z, 0) g(z, 0)

(see Proposition 2.4).

3. Let I E £ and let be the transition function for f. Fix u � 0 and

g(z,t) = e"z fort u. Show that gEL.

4. If g is the Koebe function and is the Loewner chain defined by
f(z,t) = etg(z) = etz(1 — z)2, find the transition function for f.

5. In Lemma 2.9, what can be said about the Loewner chain f if one of
the inequalities is an equality?

6. If f is a Loewner chain with transition function prove that, anal-
ogous to (2.13),

t, u) - s,u)J
(1 Hz

(1- est)

§3 Loewner's Differential Equation

In this section Loewner's differential equation and the concommitant char-
acterization of Loewner chains is studied. There is a version of Loewner's
differential equation valid for all Loewner chains, but we will only see here
the version for a chain as in Example 2.5. This is a'i that is needed for the
proof of de Branges's Theorem.

To set notation, let (0, oo) —' C be a Jordan arc with -y(0) = 00 such

let be the restriction of to oo) and put tl(t) = C \ 'Vt. Assume there
is a Loewner chain f such that ft(D) = for all t � 0. (The reason for
the word "assume" here is that otherwise we would have to multiply the
regions Q(t) by a constant. See Proposition 2.4.b.) Let be the transition
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function for the chain f and let Yt = : D with g(ç,t) =
For s t let = Ø(z, a, t). Recall that = ft-' 013.

Now Proposition 15.3.7 implies that f, and ft have continuous extensions
to ci D. Moreover Proposition 15.3.8 9t has a continuous extension to fl(t)U
{'y(t)}. Let A(t) be the unique point on the unit circle such that ft(A(t)) =
-y(t). Let be the closed arc on 01) defined by = {z E ÔD : f3(z) E

7([s,t))} and let = gt(7(ts,tj)). So is a Jordan arc that lies in D
except for its end point (The reader must draw a picture here.) Thus

maps 1) conformally onto D \ A]so has a continuous extension
to ci D that maps Cat ofltO and the complement of in the circle
onto 8D\ {A(t)}.

Observe that is an interior point of the arc Cat and decreases
to A(s) as t j a. Similarly, if t is fixed and s It, then decreases to A(t).

3.1 Proposition. With the prece4ing notation, the function A: [0, oo)
01) is continuous.

Proof. An application of the Schwarz Reflection Principle gives an analytic
continuation of (bat to C \ Cat. This continuation, still denoted by (bat, is
a conformal equivalence of C \ onto C \ U where is the
reflection of Jat across the unit circle.

Claim. for all z in C \

This is shown applying the Maximum Modulus Theorem. In fact

(b(z,s,t) z 1
urn =lun =—=e -

z z—.o(b(z,s,t) (b'(O)

Also the Koebe 1/4-Theorem (14.7.8) implies that since j3t is contained in
the complement of (bat(D), .Ja* C \ {( < e5t/4}. Thus .J, C {(
KI This proves the claim.

The claim shows that for any T � s, : a t T} is a normal
family. If t,, j s and {(bStk } converges to an analytic function then
is analytic on C \ {A(s)} and bounded there. Hence A(s) is a removable
singularity and is constant. But = a, t) = 1. Since every
convergent sequence from this normaL family must converge to the constant
function 1, we have that Z'(bat(Z) 1 (tic) on C \ {A(s)} as t j. a. Thus
(bst(Z) z (tic) on C \ {A(s)} as t j a.

Fix a � 0. We now show that A is right continuous at s. The proof
that A is left continuous is similar and left to the reader. If e > 0, choose
6>0 such that for s< t <3-4-5, C be the circle
OB(A(s); ) and put x = a Jordan curve. Note that the inside of x
contains the arcs Jat and so in particular A(t) E ins x• Now 6 can be
chosen sufficiently small that for a < t < s + 6, — z
in C. From here it follows that diam x <3€. So if we take any point z on
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C, — � IA(s) — zI + + — A(t)I <e + + 3e = 5e.

This proves right continuity. 0

For a Loewner chain f, recall that J(z, t) = Of/49t and f'(z, t) =
similarly define and g'((,t).

3.2 Proposition. Fix the notation as above. The funetiong has continuous
partial derivatives and if x(t) = A(t), then fort � 0 and (in fl(t)

1 + x(t)g((, t)
3.3 g((, t) —g((, t)

— x(t)g((, t)

Proof. It is left for the reader to verify that g is a continuous function.
To prove that g' exists and is continuous is the easy part. In fact because
I is a Loewner chain, g'((, t) exists and equals Jf'(g((, t), t)]'. Since the
convergence of a sequence of analytic functions implies the convergence of
its derivatives, f' D x [0, oo) —. C is continuous. Hence g' is continuous.

Note that if we can show that g exists and (3.3) holds, then the continuity
of g follows from the continuity of g. To prove existence, we will show that
the right partial derivative of g exists and satisfies (3.3). The proof that
the left derivative exists and also satisfies (3.3) is similar and left to the
reader. Return to the transition function Remember that for s � t,
has a continuous extension to ci D and = Now does
not vanish on 1) and so it is possible to define the analytic function

•(z) = log
[øst(z)]

where the branch of the logarithm is chosen so that 4(0) s — t.
Thus $ is continuous on cl D and analytic on D. If z 0 D \ then

E OD\ {A(t)} and so Re $(z) = = 0. Thus the
Poisson formula gives that

Re $(z) = f [Re dO

where and $ are chosen so that and are the end points of By
the choice of the branch of the logarithm,

1
p13 i8

3.4 $(z) = — I IRe
$(ebo)Je. + 2

dO

We also have that
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Now ft ° = and so 9t = o g,. Thus letting z = in (3.4)

implies that

= Re4(ezO)

Now apply the Mean Value Theorem for integrals to the real and imaçnary
parts of this integrand to obtain numbers it and v with � it, v � /3 and
such that

—

+ .
+g,(()

tee'

(s—t) +i

Now divide both sides of this equation by t — s and let t s. When this is
done, and both converge to A(s). Thus

1

—

But the left hand side is precisely the right derivative of
with respect to t, evaluated as t s. By taking exponentials and multi-
plying by g. it follows that t —i (() has a right derivative at t 8.

Elementary calculus manipulations then give that

— fl+z(s)g((,s)1
I,

11 —

where this is actually the right derivative. As was said, the similar proof
for the left derivative is in the reader's hands. 0

3.5 Theorem. 1ff is a Loewner chatn such that fo is a mapping onto a
slit region, then there is a continuous function x: (0, oc) —s OD such that
f(z, t) exists and satisfies

3.6 J(z, t)
±

zf'(z, t).

Proof. The existence and continuity of 1' was already shown at the be-
ginning of the proof of Proposition 3.2. Since and 9t are inverses of each
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other, the differentiability off with respect to t will follow from the Inverse
Function Theorem of Advanced Calculus, but this must be set up properly.

Define F D x [0, cc) —' C x R by F(z, t) = (f(z, t), t). It is not hard to
see that F(D (0, cc)) is the open set A = u1>o(C\yt) x (t, cc) and that F
is a one-to-one mapping with inverse given by F'(C, t) = (g((, t), t). Thus
F1 is a continuously differentiable function and its Jacobian is

det
g'((,t) 0

=g'((,t),
4((,t) 1

which never vanishes. Thus F is continuously differentiable, from which it
follows that f(z, t) exists and is continuous.

Now let x be as in Proposition 3.2. Note that ( = so differen-
tiating with respect to t gives that 0 t) + t).

Putting z = gj(C), this shows that 0 = f'(z, t) t) for all z in D.
Therefore applying (3.3),

J(z, t) = —f'(z,
t)

—

x(t)g((, t)

= f'(z,t)z [1 +x(t)z
1 — x(t)x

This finishes the proof. 0

Equation (3.6) is Loewner's dsfferential equation. There is a differential
equation satisfied by all Loewner chains, not just those that begin with a
mapping onto a slit region. For an exposition of this see Duren [1983) and
Pommerenke [1975), two sources used in the preparation of this section and
the preceding one.

This section concludes with a result valid for all Loewner chains, not
just those that begin with a mapping onto a slit region. In many ways this
illustrates the importance of Loewner chains in the study of the univalent
functions in the class S.

3.7 Proposition. Let f be a Loewner chain the inverse Of ft. Then

fo(z) = lim etg(fo(z),t)
t-.oo

uniformly on compact subsets of D.

Proof. According to (2.11),

e(1 )ZIII)2 �
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Substituting z = g((, t) this becomes

Ig((, t)J
<

t)I

(1 + $g((, t)l)2
— Z — e

(1 — t)I)2

Algebraic manipulation gives that

3.8 [1— jg((,t)I]2 � +

I for all ( and t, � This implies that
� O} is a nonnal family. But (3.8) implies that if tk 00 and

—' h, then h is an analytic function with !hI 1. Hence h is
constant. But for any t1 = = 1. Thus h(O) = 1 and so
h 1. That is, any limit point of this normal family as t —' oo must be
the constant function 1. Therefore as t —' 00, —' I uniformly on
compact subsets of C. Thus etg((, t) ( uniformly on compact subsets
of C, so that etg(fo(z),t) —. fo(z) uniformly on compact subsets of D as

0

3.9 Corollary. 1ff S and g is the inverse of the Loewner chain starting
at f, then t etg(f(z),t) for 0 t 00 is a path of functions inS
starting at z and ending at f.

3.10 Corollary. The family S of univalent functions with the relative topol-
ogy of H(D) is arcwise connected.

Exercises

1. Let f withgt the inverse of and put h(z, t) = g(fo(z), t). Show
that h satisfies the equation

&(z,t) = h'(z,t)

where x is as in Proposition 3.2.

2. If f E £ and is its transition function, show that for all s �
0, f(z, s) = s,t) uniformly on compact subsets of I!).
Compare with Proposition 3.7.

3. If g is the Koebe function and the Loewner chain / is defined by
f(z, t) = etg(z) = etz(l — z)2, find the function x that appears in
Loewner's differential equation for f.
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§4 The Mum Conjecture

What will be proved in the next section is not the Bieberbach conjecture
but the Milin conjecture, which is stronger than Bieberbach's conjecture. In
this section the Milin conjecture will be stated and it will be shown that it
implies the Bieberbach conjecture. But first the Robertson conjecture will
be stated and it will be shown that it implies the Bieberbach conjecture
and is implied by the Milin conjecture.

For reasons of specificity and completeness, let's restate the Bieberbach
conjecture. First, as standard notation, if / is a function in 8, let

4.1 f(z)=z+a2z2+a3z3+....

4.2 Bierberbach's Conjecture. I/f belongs to the class S and has the
power series epresentalion (.4.1), then n. If there is some integer n

thenfisarotation of the Koebe function.

1ff is a rotation of the Koebe function, then (14.1.4) shows that = n
for all the coefficients.

Recall (Proposition 14.7.4) that a function g in the class S is odd if and
only if there is a function I in S auth that g(z)2 1(z2) for all z in D. Let
S_ be the collection of odd functions in S and if g S_ ,let

4.3 g(z)=z+csz3+c5z5+...

be its power series. The Robertson conjecture can now be stated.

4.4 Robertson's Conjecture. If g E S_ has the power series represen-
tation (4.8), then for each n � I

1 + 1C312 + + 1C2n_112 � fl.

If there is an integer n such that equality occurs, then g(z)2 1(z2), where
f is a rotation of the Koebe function.

4.5 Theorem. Robertson's conjecture implies Bieberbach's conjecture.

Proof. Let g E S_ satisfy (4.3) and let / be the corresponding function
in $ with g(z)2 = f(z2) in D. Suppose f satisfies (4.1). Thus

=(z+c3z3+...)2.

Expanding and identifying coefficients of the corresponding powers of z we
get that for all n � 1

a,,
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An application of the Caucby-Schwarz Inequality shows that

�
whence the first part of theorem.

If equality occurs in Bieberbach's conjecture, then the preceding mequal.
ity shows that equality occurs in Robertson's conjecture. This completes

the proof. 0

To state the Mum conjecture is not difficult; it only requires some no-
tation. To see that this implies the Robertson conjecture is more involved
and will occupy us for most of the remainder of the section.

Let f S and let g be the corresponding function in S_ with g(z)2 =
f(z2) on If). Assume (4.1) and (4.3) hold. It is easy to see that z'f is an
analytic function on D and has no zeros there. Thus there is an analytic
branch of (1/2) log[z'f(z)I defined on D; denote this function by h and
let

4.6

be its power series representation on D. Note that we have chosen the
branch of (1/2) logjz'f(z)) that satisfies h(O) = 0 and with this stipula-
tion, h is unique.

4.7 Milin's Conjecture. 1ff S, h is the branch of (1/2) log[z1f(z)j
with h(O) = 0, and h sati.sfie.s (4.6), then

vn=1 k=1

If equality holds for some integer n, then f is a rotation of the Koebe
function.

To show that Mum's conjecture implies the Robertson conjecture (and
hence the Bieberbach conjecture), it is necessary to prove the Second
Lebedev-Milin Inequality. This is the second in a callection of three in-
equalities that relate the power series coefficients of an analytic function
with those of its exponential. All three inequalities will be stated and then it
will be shown that Milin's conjecture implies Robertson's conjecture. Then
the second inequality will be proved. After this the remaining inequalities
will be derived for the interested reader.

Let 4, be an analytic function in a neighborhood of 0 with 4,(0) = 0 and
let

4.8 0(z) = ctkzk
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be its power series. Let

4.9 iIi(z) = =

4.10 Flrøt Lebedev-Mllin Inequality. If and are as above, then

If the right hand side is finite, then equality occurs if and only if there is
a complex number'r with 'ri <1 and (1k = 'rk/k for all k � 1.

4.11 Second Lebedev-MIlin Inequality. If sb and are as above, then
for all n � 1

S (n+1)exP{'i —

k=O m=lk=1

Equality holds for a given integer n if and only if there is a complex

4.12 Third Lebedev-Milin Inequality. If and are as above and
n 1,

exp —

Equality holds for some integer n if and only if there is a complex number
'y with ii'l= land _'rk/k for 15k <n.

4.13 Theorem. Mum's conjecture implies Robertson's conjecture.

Prvof. LetgES_andletfESsuchthatg(z)2 =f(z2)onD;as-
sume that (4.1) and (4.3) hold. Let h(z) = (1/2) log[z1f(z)] satisfy (4.6).
Note that if z E D \ (—1,01, = f(z)/z. On the other hand,

= I +c3z 1- c5z2 #•• •, so that is analytic on D. Thus
h is a. branch of and so taking c1 = I we get

= exp

According to the Second Lebedev-Milin Inequality, for each n � 1

Ek2k+112 S (n+1)exP{'1 ')}
k='O m=lk=1
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Thus if Mum's conjecture is true, this implies that for every n � 1

(n+1),

which we recognize as Robertson's conjecture.
Suppose n � 1 and equality holds in Robertson's conjecture. Again as-

suming the Mum conjecture, this implies

n+1 =

< (n+1)exP{ 11
,n=t k=1

S n+1.

But this implies equality in Milin's conjecture and so f must be a rotation
of the Koebe function. 0

Now to prove the inequalities. A few preliminary observations are valid
for each of the Since = e0, = = Using the power
series expansions of these functions we get

=

= + (xi/3i + 2a2/30)z + (aith + 2ck2fl1 +

+ + + + ...

Equating corresponding gives

4.14 mf3m = ka,jJm_k.

Proof of the Second Lebedev-Miin Inequality. Apply the Cauchy-Schwarz
Inequality to (4.14) to get

m2113m12

<
l/3m_k12)

4.15
=

Put

4.16 Am — Bm
=
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So (4.15) becomes � AmBm_i for all rn � 1. Now fix n � I and
let's prove (4.11). Thus

1

I

n

1 + x � ez has been used. Now apply this
latest inequality to and combine the two; so we have

n+1 I +n—i ln(n+1) (n—1)n J

Continuing and noting that B0 = 1 we get that

�

4.17 =

Now use the summation by parts formula (Exercise 2) with xk = [k(k +
1)1' and Ilk = Ak. Here = + 1)J1 1 — (n + This
gives

=

= — (—(k +

Thus

7' n-s-I
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=

=

n+1
k

n + 1

1 — k)

=

where we have used Exercise 3. if this is combined with (4.17), we have the
Second Inequality.

Now for the case when we have equality in (4.11). (At this point the
reader can go directly to the next section and begin to read the proof of
the Milin conjecture and, hence, the Bieberbach conjecture. The remainder
of this section is not required for that enterprise.) There were two factors
that contributed to inequality in the above argument: the Cauchy-Schwarz
Inequality and the inequality 1 + x 9. So if equality occurs, it must be
that equality occurred whenever these two facts were used. The first such
instance was when the Cauchy-Schwarz Inequality was applied to (4.14) in
order to obtain (4.15). Note that for equality in (4.11) for an integer a, we
need equality in (4.15) for 1 � m 5 n. Thus there must exist constants

such that for each in, 1 <m�n,

4.18

for 1 � Ic � m. Since 1 + x = 9 only when x = 0, an examination of
the occurrence of this equality in the argument yields that Am = m for
1 <in <n.

Substitution of (4.18) into (4.14) gives that rn/i,,, Am

AmAm = mA,,,. Thus 13m = A,,, for 1 � rn 5 n. Since = 1, (4.18) for

= Am = AiAm_i, from which we
derive that 13m Am = = 7m, where -y A1. Equation 4.18 for k = m
impliesthat ma,,, But for 15k 5n, k=Ak =

I-y12m. In particular it holds for k = 1 so that = 1. Hence (4.18)
implies that for 1 <k < n, = fin—k = so that 71c/k for
1 <Ic <n.
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The proof that this condition suffices for equality is left to the reader. 0

Proofof the First Inequality. Without loss of generality it can be assumed
that the right hand side of (4.10) is finite. Apply the Cauchy-Schwarz In-
equality to (4.14) in a different way than was done in the proof of the
second inequality to get that m2lf3m(2 m

m

Let am miami2 and inductively define b0 = 1 and

4.20 bm kGkbm_k.

An induction argument using (4.19) shows that 113mI2 byn for all m � 1.
If we examine bow (4.14) was derived and look closely at (4.20), we see
that

Ebkz' =exP{f.akz"})

where the hypothesis guarantees that these power series have radii of con-
vergence at least 1. But since ak, bk � 0 we get

<

= exP{>ak}

=

which is the sought for inequality.
Now assume that klcrki2 < oo and equality occurs. Clearly

Since 113k 12 bk for all k � 0, it follows that 113k j2 = bk for all k. But this
can only happen if for each m � 1 equality holds in (4.19). But this is
an instance of equality holding in the Cauchy-Schwarz Inequality. Thus for
every m � 1 there is a complex number Am such that

4.21 kakf3m_k = Am for I k < m.
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Letting k = m here shows that mam = Am for all ih � 1. Also if we
substitute (4.21) into (4.14), we get that 13m = m'(Am + Am) = Am.
With these two identities,(4.21) becomes Am = Am_kAk. In particular,
Am = Am_1A1. From here we get that Am = for all m 1. Thus
putting = A1 we have that 0k = and 13k = 7k for all n. Because the
right hand side of (4.10) is finite, it must be that h'I < 1.

The proof that the condition suffices for equality is Left to the reader. 0

Proof of the Third Lebedev-Milin Inequality. Using the notation from the
proof of the Second Lebedev-Milin rnequa.lity, (4.15) states that

�
n—i m

Hence

n—i m� (kIakI2
—

= exp — k) (krakI2 — !)
}k=1

=
{n_1

(kIakI2
—

—

=
— ÷ 1

}

=
k=1

Now apply the inequality � l/e with z = and (4.12) appears.
The proof of the necessary and sufficient condition for equality in (4.12)

is left to the reader. 0

Exercises

1. Show that 1ff is a rotation of the Koebe function and g(z)2 = 1(z2),
then we have equality in the Robertson and Milin conjectures for all
71.

2. (The summation by parts formula) Show that if {xk} and {Yk} are
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Letting k = m here shows that mam = Am for all ih � 1. Also if we
substitute (4.21) into (4.14), we get that 13m = m'(Am + Am) = Am.
With these two identities,(4.21) becomes Am = Am_kAk. In particular,
Am = Am_1A1. From here we get that Am = for all m 1. Thus
putting = A1 we have that 0k = and 13k = 7k for all n. Because the
right hand side of (4.10) is finite, it must be that h'I < 1.

The proof that the condition suffices for equality is Left to the reader. 0

Proof of the Third Lebedev-Milin Inequality. Using the notation from the
proof of the Second Lebedev-Milin rnequa.lity, (4.15) states that

�
n—i m

Hence

n—i m� (kIakI2
—

= exp — k) (krakI2 — !)
}k=1

=
{n_1

(kIakI2
—

—

=
— ÷ 1

}

=
k=1

Now apply the inequality � l/e with z = and (4.12) appears.
The proof of the necessary and sufficient condition for equality in (4.12)

is left to the reader. 0

Exercises

1. Show that 1ff is a rotation of the Koebe function and g(z)2 = 1(z2),
then we have equality in the Robertson and Milin conjectures for all
71.

2. (The summation by parts formula) Show that if {xk} and {Yk} are
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(c) = ('v) = where for any number z and a non-
negative integer n,

(z)0=z(z+1)."(z+n—1).

The fact that the Jacobi polynomials exist and are unique can be found

in any standard reference. See, for example, Szegö [1959]. The proof of the
next result can be found on pages 29 and 59 of that reference.

5.2 Proposition. For all admi3sibie a and /3 and —is x 5 1,

=

for alln� 0.

5.3 Corollary. = =

The next identity appears in the proof of Theorem 3 in Askey and Gasper
[19761 (see page 717); its proof involves hypergeometric functions and won't
be given here. The result following that is part of the statement of Theorem

in that reference.

5.4 Proposition. If a> —1 and —1 ( x 51, then/or � 0
Ia±!1 Ia±21

= i 2 Jj t 2 JJ 3 im,
r2(x —U j!(a + 1),(m — L 11

5.5 Theorem. (Askey and Casper (1976]) if a � —1 and m � 0, then

>0

for —1 <x :S 1.

Now for the functions of de Branges. If n � 1 and 1 5 k 5 n, define for

5.6 = k
(2k +

and 0.
The relation between the Jacobi polynomials and the functions of de

Branges is as follows.

5.7 Proposition. For 1 5 kS n,

=
n—k

— 2et).
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Proof. From the definition of rk we compute

— n—k (2k + v + + 2v +
k v!(n—k—v)

v=O

Hence

—
(2k + v + + 2v + 2)n—k—v

e
— v!(n—k—v)

v=O

Now use (5.4) with 2k and m =n—k to get

n-k
— _t)

(2k + 2v +

But =

(2k + v

The next result contains all the information about these functions that
will be used in the proof of de Branges's Theorem.

5.8 Theorem. For the frnctions r1,. .. , defined in (5.6) and 0,
the following hold,

Tk÷I '1-
=

+

5.10

5.11 rk(t) 0 as t oo;

5.12 r<0.
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Proof. To prove (5.9) readers might increase their level by first
verifying the equality in the case that Ic = ii (and 0). FoF 1 S Ic
it must be shown that 'rk +k 1Tk — (k+ l)'*k+i. To facilitate the
proof, define 9k = and hk = k_Lrke_kt for 1 � k � n + 1. These
functions enter the picture by observing that

= =

so to show (5.9) it suffices to show that

5.13 gkekt =

for 1 k TZ.

From the definitions of and we get that
n—k

9k
= e_tt

(k + v)v!(n — Ic —

n—k
=

e"t_2'd.
(k+v)v!(n—k-—v)!

Thus
n—k

= (2k + v + + 2v + 2)n-.k—v

n—k

=
(v + 2k)(2k + v + + 2v + 2)n—k—v

v=O (k+v)v!(n—k--v)!

Now (2k + v)(2k + v + = (2k ÷ Incorporating this in the last
equation and changing the index k to Ic + I, we get

n—k—i

= (2k + 2 + + 2v ÷ 4)n—k—1—v

(k+1+v)v!fri—Jc—1_v)!
n—k

= E(_1)v (2k + 1 + v),(2k + 2v + 2)n—k—u

u=1 (k+v)(v—1)!(n—k—v)'
kg•5.14 = e 9k.

thus demonstrating (5.13), and hence (5.9).
To prove (5.10), first apply Corollary 5.3 and (c) of Definition 5.1 to

obtain that (a.O)(1) Combine this with Proposition 5.7 to get

n—k

=
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Thus
Tk(O)fl ifn—kiseven

k 1O ifn—kisodd.
Now substitute this information into (5.9) to get that rk(0) — = 1.
Summing up yields (5.10).

The property (5.11) is clear from the definition of the functions and
(5.12) is immediate from Theorem 5.5 and Proposition 5.7. 0

§6 The Proof of de Branges's Theorem

The aim of this section is to prove the following, which is the culmination
of this chapter. This approach is based on the paper of Fitzgerald and
Pommerenke [19851.

6.1 Theorem. The Miin conjecture is That is, if f 5, h is the
branch of (1/2) log[z'f(z)] with h(0) = 0, and

6.2

then for all n � 2

6.3
m1 k=1

To accomplish this we first show that it suffices to prove the theorem for
functions in S that map onto a slit region.

6.4 Proposition. 1ff €8, then there is a sequence inS such that
each maps onto a slit region and —. / in H(D).

Proof. First we assume that = 1(D) is a Jordan region with its bound-
ary parametrized by [0, 1J OfI, 'y(O) = = Replacing f by

for a suitable 8, if necessary, we may assume that � IwI for

at WO. Let = \ {'y(t) : � t � 1}j and let g,, be the Riemann
map of D onto with = 0 and > 0.

Note that -' in the sense of Definition 15.4.1. Thus Theorem
15.4.10 implies that g, —. 1. Thus —, f(0) = 1. So if f, =
then f €8, is a slit region, and f, f.

Now assume that / is arbitrary. Put r, = 1 — and let =
So f', E 8, f, —p and is a Jordan region. The proof of

the special case implies that each f, can be approximated by slit mappings
in $ and, thus, so can 1. 0
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6.5 Corollary. If Mum's conjecture is true for slit mappings in 8, it is
true.

Proof. If I S, let be a sequence of slit mappings in S such that
f. For each n let h,1(z) = and let h be as in

the statement of de Branges's Theorem. It is left to the reader to show
that h. Therefore the sequence of the k-th coefficients of the power
series expansion of converges to the ic-tb coefficient of the power series
expansion of h, Mum's conjecture now follows. C

Now to begin the path to the proof of de Branges's Theorem. To do this
let us set the notation. For the remainder of the section, 1 is a slit mapping
in S and F is the Loewiier chain with F0 = f. Thus Loewner's differential
equation (3.6) holds for F. Observe that etFt E S for all t � 0. Thus we
can define

h(z,t) =

6.6 =

where the branch of the logarithm is chosen with h(0, t) = 0.
The strategy of the proof is to introduce the function

0(t) = [kfrvk(t)12
—

for t � 0, where ri, . . . are the special functions introduced in the pre-
ceding section. Given the function we will prove the following.

6.8 Lemma. If is the function defined in (6.?), then � 0 for all
t >0.

The proof of this lemma is the heart of the proof of the theorem. Indeed,
the proof of de Branges's Theorem, except for the equality statement, easily
follows once Lemma 6.8 is assumed.
Proof of(6.3). According to (5.10), rk(0) n+ 1—k and so

=
m=1

by Exercise 4.3. Also from (5.11) we know that rk(t) —. 0 as t —+ 00 and so
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0 as t oo. Therefore

6.9 — =
— f � 0

m=ik=l 0

by Lemma 6.8. 0

The proof of the equality statement needs additional information about
the function

So now return to our assumptions for this section and the definition of
the function h in (6.6).

6.10 Lemma. (a) If 0< r < 1, then sup{Ih(z,t)J r and0 � t <
oo} < co.
(b) For each k � : 0 < t < oo} <co.

Proof. (a) It suffices to get the bound for = r. Using (2.11) we have
for some integer N independent of r

Ih(z,t)I < !{iog +2irNJ

ii F(z,t)
=

et

� — + log
(1

The Maximum Principle now gives the result.
(b) If 0 <r < 1, then

I I h(z,t)

=
dz

=
h(re19,

Thus Vyk(t)I r_kMr by part (a). 0

6.11 Lemma. For each k � 1 the function [0, oo) C is continuotwly
differentiable and

6.12 7k(t) =

Proof. In fact this is an immediate consequence of the formula for 'yk(t)
obtained in the preceding proof and Leibniz's rule for differentiating under
the integral sign. 0
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8.13 Lemma. If T < oc and 0 < r < 1, then the series
converges absolutely and uniformly for tzl � r and 0 � t � T.

Proof. Let r < p < 1. (6.12) implies that if � M for
0 S t T and Iwl p, then for all Izi < r, hfk(t)zdI � The
result follows from the Weierstrass M-test. 0

Proof of Lemma 6.8. The preceding lemma allows us to differentiate the
series (6.6) for h(z, t) term-by-term with respect to t. Thus, using Loewner's
differential equation (3.6),

k 18 F(z,t)
= zet

— I F(z,t)
1

— 2 F(z,t)

6.14 = ! z(t)zF'(z,t)
1

2 1 — z(t)z F(z,t)

But = IzI < 1 and so

Now we also have that

h'(z,t)

— 1 IF'(z,t) 1

— 2 z

Thus
P(z,t) 1 k 1

F(z,t) —

Substituting into (6.14) we get

= {z [1
— 1}.k=1

Therefore

I = [i [i
k=J. k=1 k=1
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Equating coefficients gives

'Yk(t) = kyk(t) +z(t)k +

Suppressing the dependence on t, this implies that

7k
=

— k7k +

= x

where bk(t) = jx' (t)'y,(t) for k � 1 (and b0 0). Now the fact that
kykSIC — bk.1 implies

6.15 7k _zk[1+bk +bk_1].

It is not hard to check that

=

=
2Re kxk[1 +bk

Using the fact that bk — bk_I = we get that = — bk_I).
Hence we can express the derivative entirely in terms of the functions bk
by

6.16 = 2Re — + bk + bk_i)).

Now consider the function 4 defined in (6.7). Suppressing the dependence
on t,

6.17 & —

From (6.16) we get that

=

[(bk —bk_1)(1+bk+bk_1)]rk.

Now apply the summation by parts formula (Exercise 4.2 with Yk = Tk and
xk=2Re[(bk—bk_1)(1+bk+bk_I)]) toobtainthat

6.18 = —
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where

Km

2Re — bk_1)(bk + bk_i).

The first of the sumniands telescopes and for any complex numbers z and

to, — w)(z + w) = 1z12 — 1w12 — 2i Im (ziii). Hence

Xm

=

From (6.18) we get

= bk + IbkI2)(rk —

Using (6.17) we now have

6.19 = b, + — m+i) + —

Focusing on the second summand, note that

=
— —11.

k=1

For the first summand of (6.19) we use the property (5.9) of the functions
rk to get

Tk+1) = —(Rebk +16k121[1 +

=

+(Re bk) +

Thus

= bk...,

+Ibk_112].
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Thus

4'

— Jbk—bk_3J2+1J

= bk +2Re bk_i +2lbk_112

+ 2Rebkbk_j+1J

6.20 =

0

Proof of de Branges's Theorem. We already saw how to deduce (6.3)
from Lemma 6.8. It only remains to treat the case of equality.

We show that if f E S and f is not the Koebe function, then strict
inequality must hold in (6.3) for all n 2. If this is the case and f(z) =
z +a2z2 + then la2l <a <2 (14.7.7). Now also assume that / is a slit
mapping and adopt the notation used to prove Lemma 6.8. In particular,
define the function h as in (6.6) and the functions bk as in (6.15). Let
have power series expansion ct(z + + . . .). So 1a2(t)1 2 for all
t � 0. A calculation shows that = a2(t)/2 and bk(t) =
Thus (6.15) implies that

=11+ 2

and so

h'i(t)l = h'i +j
Equation 6.20 and (5.12) imply that

� (—ft)l6i + if2

= + 112

� — — 2t)2

for 0 � t � 4_1(2 — cr). From (6.9) we have

— =
—

/ çb(t)dt

S
—j

4,(t)dt
0
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(2—a)/8�
2 —

6.21 ii];
t1dt.

Since <0 everywhere, we get strict inequality in (6.3).
Now let f be an &bitrary function in the class S and let {f, } be a

sequence of slit mappings in S that converge to f. Because 1a21 <& < 2,
it can be assumed that Ia,,21 < for a!! j � 1. Thus the inequality in
(6.21) holds for each function (with replaced by the corresponding
coefficient 'y,,k). This uniform bound on the sum (6.3) for the functions 1,
implies the strict inequality for the limit function, 1. 0





Chapter 18

Some Fundamental Concepts
from Analysis

Starting with this chapter it will be assumed that the reader is familiar with
measure theory and something more than the basics of functional analysis.
This particular chapter is an eclectic potpourri of results in analysis. Some
topics fall into the category of background material and some can be labeled
as material every budding analyst should know. Some of these subjects may
be familiar to the reader, but we will usually proceed as though the material
is new to all.

When needed, reference will be made to Conway [1990).

§1 Bergman Spaces of Analytic and Harmonic Functions

For an open subset C inC and 1 p � oo, define LP(C) to be the If space
of Lebesgue measure on C. That is, LP(C) = In this section C
will always denote an open subset of C.

1.1 Definition. For 1 � p and an open subset C of C, is

collection of functions in LP(C) that are equal a.e. [Area] to an analytic
function on C. Denote by those elements of 11(G) that are equal
a.e. [Areaj to a harmonic function. These spaces are called the Bergman
spaces of C because of the work of Bergman [1947j, [1950).

Note that contains so anything proved about functions in
applies to the analytic Bergman space.

1.2 Lemma. If f is a harmonic function in a neighborhood of the closed
disk B(a;r), then

fdA.
irr B(o;r)

This is, of course, a variation on the Mean Value Property of harmonic
functions and can be proved by converting the integral to polar coordinates
and applying that property.

1.3 Proposition. If 1 p < oc, f E a C, and 0 < r <
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dist(a, OG), then

If(a)I �
Proof. Let q be the index that is conjugate to p: i/p + 1/q = 1. By the
preceding lemma and Holder's Inequality, If(a)I = (irr2)' 118(4;?)

(irr2)' (fB(a;r)
)l/P

(fB(a;r) 1
)1/q

<

1 p 00, and are Banach spaces

and and are Hubert spaces. If a E C, the linear functional
I —. f(a) zs bounded on and

Proof. The last statement in the proposition is an immediate consequence
of Proposition 1.3 for the case p < oo, and it is a consequence of the
deflmtion for the case p = oo. For the first statement, it must be shown that

and are complete; equivalently, and are closed
in V'(C). In the case that p = 00, this is clear; so assume that 1 p < 00.
Only the space will be treated; the analytic case will be left to the
reader as it is analogous. Let {f4 ç and suppose f, f in L"(C);
without loss of generality we can assume that f(z) a.e. Let K be a
compact subset of C and let (I < r < dist(K, 13G). By Proposition 1.3 there
is a constant C such that Ih(z)I S for every h in and every
z in K. In particular, Ifn(z) — fm(Z)I $ Chin fmhhp for all m,n. Thus

is a uniformly Cauchy sequence of harmonic functions on K. Since K
is arbitrary, there is a harmonic function g on C such that g(z)
uniformly on compact subsets of C. It must be that f(z) = g(z) a.e. and

0

The space L°°(C) is the dual of the Banach space L'(G) and as such it
has a weak-star (abbreviated wealC or wk) topology. It can also be shown
that and are weak closed in L°°(C). See Exercise 1.

This section concludes by proving some theorems on approximation by
polynomials and rational functions in Bergman spaces of analytic functions.

1.5 DefinitIon. For a bounded open set C and 1 p < oo, let be
the closure of the polynomials in RP(G) is the closure of the set of
rational functions with poles off C that belong to 11(C).

It follows that P"(G) ç RP(G) Note that if r is a rational
function with poles off cl C, then r E LP(G). However in the definition of
RP(G), the rational functions are allowed to have poles on c9C as long as
the functions belong to 11(0). If C = the punctured unit disk, then
has its poles off C but does not belong to L2 (C) even though it does belong
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to L'(G). If, on the other hand, C = {z = x + iy : 0 < x < 1 and jyj <

exp(—x2)}, then z L2(G).
It is not difficult to construct an example of a set C for which P"(G)

This is the case for an annulus since z1 but cannot be
approximated by polynomials. Finding a G with R'(G) is a little
more difficult. Indeed if 1 p < 2, then = while there are
regions C such that for 2 � p < 00 equality does not hold (Hedberg [1972
al). See the remarks at the end of this section for more information.

If K is a compact subset of C, then the open set C \ K has at most
a countable number of components, exactly one of which is unbounded.
Call the boundary of this unique unbounded component of C \ K the outer
boundary of K. Note that the outer boundary of K is a subset of OK.
In fact, the outer boundary of K is precisely OK, the boundary of the
polynomialty convex hull of K. For a small amount of literary economy,
let's agree that for a bounded open set C the outer boundary of C is that
of its closure and the polynomially convex hull of C is C ci C.

1.6 Definition. A Caruthéodory region is a bounded open connected subset
of C whose boundary equals its outer boundary.

1.7 Proposition. If C is a Carnthéodory region, then C is a component
of int{G} and hence is simply connected.

Proof. Let K = and let H be the component of mt K that contains C;
it must be shown that H = C. Suppose there is a point z1 in H \ C and

for 0 < t Since H \ C is relatively closed in H, w = -y(a) C. Thus
w 0G. But since C is a Caratheodory region, OG = OK. Hence w OK.
But w H ç mt K, a contradiction.

It is left as an exercise for the reader to show that the components of
the interior of any polynomially convex subset of C are simply connected.
(See Proposition 13.1.1.) 0

There are simply connected regions that are not Carathéodory regions;
for example, the slit disk. Carathéodory regions tend to be well behaved
simply connected regions, however there can be some rather bizarre ones.

1.8 Example. A cornucopia is an open ribbon C that winds about the
unit circle so that each point of 0 D belongs to 0G. (See Figure 18.1.)

If G is the cornucopia, then ci C consists of the closed ribbon together
with OD. Hence C \ ci G has two components: the unbounded component
and D. Nevertheless C is a Carathéodory region.

1.9 Proposition. if C is a Coruthéodorij region, then C = int{cl C). If
C is a simply connected region such that G = int{cl G} and C \ ci C is
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connected, then C is a Cartzthéodory region.

Proof. Exercise. 0

1.10 Ill <P< and is asequence then {fn}
converges weakly to / if and only if <00 and f(z) for
allz inC.
Proof, if f,, —' f wealdy, then <co by the Principle of Uni-
form Boundedness. In light of Proposition 1.4, for each z in G there is a
function in such that g(z) = (g, k1) for all g in (Here q is
the index that is conjugate to p: I/p + I/q = 1.) Thus (fn, —.

(1, k2) = 1(z). If na the topology of pointwise convergence on then
we have just seen that the identity map i: weak) —' r) is
continuous. Since (ball weak) is compact and r isa Hausdoriftopol-
ogy, i must be a homeomorphism. 0

1.11 Theorem. (Farrell [1934j and Markusevic [19341) If C is a bounded
Carathéodory region and 1 <p < 00, then P"(C) =

Proof. Let K = C and let r D \ K be a Biemann map with
r(O) = oo. Put C, C \ r({z : IzI < 1 — l/n}). It is left to the reader
to show that the sequence converges to C in the sense of Definition
15.4.1. So fix a in C and let be the Rieman.u map of C onto with

= a and > 0. By Theorem 15.4.10, -4 z uniformly on
compact subsets of C. Let = : C,1 —. C. Fix f in and put

= (f o Thus i',. is analytic in a neighborhood of K and so, by
Runge's Theorem, can be approximated uniformly on K by polynomials.
Thus P"(G).

Also < IC,, = Ic 1f1'L4 =
by the change of variables formula for area integra's. If z z
and —+ 1. Therefore f(z) as n oo. By Lemma 1.10,

0

Figure 18.1.
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Rubel and Shields [1964) prove that if C is a bounded open set whose
boundary coincides with the boundary of its polynomialiy convex hull and

if f (C), then there exists a sequence of polynomials } such that

IIPnIIa � Hula and —. f(z) uniformly on compact subsets of C.
(Note that this condition on C is the same as the condition for a region
to be a Caratbéodory region, but C is not assumed to be connected here.)
In particular, one can approximate with polynomials the bounded analytic
function that is 1 on the open unit disk and (I on the cornucopia. This says
that Theorem 1.11 is true for p = oo if the weak topology is used instead
of the norm topology. The theorem also holds when p = 1 but a different
proof is needed. See Bers [19651 and Lindberg (1982).

Some hypothesis is needed in Theorem 1.11 besides the simple connected-
ness of C. For example, if C D\(—1, 0), then z112 e but z112 P2(C).
In fact it is not difficult to see that the functions in P2(C) are precisely
those functions in that have an analytic continuation to D.

An exact description of the functions in P'(C) is difficult, though many
properties of these functions can be given. Exercise 4 shows that if C is
an annulus, then every / in P1'(G) has an analytic extension to the open
disk. In general, if U is a bounded component of C \ [ci C) such that 8U is
disjoint from the outer boundary of C, then every function in P'(G) has
an analytic extension to CU [ci UI that belongs to P"(G U [ci U]), though
the norm of the extension is larger.

What happens if U is a bounded component of C \ [ci C] and OLI meets
the outer boundary of C? The answer to this question is quite complex and
the continuing subject of research. See Mergeijan [1953], Brennan [1977],
and Cima and Matheson [1985J.

The next theorem can be proved by reasoning similar to that used to
prove Theorem 1.11. See Mergeljan [1953] for details.

1.12 Theorem. Let C be a bounded region in C such that C \ (ci C) has
bounded components . , Urn. Let 8L11 and let K0 be the outer
boundary; assume n K, = 0 for i j and fix a point z3 in U1, I

j <m. 1ff E then there is a sequence {f,,} of rational functions
with poles in . . such that f in In particular,

We return to the subject of Bergman spaces in §21.9.

Remarks. There is a substantial literature on the subjects covered in this
section. Indeed, we have only skimmed the surface of the theory. Bets (1965)
shows that R' (C) = Mergeijan [1953] has the results of this section
and more. Brennan [19771 discusses polynomial approximation when the
underlying region is not a Caratheodory region. The interested reader can
also consult Bagby [1972], Cima and Matheson [1985], Hedberg f1972aJ,
[1972b], [1993], and Lindberg [1982).
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Exercises

1. This exercise will show that is weak' closed in L°°(G). A
similar proof works for (a) If a G, let 0 < 2r < dist(a, OG).

For lw—al <r put 9w = (lrr2)'XB(w;r). Show that the map w 9w

is a continuous map from B(a; r) into L1 (C). (b) Let X be the weak'
closure of soX is the Banach space dual of
Show that if (I',) is a sequence in and f, f weak' in
X, then {f,,} is a uniformly Cauchy sequence on compact subsets
of C and hence f E Now use the Krein-Smulian Theorem
(Conway [1990), V.12.7) to conclude that is weak' closed.

2. 1ff is analytic in the punctured disk C = {z : 0 < Izl < 1}, for which
values of p does the condition f has a
removable singularity at 0?

3. Give an example of a simply connected region C that is not a Carathé-
odory region but satisfies C = int{cl C).

4. If C is a bounded open set in C and K is a compact subset of C, then
every function I in \ K) has an analytic continuation to G that
belongs to P"(G). Show that if C is connected, then the restriction
map 1 —' \ K) is a bijection of PP(G) onto PP(G \ K).

5. Let (a,, } be an increasing sequence of positive numbers such that 1 =
Choose r1,r2,..., such that the closed balls B,,

are pairwise disjoint and contained in D; put C = D \ U,,B,,. Show
that each f in P'(G) has an analytic continuation to D. Must this
continuation belong to

6. Let {a,, } be a decreasing sequence of positive numbers such that 0 =
lim,,a,,. Choose rl,r2,..., such that the closed balls B,
are pairwise disjoint and contained in I); put C = D \ u,B,,. Show
that R2(G) =

§2 Partitions of Unity

In this section (X, d) is a metric space that will shortly be restricted. We
are most interested in the case where X is an open subset of C, but we will
also be interested when X is a subset of R or D. In the next section we will
examine the abstract results of this section for the case of an open subset
of C and add some differentiable properties to the functions obtained for
metric spaces.

The idea here is to use the fact that metric spaces are paracompact,
terminology that will not be used here but is mentioned for the circum-
spective.
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2.1 Definition. If U is an open cover of X, a refinement of U is an open
cover V such that for each set V in V there is an open set U in U with
V çU.

Notice that this extends the notion of a subcover. Also note that the
relation of being a refinement is transitive, and that every open cover of
a metric space has a refinement consisting of open balls. The typical ap-
plication of this idea is to manufacture an open cover of the metric space
that has certain desirable features. Because of a lack of compactness it is
impossible to obtain a finite subcover, but we can always pass to a locally
finite refinement (now defined).

2.2 Definition. An open cover U of X is said to be locally finite if for each
B(a; r) contained in X, U fl B(a; r) = 0 for all but a finite number of sets
UInU.

It is a standard fact from topology that every open cover of a metric space
has a locally finite refinement (that is, every metric space is paracompact).
This will be proved for metric spaces that satisfy an additional hypothesis
that will facilitate the proof and be satisfied by all the examples that will
occupy us in this book. See Exercise 1.

2.3 Theorem. If X is the union of a sequence of compact sets {K,, } such
that K, mt for attn � 1, then every open cover of x has a locally
finite refinement consisting of a countable number of open balls.

Proof. LetU be the given open cover of X. For each n Let R,, = dist(K,,, X\
mt For each integer n we will manufacture a finite collection of balls
13,, that will cover K,, and have some additional properties. These extra
properties don't come into play until we reach n = 3.

For each point a in K1 choose a radius r with r < R1 such that B(a; r)
is contained in some open set from U. By compactness we can find a finite
collectIon of these balls that cover K1. Similarly let 82 be a finite col-
lection of balls that cover K2 \ mt K1, with centers in K2 \ mt K1, and
with radii less than R2 and sufficiently small that the ball is contained in
some set from U. For n � 3 let 13,, be a finite collection of balls that cover
K,, \ mt and such that each ball in 8,, has the form B(a; r) with
a in K, \ mt K,,÷1 and r chosen so that B(a; r) is contained in some set
from U and r <min{R,,...2,R,,}. Note that V U,,B,, is a refinement of
U. It is left to the reader to verify that if B E B,, and B fl Km 0, then
m = n — 1, n, or n + 1. Since X is the union of tint K,,}, this shows that V
is locally finite. 0

2.4 Proposition. I/K is a closed subset of the metric space X, {U1, }.
Um} is an open cover of K, and W is an open set containing K, then

there are continuous functions fi,.
. . fm such that:
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(a) forl_<j_<m, support

(b) f,(x) = 1 for ails in K.

Proof. We may assume that {U1, . . . , U,,,} is a minimal cover of K; that
is, no proper collection is a cover. The proof proceeds by induction. The
case m = 1 is just Urysohn's Lemma. For m = 2, Urysolm's Lemma implies
there are continuous functions f and g on X such that each takes its values
in (0, 1), f(s) = 1 for s in K \ U2, f(s) = 0 for x in K \ U1, g(s) = 1 for x
in K, and g(x) = 0 for sin X\W. Put = fg and f2 = (1 —f)g. It is left
to the reader to verify that these functions satisfy (a) and (b) for m = 2.

Now suppose the proposition holds for some m � 2 and all metric spaces,
and assume {Ui,...,Um+i} is a minimal open cover of K. Put F = K\
Um+i and pick an open set C in X such that F C ci C ç U
By the induction hypothesis there are Continuous functions h1 hm Such
that for 1 j m, 0 h, 1, support h, U,nW, and = 1
for all x in ci G. Also since we know the proposition holds for m = 2,
we can find continuous functions and 92 with 0 S 9', 92 1, support
9' C GflW, support 92 c Um+i flW, and g,(x)+g2(x) 1 for ails in K.
Put = g,h, for 1 S j � m and fm+1 = 92. The reader can check that
these functions satisfy conditions (a) and (b). 0

2.5 Definition. A collection of continuous functions } on X is a par-
tition of unity if:

(a)

(b) the collection of sets ({x : > is a locally finite cover of X;

(c) >, cb,(x) = 1 for all x in X.

If U is a given open cover of X, then the partition of unity } is said to
be subordinate to U provided the cover {{x > is a refinement
of U.

Two observations should be made. The first is that the collection of
functions in the definition is not assumed to be countable, let alone finite,
though in the applications that we will see in this book it will be at most
countably infinite. The second observation is that condition (b) of the def-
inition implies that the sum that appears in (c) has only a finite number
of non-zero terms, and so no questions about convergence are necessary.

Like Theorem 2.3, the next result is valid for all metric spaces (except
for the restriction that the partition of unity be countable), but we prove
it here only for the metric spaces we will encounter in this book.

2.6 Theorem. lix is the union of a sequence of compact sets } such
that K, ç mt for all n � 1 and U is an open cover of X, then there
is a countable partition of unity } subordinate to U.
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Proof. According to Theorem 2.3 there is a countable cover B of X by
open balls that is subordinate to U. Set K0 0 and for n � 1 let be

a finite subeollection of B that covers \ mt K,,...1. Arrange matters so

that Let B,,={U,,k:1 �k
According to Proposition 2.4 for each n � 1 there are continuous func-

tions {fnk : I <k � p,,} such that:

(i) O<_fnk

(ii) = 1 for all x in K, \ mt K,,_1.

If the set where is not zero is denoted by N,,k, then it is apparent
that {N,,k :1 � k and n � 1) isalocallyflnitecoverofX that is
subordinate to 8 (and hence to U). Thus f(x) is a
well defined continuous function on X and f(s) � 1 for all z in X.

Define = fnk(X)/f(X) for x in X. Clearly is continuous,
o � < 1, support sb,,,, = support and = 1
for all x in X. That is, is a partition of unity. Since {N,,k} forms a
locally finite cover of X, is locally finite. 0

Exercises

1. Show that a metric space that satisfies the hypothesis of Theorem 2.3
is locally compact. Conversely, a locally compact, o-compact metric
space satisfies the hypothesis of Theorem 2.3.

2. If X is a locally compact metric space and U is an open cover of X,
then there is a countable partition of unity {cb, } subordinate to U
such that each function has compact support.

3. Suppose Z is an arbitrary Hausdorif space that is locally metrizable;
that is, for each z in Z there is an open neighborhood U of z such
that the relative topology on U is metrizable. Show that if every open
cover of Z has a locally finite refinement, then Z is metrizable.

§3 Convolution in Euclidean Space

In this section a few basic facts about convolution in Euclidean space are
presented. In the course of this book convolution on the circle also will be
encountered. At the end of this section the definitions and results for the
circle are presented without proof. Of course these both come under the
general subject of convolution on a locally compact group, but this level of
generality is inappropriate here.

Recall that an extended real-valued regular Borel measure is defined
on all the Borel sets, is finite on compact sets, and its variation satisfies
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the usual regularity conditions: for any Borel set E, =
U is open and 8 U) = is compact and K ç E}. If is

such a measure, then it admits a Jordan decomposition jz = —

where jz÷ and s_ are positive regular Borel measures that are carried by
disjoint sets. If is finite 'valued, then it is bounded with total variation

1i4(R) <oo. Our principal interest will be when d is 1 or 2, but
specialization to these dimensions does not make the discussion simpler. If

is extended real-valued, then either or is bounded. An extended
complex-valued regular Bore! measure is one such that both its real and
imaginary parts are extended real-valued regula Borel measures.

For any open subset C of R, (C) denotes the linear space of continuous
functions on C with compact support. Note that this is norm dense in
the Banach space Co(G) of continuous functions that vanish at infinity.
The space will be abbreviated The extended complex-valued
measures correspond to the linear functionals L : C that satisfy
the condition that for every compact subset K of there is a 6onstant
M = MK such that for all continuous functions with
support contained in K.

In the future the term "measure" will always refer to an extended complex-
valued regular Bore! measure. A bounded or finite measure is a measure with
finite total variation and a positive measure is one for which 0 � � oo
for all Borel sets. Bounded measures correspond to bounded linear func-
tionals on Co = Co(R) and positive measures correspond to positive linear
functionals on

3.1 Proposition. If/A is a measure on R, 0 zs a continuous function wtth
compact support, and F: R C is defined by

F(x) = fcb(x —

then F is a continuous function. is bounded, then F vanishes at infinity.
If has compact support, then F has compact support.

Proof. First note that since has compact support, F is defined. If x
and = — y), then there is a compact set K that contains the
supports of all the functions The Lebesgue Dominated Convergence
Theorem implies that F(x) F a
bounded measure, then the constant functions are integrable. So if x,, —.
the fact that has compact support implies that 0 y
in R. Once again the Lebesgue Dominated Convergence Theorem implies

0. The statement involving compact support is left to the reader.
0

3.2 Proposition. Let A, a, and be measures and assume that A and a
are bounded and has compact support.
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(a) There is a measure denoted by p * such that fôr every continuous
function 0 with compact support

J d(p *
= J [J Ø(z — y)

= f [J — y) dp(x).

(b) There is a bounded measure denoted by A * o such that * ifl �
flAw 11011 and for every continuous function with compact support,

J =

= J [J — y) dA(s).

Proof. (a) If F is defined as in (3.1), then the fact that ' has compact
support implies that the first double integral in (a) makes sense; denote
this first integral by L(0). Clearly L is a linear functional on If K is
any compact set, E is the support of and has its support in K, then

zEK}.
Since E - K is a compact set, M = - K) <00. It follows that
IL(0)I S assuring the existence of the measure p * The
fact that the first integral equals the second is an exercise in the use of
Fubini's Theorem.

(b) Now if L(0) denotes the first double integral in (b), then (L(0)I �
flAfl thus implying the existence of the measure A *o and the
fact that hA * orfi < Again the first integral equals the second by
Fubini's Theorem. 0

The measures p * and A *0 are called the convolution of the measures.
Whenever we discuss the convolution of two measures it will be assumed
that both measures are bounded or that one has compact support. The
proof of the next proposition is left to the reader.

3.3 Proposition. With the notation of the preceding theorem, if a is an-
other measure with compact support and (3 is another bounded measure,
then the following hold.

(a) p*lr=,1*pandA*o=0*A.
(b) If olithe measures are positive, then so arep*llandA*0.
(c) The has compact support and (p*,i)sa=p*(ti*a)

and (A * * f3.

(d)
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(e) If.5oitheunitpontmassattheorsgin,li*öo—1I.

Now to specialize convolution to functions.

3.4 DefinitIon. A Borel function / defined on some Borel subset E of
R is said to be locally integrable if, for every compact subset K of E,
.IK I/l dA < oo. The set of locally integrable functions on E is denoted by
LL(E); we set LL = Similarly, define to be the linear
space of all Borel functions f such that If is locally integrable on E;
rP'.'Ioc — Lilac

Note that if f E LL, then = fdA is a measure. (A is used to
denote Lebesgue measure on R.) This measure is bounded if and only if I
is integrable on R. Similarly, p is positive or has compact support if and
only if I � 0 or f has compact support. This relation will be denoted by
p=fA.

Suppose / and g are locally integrable functions, p = fA, and =
gA. Assume that either both f and g are integrable or one of them has
compact support. If E then f dp(y) f 4(x — y)f(y) dA(y) =

— z)dA(z) by a change of variables. Thus

=

= J [f — y)f(y) dA(Y)] g(z) dA(x)

= f {J
— z) dA(z)} g(z) dA(x)

= Jco(z) {ff(x -. z)9(z)dA(x)] d..4(z).

This leads to the following proposition.

3.5 Proposition. If f and g are locally integruble functions and one of
them has compact support (respectively? both are integrable), then the Junc-
tion f * g defined by

(f * g)(x)
= J f(x — y)g(y) dA(y)

is locally integrable (respectively, integrable). I/p = íA and = then
=(f*g)A.

The function / * g is called the convolution of / and g. The proposition
for the convolution of functions corresponding to Proposition 3.3 will not
be stated but used in the sequel.

Note that for any constant c, if R —. R is defined by letting =
c exp(—(1 — lx(2)9 for lxi < I. and = (I for lxi � 1, then is infinitely
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differentiable and non-negative. (Here lxi is the usual Euclidean norm, =
Choose the constant c such that f = 1. Fore > 0, let

&(x) = e_dØ(x/e). Note that & is still infinitely differentiable, &(z) = 0

for � e, and f &dA = 1. This net is called a mouifieror regularszer
and for I in Li'(,C

*f)(y) fcbe(Y_X)f(X)dA(X)

is called the mollification or regularization of f. The reason for these terms
will surface in part (a) of the next result.

It is important to realize, however, that the mollifier has the property
that it is rotationally invariant; that is, = This will be used
at times in the future.

3.6 Proposition. Let f and let K be a compact subset of R.

(a)

(b) If f = 0 off K and U is an open set containing K, then * /
Cr(U) for 0 <c <dist(K,OU).

(c) ilj is continuous on an open set that contains K, then&*f —f
uniformly on K.

(d)

I
C—.OJK

Proof: (a) Since is infinitely differentiable, the fact that & * I is in-
finitely differentiable follows by applying Leibniz's rule for differentiating
under the integral sign.

(b) Let 0 <e < dist(K, R \ U). If dist(y, K) � e, then &(x— y) = Ofor all
x in K. Hence if dist(y, K) � e, then = fK &(y—x)f(x)dA(x) =
0.

(c) Only consider e < dist(K, C \ U). Because f dA = 1 and = 0 off
B(0;e), for y in K we have that * f)(y) — = If cMy —
f(y))dA(z)l � — fQi)l lv — xi < e}. But since f must be
uniformly continuous in a neighborhood of K, the right hand side of this
inequality can be made arbitrarily small uniformly for y in K.

(d) Let U be a bounded open set containing K and let a > 0. Let g be a
continuous function with support contained in U such that ff—g1"d..4 <

If 0 < e < dist(K, C \ U), then

= 1K
....y)'IP[f(x)
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I. It
� J (j

(J #e(z - y)If(x) - g(x)IPdA(x))

f 1/(x) - g(x)r
[1K

&(x - y) dA(V)] dA(x)

Therefore

1! <2a+ kbe*9_9l"d..41
UK J UK J

By part (c), the right hand side of this inequality can be smaller than
if e is chosen sufficiently small. 0

The reader might profit by now looking at Exercise 1 in the next section.
Here is an application of the preceding proposition that will prove useful
later.

3.7 ProposItion. Ifp isameasureonC andU isan open subset of the
plane such that = 0/or all in then IpI(U) = 0.

Proof. Let I be an arbitrary function in it suffices to show that
f fdp =0. Let K be the support off and put d = 2 1dist(K, 8(J). If is
amollifier, then E fore <2d. Ifencef&*f d1i = Ofore < 2d.
But if L {z : dist(x, K) � d}, then * f —p f uniformly on L (3.6.c)
and soffdp=fLfdlI= 0

3.8 Theorem. IfGisan open subset ofRandUisan open cover of C,
then there is a partition of unity on C that is subordinate to U and consists
of infinitely differentiabk functions.

Proof. it is easy to see that C can be written as the union of a sequence
of compact sets {Kij with K,, ç mt (see 7.1.2). Thus according to
Theorem 2.3 there is a countable locally finite refinement B of U such
that B consists of balls. Let B LJJ,,, where B,, is a finite cover of
K,,\int JC,,_1(Ko = 0); put B,, = :1 � k p,,}. Arrange matters

with K, \int K,,_1 ç mt L,, ç L,, ç UkB,,k. According to Proposition 2.4
there are continuous functions {f, : 1 � k � p,,} such that 0 � 1,
support f,,acB,,*, and forallzinL,,.

Now choose e,, > 0 so that it is simultaneously less than dist(K,, \
mt K,,_1,R \ and dist(support f,,k,OB,,k); put 'I'nk = * In*,
where is a regularizer. The function is infinitely differentiable
by the preceding proposition and it is clearly positive. Also the defini-
tion of '1b,,k shows that for any point z, � f = 1. Since
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e,, <dist(support the preceding proposition implies that sup-

port Finally, if x E K, \ mt

=

But — y) = 0 unless — yJ By the choice of x this implies
that y E and so fnk(v) = 1. Thus = 1 for all z in
K \ mt Hence = � 1 for all x in G. If

1

sought after partition of unity. 0

We now state a somewhat abstract form of Leibniz's rule for differenti-
ating under the integral sign.

39 Theorem. Let (Y, E,i) be a measure space, let C be an open subset
ofk,andlete,
measunzble function that satisfies the following conditions:

(a) .foreachxinGthefunctiony—.f(x,y)beiongstoL'(P);
(b) exists for a.e. [p) y in Y and all x in G;

(c)
forsmollreolnumbersstichthatO(t)—'Oast—'O and

f(x + te,,y) — f(x,y)
— = g(y)O(t)

a.e. [4 Then F(z) ff(x,y)dp(y) exists and is differentiable with
respect to with

ÔF 10/
= j

3.10 Corollary. If 0 is a continuously differentiable function with compact
support and / L1(A), then f is continuously differentiable and 0(0 *
1)/Ox, = (00/Ox,) * / for 1 � j d.

Now to reset the definitions and results for convolution on the circle.
Since OD is compact, all regular Borel measures on the circle are finite and
so the discussion of convolution is simplified. It is no longer necessary to
consider locally integrable functions. Let M(OD) be the space of complex-
valued regular Borel measures on OD. If and ii M(OD), define L:
C(OD)-'Cby

3.11 L(f)
= f J f(zw)dgi(z)dv(w)80 80
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for all / in C(OD). If L : C(OD) —. C is defined as in (3.11), then L is a
bounded linear functional and ILII < I,iII IIi'I. Since this linear functional
L is bounded, the Riesz Representation Theorem implies there is a unique
measure on OD corresponding to it.

3.12 Definition. If p and v e M(OD), then p * ii is the unique measure
in M(8 1)) such that

Ji d(p * ii) f f f(zw) dp(z) dv(w)
8D 8D

for all I in C. The measure p * v is called the convolution of p and v.

3.13 Proposition. lIp, u, and E the following hold.

(a) and IIp*vII S IIPIIIIi'I.
(b) and v positive, then p * ii � 0.

(c)

(d)

(e) ff6, is the unzt point mass at!, then 6,

There is an equivalent way to define p * ii as a function defined on the
Borel subsets of 8 D. See Exercise 3.

3.14 Proposition. If f andg E L'(8D), p = fm, ii = gin, and/i 8D
C is defined by

h(z)
= f f(ziii) g(w) dm(w)

for z in OD, then 4 E L'(OD) and p * ii = hm.

3.15 Definition. If f and g E L', then the convolution of f and g is the
function

(f * g)(z)
= f g(w) dm(w).

Note that the preceding proposition shows that the definitions of convo-
lution for measures and functions are consistent. Also the basic algebraic
properties for the convolution of two functions can be read off from Propo-
sition 3.13. In particular, it follows from part (a) of Proposition 3.13 that

Ill * gil, Ill, ugh,.
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Exercises

1. Is Proposition 3.1 valid if it is not assumed that is continuous?

2. 1ff E L'(&*z'), show that ffdp*v — ff f(x—y)dii(z)dv(y). State
and prove the analogous fact for convolution on the circle.

3. if E is a Borel subset of show that * v)(E) = x v)({(x, y)
Rd x Rd x + y E E}). State and prove the analogous fact for convo-
lution on the circle.

4.
State and prove the analogous fact for convolution on the circle.

§4 Distributions

In this section we will concentrate on distributions on an open subset of
the complex plane. The definitions and results carry over to distributions
on open sets in R, and we will need some of these facts for distributions
on R. However we will need to see some of the relationships involving
functions and distributions of a complex variable and obtain information
about analytic and harmonic functions. Thus the specialization. It will be
left to the reader to carry out the extension to R.

We make the convention, in line with the mathematical community, that
for any region C in C, V(G) The reader should regain acquain-
tance with the notation 04 and from §13.2.

4.1 Definition. If C is an open subset of C, a di3tribution on C is a linear
functional L V(G) C with the property that if K is any compact subset
of C and {jik} is a sequence in D(G) with support 0k K for every k � 1,
and if for all m,n � 1, 0 uniformly for z in K as k oo,

then 0. The functions in D(G) are referred to as test functions.

It is possible to define a topology on D(G) such that V(G) becomes a
locally convex topological vector space and the distributions are precisely
the continuous linear functionals on this space. See §4.5 in Conway [1990J.
This observation has more than psychological merit, as it means that results
from functional analysis (like the Hahn-Banach Theorem) apply.

4.2 Example.

(a) If u E then u defines a distribution via the formula
= fuq5dA.

(b) If is a measure on C, then .t defines a distribution LM via the
formula =



186 18. Concepts

The verification of these statements are left to the reader. Also note that
if L is a distribution on G, then and 4 —' also define
distributions on G. This justifies the following definition.

4.3 Definition, if L is a distribution on C, let OL and be the distri-
butions defined by = and =

The minus signs are placed here in the definition so that if u is a contin-
uously differentiable function on C, then = and = as
can be verified by an application of integration by parts.

For the most part we will be concerned with distributions that are de-
fined by locally integrable functions, measures, and the derivatives of such
distributions. Be aware, however, that the derivative of a distribution de-
fined by a function is not necessarily a distribution defined by a function.
If U E LL(G), we will often consider Ou as the distributional derivative of
u. That is, .9u is the distribution and the caution just expressed is the
reminder that 8u is not necessarily a function. Similar statements hold for
9u and all higher derivatives.

In Lemma 13.2.6 and Lemma 13.2.10 it was shown that for any w in C
the functions z (z—w)' and z log Iz—wI are locally integrable. The
derivatives in the sense of distributions of these functions are calculated
below. These will see special service later in this book. For the sake of
completeness, however, some additional distributions are introduced.

4.4 If n � 1 and i/ E then

urn I

exists and is finite.

Proof. Let R be sufficiently large that support B(0; R). By Taylor's
Formula (13.2.4) = p is a polynomial in z and I of
degree � n — 1, each derivative of g of order n — I vanishes at 0, and

for some constant C. Thus

f 4!dA(z).
IzI�e Z Z Z

Now the first of these two integrals is a linear combination of integrals of
quotients of the form for k, m � 0 and k + m <n. But

I' fR1f2R
/ dA(z) = j j ,.k+m_n_ld,.

JR>IzI�e Z J0 [J0
=0
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since k — m — n 0. On the other hand is bounded so that

urn I I
Jtzt<R

a finite number. 0

4.5 Proposition. For n � 1 define PV, V —' C by

Pvn(qs)limf
(—.0 IzI�e Z

Then PV, defines a distribution and

= =

where öo is the unit point mass at the origin.

Proof. The preceding lemma shows that is defined and finite. It
must be shown that it is a distribution. So let R be a positive number,
let be a sequence of test functions with supports all contained in
B = B(0; R), and assume that for all k, m � 0 0 uniformly
on B. Again use Taylor's Formula to write = p, ÷ g3, where p, is a
polynomial in z and ! of degree n — 1 and each derivative of g1 of order
� n —1 vanishes at 0. the proof of the preceding lemma it is known
that

J Z Z

and

IzISR

But Taylor's Formula also implies that for each j � 1,

E IwI � R}.

Thus 0 uniformly on B. Therefore —' 0 and PV, is
a distribution.

To find fix a test function with support contained in B =
8(0; R) and write = p + g as in Taylor's Formula. Using the definition of
the derivative of a distribution

= _limJ
e—.0 IzI�e Z

=
+ dA(z)

= — tim J d..4(z).
e—0 IzI�e
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So we must show this last limit is 0. To do this it suffices to show that
the complex conjugate goes to 0 as e 0. This permits the application of
Green's Theorem and so

f = fIzI�e

= _!f ±dz
2i

=
2 Jo

1 12w

— J

j
But there is a constant C such that � for R. Therefore

< max

� Cire,

which converges to 0 as E —0.
Now to find Let p,g, and B(O; R) be as above. Once again an

application of the definition of the derivative of a distribution and Green's
Theorem show that

— .11
—1

= —lim— 1 tee dO
e—ø 2 j0

=
2e"_l

f2w

Now substitute p+g for in this integral It is left to the reader to show that
the limit of the integral for g is 0. For the integral involving the polynomial
p, note that the integral of alt the terms involved are 0 save possibly for
the term with Here we have that

L = iT.

Now the coefficient of in the expression for p is — 1)!.
Assembling these pieces produces

=
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=
i

0

Two special cases of this are worth underlining. Note that in the preced-
ing proposition when n = 1 the functions and are locally integrable
and thus define a distribution. Combining this with Exercise 3 we get the
following.

4.6 Corollary. For any point w in C,

— w)_tI = O[(z — = —PV2

— = — =

where i3 the unit point mass at w.

4.7 Proposition. If w E G, then, in the sense of distributions on C:

(a) — = f2(z — w)J' and slog — —

(b) — wI = where is the unit point mass at w.

Proof. (a) if E D(G), let r be a smooth positive Jordan system in G

such that B3 = B(w;e) U and let U3 = U\B3. So using Green's
Theorem

Iz — wI dA(z)

= — wIdA(z)

— —wJ}dA(z)

tim
e—O

2 Ju z — w

But

f log Iz — wtdz =
—f log Iz — wJ dz

OUr

= —E loge]
0
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and this converges to 0 as 0. This proves the second half of (a). To get
the first half, just apply Exercise 3.

(b) This is a consequence of (a), the preceding corollary, and the fact

that it is not possible to define the product of two distributions, but
if L is a distribution on C and 4, is a test function, then
defines another distribution on C. This produces a product rule.

4.8 Proposition. If L is a distribution on C ond4, is a test function, then
8(4,L) = (84,)L + 4,(ÔL) and = +

The proof is left as an exercise.
Say that a distribution L on G is positive if L(4,) � 0 whenever 4, is

a non-negative test function. An example of a positive distribution is one
defined by a positive measure. The next proposition provides a converse.

4.9 PropositIon. The distribution L on G is positive if and only if there
isap,sitivemonGsuchthatL(4,)f4,dz.
Proof. To prove this proposition it must be shown that for any compact
subset K of C there is a constant C such that � Cfl4'1100 for
every real-valued test function 4, with support contained in K. Indeed, if
this is done, then the fact that the infinitely differentiable functions with
support contaIned in K are dense in Co(int K) allows us to extend L to a
hounded linear functional on Co(int K). From here we produce the measure
on C (details?).

Let be a test function with compact support in C such that 0 1

and = ion K. (See Exercise 1.) If 4, is a real-valued test function with
support included in K and fl4,flOQ 1, then —st' � 4' Because L is
positive, this implies that � L(4,) � L(tI'), That is, C,
where C Thus for any real-valued test function
with support included in K. 0

4.10 Weyl's Lemm*. If u LL(G) and =0 as a distribution, then
thereisahoxinonicfunctionfonGsuchthatu=fa.e.fAreaJ.

Proof.
C dist(z, OG) > ö}. Note that z)) = — z)). Hence if

E V(G6), then

/ * u) d..4 = * u)(w) dA(w)

= Ju(z) — z)dA(w)] dA(z)
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= Ju(z) — z)] dA(w)] dA(z)

Ju(z) — z)J dA(w)] dA(z)

= [f — z)dA(w)] dA(z)

= / * (z) dA(z)

=

=0.

when 0 <c <6. By part (d) of Proposition 3.6, * u — uJ dA —.0 a8
e 0 for any compact subset K of Since Bergman spaces are complete,
U E for any open set U with ci U c Since 5 was arbitrary, the
result follows. 0

4.11 Corollary. If u is a locally iutegnzble function on G and =0 in
the sense of distributions, then there is an analytic function f on 0 such
thatu=f a.e. fAred.
Proof. Since = 0, = 0. But Weyl's Lemma implies that u is
harmonic on 0. In particular, u is infinitely differentiable. It now follows
that u is analytic (13.2.1). 0

This corollary is also referred to as Weyl's Lemma. Indeed there is the
mother of all Weyl which states that if L is a distribution on C
and D is an elliptic differential operator such that D(L) = 0, then L is
given by an infinitely differential function u that satisfies Du =0. Both 0
and are examples of elliptic differential operators.

Exercises

1. If K is a compact subset of the open set U in C, this exercise shows
how to construct an infinitely differentiable function that is 1 on K
and has compact support inside U. (a) Define 91 on R by 91(x)

C0° function. (b) Put g(x) = — z) for all z in R and show
that g is a C0° function, g � 0, and g(z) 0 for x (0,1). (c) If
M = fg(z)dx and h(z) = M-' fg(t)dt, then his a C°° function,
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k(x) = 1 — h(2x — 1) for x � 0 and extend k to the negative real
axis by letting k(x) = k(—x) for z 0. Show k is a function,
o k � 1, k(x) = 1 for IxI < 1/2, and k(x) = 0 for IxI � 1. (e) Now

define f C IR by 1(z) k(IzI) axid show that / is a C°° function,
O � f � 1, 1(z) = 1 for � 1/2, and f(z) = 0 for IzI � 1. Ife >0,
define fe(z) = f(z/e) and put C = ff(z)d..4(z). Check by using
the change of variables formula that f fe(z) d..4(z) Ce2. If &(z) =

then is a C°° function, � 0, f d..4(z) = 1,

and = 0 for e. So {&} is a mollifler as in (3.6). (f) Let
K be a compact set, let U be open, and suppose that K U. Let

be any continuous function with 0 < � 1, = 1 for z in K,
and = 0 for z U. Show that for an appropriate choice of e,
4) * is a C°° function with compact support contained in U,
0< 1, and 4)(z) =lfor alIz in K.

2. Show that if u is locally integrable such that Ou exists a.e. [Area] on
C and thi is locally integrable, then OL,, =

3. Show that for any distribution L, L'(4)) defines a distribution
and (OL) = = OL'.

§5 The Cauchy 1\ansform

In this section we introduce and give the elementary properties of the
Cauchy transform of a compactly supported measure on the plane. This
is a basic tool in the study of rational approximation, a fact we will illus-
trate by using it to give an independent proof of Runge's Theorem.

If p is any compactly supported measure on C, let

= 11W zj
dliti(z)

when the integral converges, and let ji(tv) = 00 when the integral diverges.
It follows from Proposition 3.2 that ji is locally integrable with respect to
area measure. Thus ji is finite a.e. [Area]. (Also see Lemma 13.2.6.) Since
ji E the following definition makes sense.

5.1 Definition, if p is a compactly supported measure on the plane, the
Cauchy transform of p is the function fi defined a.e. [Areaj by the equation

In fact the Cauchy transform is the convolution of the locally integrable
function z1 and the compactly supported measure p.
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5.2 Proposition. If i is a compactly supported measure, the following

statements hold.

(a) is locally integrable.

(b) is analytic on

C \ support(js) and n � 0,

(—1)"n! f(z —

(d) 0 and the power series of near oo is given by

Proof. The proof of (a) follows the lines of the discussion preceding the
definition. Part (c), and hence the proof that is analytic on
follows by differentiating under the integral sign. Note that as w 00, (z —

w'(z/w — 0 uniformly for z in any compact set. Hence
has a removable singularity at oo and = 0.

It remains to establish (d). This is done by choosing R so that
B(0; R), expanding (z — w)' = —w'(l z/w)' in a geometric series for

> R, and integrating term-by-term. 0

A particular Cauchy transform deserves special consideration.

5.3 Proposition. If K is a compact set having positive area and

1(z) —

z in C and f(oo) = 0, then I C is a continuous function
that is analytic on C,0 \ K with f'(oo) = —Area K. In addition,

If(z)l (ir Area(K)J'12.

Proof. The fact that f is analytic on C \ IC and f(oo) = 0 follows from
the preceding proposition. That is a continuous function on is left as
an exercise for the reader (see Exercise 1). Since f is continuous at oo, 00
is a removable singularity; because f(oo) = 0, f'(oo) is the limit of zf(z)
as z —, oo. But zf(z) = JK(C/z — 1)'dA(() —Area K as z oo since

It remains to prove the inequality for jf(z)l. This inequality is due to
Ahifors and Beurling (19501, though the proof here is from Gamelin and
Khavinson the properties we have already established and the
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Maximum Modulus Theorem, f attains its maximum value at some point
of K. By translating the set K, we may assume that 0 E K and / attains
its maximun at 0. In addition, if K is replaced by a suitable unimodular
multiple of itself; we may assume that f(0) > 0. Thus

Jf(z)J � /(0)
= f Re dA(C).

1/2
c = and let a = 1/2c. It is elementary to see that

the closed disk 1) = a) is {z Re(1/z) � c} and that D and K
have the same area. ThusA(DflK)+A(D\K) = A(D) A(K) =
..4(D fl K) + A(K \ D); hence A(D \ K) = A(K \ D). On the other hand,
Re(1/C) � c for ( in K \ D and Re(1/C) � c for in D \ K. Therefore

/(0) � f Re dA + cA(K \ D)
KnD C

= fKnD C

< f Re!
KnD C D\K C

= JRe!SA.DC
We leave it to the reader to show that for 0<r< a,

by converting this to an integral around the circle z = a + red. Hence
converting to polar coordinates, we get that

t ijRe—dA= I! Re .dOrdr
JD C J0 Jo

,a i
= IRe! .d9rdr

Jo J0 a+r#
=

Jo a
= ira

FAreaKl"2

= IlrAreaK]'I2.

C
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Note that if p = then 11(z) (a — z)1. So in general the Cauchy
transform of a compactly supported measure is not continuous.

Since 11 is locally integrable, it defines a distribution on C and so it can
be differentiated.

5.4 Theorem. I/p is a compactly supported measure on C, then

Moreover, 11 is the unique solutwn to this differential equation in the sense
that ifhELioc suchth h=-irp,hisanalytic inanei9hborhood of oo,
and h(oo) =0, then h =11 a.e. (Area].

Proof.

= —

J — w)' dA(z)] dp(w).

By Corollary 13.2.9 this becomes = f djs, whence the first part
of the theorem.

For the uniqueness statement, suppose h is such a function. It follows
that — h) = 0. By Weyl's Lemma (4.11), — h is almost everywhere
equal to an entire function f. But f = 11—h has a removable singularity

0

5.5 Corollary. ij C is an open set, p is a compactly supported measure
on the plane, and 11 0 s.c. on C, then =0.
Proof. C°(G), then f çbdp = —ir' =0. It follows by Propo-
sition 3.7 that Ipl(G) =0. 0

5.6 Corollary. If C is on open set, p is a compactly supported measure
onthepiane, and11is analytic onG,

the premier tool in uniform rational approxi-
mation and in the next section this statement will be borne out.

Exercises

1. If f is a function that is lntegrable with respect to Lebesque measure
and has compact support, show that the Cauchy transform of p = fA
is a continuous function on

2. When does equality occur in the inequality in Proposition 5.3?
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3. Using the method used in proving Proposition 5.3, show that for any
compact set K, fK Iz — 2[irArea(K))'12. When does
equality occur?

4. Let be a measure with compact support and suppose g is a con-
tinuously differentiable function with compact support. if ii = —

• A, then L' = gji.

5. (a) if ,.i and v are measures with compact support such that fi and
Li are continuous functions, show that is the Cauchy transform of
Lips + fly.

(b) Show that if K is a compact set, then {iz : h is a bounded).
Borel function with compact support and h = 0 a.e. on K} is a dense
subalgebra of R(K).

(c) if K is compact and E is a Borel subset of K, define R(K, E) to
be the closure in C(K) of {ii : h is a bounded Borel). function with
compact support and h 0 a.e. on E}. Show that R(K, E) is a sub-
algebra of C(K) with the following properties: (1) R(K) c R(K, E);
(ii) a measure p supported on K is orthogonal to R(K, E) if and only
if fi = 0 a.e. on C \ E; (iii) if Area(E) = 0, R(K, E) = C(K); and if
Area(K \ E) 0, R(K, E) R(K).

§6 An Application: Rational Approximation

In this section the Cauchy transform will be applied to prove two theorems
in rational approximation: the Hartogs-Rosenthal Theorem and Runge's
Theorem. But first a detour into some general material is required. The
next result shows that by means of the Hahn-Banach Theorem questions of
rational approximation in the supremun norm can be reduced to questions
of weak approximation.

6.1 DefinitIon. If K is a compact set in the plane, R(K) is the uniform
closure in C(K) of Rat(K).

Note that R(K) is a Banach algebra.

6.2 Theorem. I/K is a compact subset of C andp is a measure on K,
then pJ..R(K) if and onty if fl(w)=O a.e. (Area] onC\K.

Proof. Assume p..LR(K) and note that for w K, (z — w)' E R(K).
Hence fi(w) = 0 off K. Conversely, assume that (i = 0 a.e. (Area] off K;
since is analytic off K, fi is identically Ooff K. This implies that all the
derivatives of vanish on C,,,, \ K. Ftom (5.2.c) and (5.2.d) we get that

annihilates all polynomials and all rational functions with poles off K.
Hence plR(K). 0
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Here is a classical theorem on rational approximation obtained before the
introduction of the Cauchy transform. Note that it extends the Weierstrass
Approximation Theorem.

6.3 Hartogs-Rosenthal Theorem. If Area(K) =0, then R(K) = C(K).

Proof. Let p E M(K) such that piR(K); so =0 off K. Since Area(K)
0, this implies that = 0 a.e. [Area] on C. By Corollary 5.5, p 0. By the
Hahn-Banach Theorem R(K) = C(K). 0

One of the main ways in which Cauchy transforms are used is the fol-
lowing device. Assume p is supported on the compact set K and let /
be analytic on an open set G with K C. Let r be a positively ori-
ented smooth Jordan system in C such that K c ins F. Thus for every
z in K, 1(z) — An application of Fubini's
Theorem now implies that

6.4 Jf(z) dp(z) — f(w) dw.
2irz r

6.5 Runge's Theorem. Let K be a compact subset of C and let E be a
subset \K that meets each component \K. If / is analg,tic
in a neighborhood of K, then there are iutionalfwictions {f,,} whose only
pole-s are in the aetEsuch that unsforrniy on K.

Proof. Let p be a measure on K such that 194=0 for every rational
function g with poles contained in B. it suffices to show that ff dp = 0
for every function I that is analytic in a neighborhood of K.

Fix a component U of COO\K and let w E UnE; assume for the moment
that w co. Using (5.2.c) we get that every derivative of .â at w is 0. Thus
js(z) 0 on U. 11w oo, then the assumption on p implies that fpdp = 0
for all polynomials. Thus using (5.2.d) we get that IA(z) 0 on U. Hence
vanishes on the complement of K (and so pJ..R(K)). If C and F are chosen
as in the discussion prior to the statement of the theorem, (6.4) shows that
ffdp=0. 0

Uniform rational approximation is a subject unto itself; Conway [1991j,
Garnelin [1969J, Stout [19711 are a few references.

Exercises

1.

function with compact support, put = — Prove the
following. (a) = (b) p..LR(K) if and only if for all
smooth function 0 with compact support. (c) R(K) = C(K) if and
only if for every closed disk D, R(KflD)=C(KnD).



198 18. Fundamental Concepts

2. If K is a closed disk or an annulus, show that R(K) = A(K), the
algebra of functions on K that are analytic on its interior.

3. Show that there are open disks } of radius having the following
properties: (i) ci ç D and ci flcl = 0 for i j; (ii)
Er5
a cheese. For j � 1, let 7j be the boundary of iS, with positive
orientation and let iij be the measure on K auth that f / dv1
—j, f for every f in C(K). Note that Let the
positively oriented boundary of D and let v0 be the measure on K
such for every/in C(K).LetpEvo+E, PS,
a measure in M(K). Show that pJ.R(K) and, since p 0, R(K)
C(K) even though K has no interior.

§7 FourIer Series and Cesèro Sums

Throughout this section, normalized Lebesgue measure on OD will be de-
noted by m, and the Lebesgue spaces of this measure will be denoted by
LP(OD) or simply 1/. Note that since m is a finite measure, £P(8D) ç
L'(8D) for 1 p < oo. So results obtained for functions that belong to
V are valid for functions in L". We also will be concerned with the space
of continuous functions on 8D, C = C(8D), and its dual, the space of
complex-valued regular Borel measures on OD, M = M(OD).

7.1 DefinItion. If p E M(8D), then the Fourier transform of p is the
function : Z -+ C defined by

(First our apologies for using the same notation for the Fourier transform
of p as for the Cauchy transform, but here is an instance where tradition
is best followed.) Now if f e L', then dp = fdm is a measure and so its
Fourier transform can also be defined. Here the notation used is I =

For any measure p we call : n Z} the Fourier coefficients of p.
The series is called the Fourier series for the measure p.

The idea here is that we would like to know if the measure or function
can be recaptured from its Fourier series. That we should have any right
to have suchahope stems from the dens yofacert set of functjons A
trigonometrie polynomial is a function in C(ÔD) of the form

7.2 PropositIon. The trigonometric polynomials are uniformly dense in
C(8D) and hence dense in LP(8D) for 1 p < oo; they are weak dense
in Thus {z" : n E Z} is an orthonormaj basis for L2(OD).
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Proof. The first part is an easy consequence of the Stone-Weierstrass The-

orem. The last statement only needs the calculation necessary to show that

the functions are orthonortnal. 0

7.3 Corollary. If p E M and =0 for all n in Z, then p is the zero
menstsre.

The preceding corollary says that a measure is completely determined
by its Fourier coefficients. Thus we have the hope that the measure can be
recaptured from its Fourier series. At least in the case of functions in the
space L2 this hope is borne out.

7.4 Theorem. If f E L2(OD), then I E e(Z). If V: L2(OZ) 12(Z) is

defined by Vf = I, then V is on of the Hilbert spaces.

Proof. The first part, that / E t2(Z), as well as the statement that V is
an isometry, is a direct consequence of Parseval's Identity and the fact that

is a basis for L2(oD). If f = zm, then it is straightforward to check
that 1(n) = 0 if n m and J(m) = 1. Thus the range of V is dense and
so V must be an isomorphism. U

Theorem 7.4 says that, at least in the case of an L2 function, the Fourier
series converges to the function in the I? norm. This is not the case for
other functions and measures, but the intricacies of this theory are more
appropriately handled by themselves. Instead we will concentrate on what
is true and will have value for later in this book.

The reader interested in pursuing convergence of Fourier series can see
Chapter ii of Katznelson (1976]. In particular it is proved there that the
Fourier series of a function in 1 <p < oo, converges to the function in
norm and that this is false for L'. He also gives an example of a continuous
function whose Fourier series diverges at a point and thus cannot converge
uniformly to the function. The story for pointwise convergence is much
more complicated. It was proved in Carleson [1966] that the Fourier series
of a function in L2 converges a.e., This was extended in Hunt [19671 to
I?, p> 1. An exposition of the Carleson and Hunt work can be found in
Mozzochi [1971]. In Katznelson [1976] is the proof of a result of Kolmogorov
that there is a function in L1 whose Fourier series diverges everywhere.

For any formal Fourier series z in 01), let s,,(z) be the n-
th partial sum of the series, s,1(z) = ckzk. The n-th Cesàro means
ofthesenesisdeflnedforzinODby

=

It is worth noting that a Cesàro mean is a trigonometric polynomial. By
the n-tb partial sum and the n-th Cesàro mean for the measure p, we
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mean the corresponding quantity for the associated series. To indicate the
dependence on p, these sums are denoted by z) and z); if f E
17, z) and are the corresponding sums.

Recall that M = C, and hence M has a natural weak* topology.
Here is the main result of this section.

7.5 Theorem.

(a) IffED',
(b) 1ff E C, f uniformly on ÔD.

(c) 1ff 17°, z) f in the lveak* topology of

(d) If p M, —. p in the wea1? topology of M. (Here we think
of the Cesàro mean z) as the measure z) m.)

The proof will be obtained by a recourse to operator theory on a Banach
space. If X is one of the Banach spaces under consideration (that is, X =
17, C, or M), define cry, : X —' X by letting = the n-th Cesàro
sum of x. (if X = M and p E M, then is the measure that is
absolutely continuous with respect to m whose Radon-Nikodym derivative
is the trigonometric polynomial To prove the theorem, it must be
shown that ifX = 1 <p < oo, or C, then 0, and if
X = 17° or M, then —' x weak for every z in X. Actually we will
see that the last part follows from the first part and a duality argument.
But first we will see that is actually an integral operator.

if! E V with Fourier series then

(f, z)
= {J

f 1(w) dm(w).

Therefore

7.6 = ff(w)Kn(Wz)dm(w),

where K, is the n-th Cesàro mean of the formal series (". This
kernel K,, is called Fejer's kernel. The same type of formula holds for a
measure p:

7.7 =

To properly study we need to get a better bold on the kernel K,,. To
do this, let's first look at the n-th partial sum of the series c". So
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if (

= k=—n

=

= + _-l
1—c 1—i;

—

1-Re(
— cosnO—cos(n+l)8
— 1—cos8

From here it follows that

78 K

7.9 Lemma. For each ii? 1, � 0, and f K,dm = 1.

Proof. Applying the half angle formulas from trigonometry to (7.8), it
follows that = n'[(sin(n8/2))/sin(8/2)}2 � 0. It is also clear from
(7.8) that the second part is valid. For the last part, use (7.6) with f
0

7.10 Lemma.

(a) II 1 p < co and q is the index dual to p, then the adjoint of the
operator a,, LI' —' LI' is the operator a,, : —. LI.

(b) The adjoint of the ope opemtorc,,:M—sM.

Proof. Only part (a) will be proved. Let f E LI' and g E LI. By inter-
changing the order of integration and using the preceding lemma, it follows
that

[f f(w)Kn(Wz)dm(w)J dm(z)

= /1(w) [f g(z)Kn(iiJz)dm(z)] dm(w)

= f f(w) [J dm(z)] dm(w)

= (f,a,,(g)).

0
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We can now state a general Banach space result that, when combined
with the preceding lemma, will show how parts (c) and (d) of Theorem 7.5
follow from parts (a) and (b).

7.11 Propoeition. Let X be a Banach space and let be a sequence
of bounded operators from X into X.

(a) If <oo, D is a dense subset of X, and — — 0 for
ails in!),

(b) If —0 for ails in X, then for every 5 inX,
weak inX.

Proof. (a) Ifs E Xande isapositivenumber, let yE Dsuch that
lix—yll <min(e/2c,e/2), wherec = Then �� This can be made less than
e for all sufficiently large n.
(b) This is easy: J(z, — = — x, x)I S — xfl —. 0.

0

We can now prove the main theorem.

Proof of Theorem 7.5. (a) Let f U' and let g where q is dual top.
First note that, by a change of variables, z) f
f f((z) dm(C). Hence

=
{J

f(w)Kn(w_Liz)dm(w)}

= dnz(z)1

=
dm(z)} dm(()f

� JKn(C) / dm(z) dm(t).

Applying Holder's inequality and using the fact that f dm(z) =
ffdm, we get

� JKn(C)IIgIPqIIfIlpdm(()

�
1 foralln.Itiseasytocheckthatforanyintegerk,

uniformly as n —. oo. Thus for a trigonometric polynomial

f, f uniformly as n —, 00. Since the trigonometric polynomials
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are dense in for all finite p, part (a) follows from part (a) of the preceding
proposition.

(b) This is easier than part (a). 1ff E C, then z)I < f If(w)l
dm(w) � 1111100 and so � 1. Since convergence holds for the trigono-
metric polynomials, part (b) follows.

As mentioned before, parts (c) and (d) follow from parts (a) and (b) via
the second part of the preceding proposition. 0

Exercises

1. Compute the Cesàro means of the unit point mass at 1.

2. lIp and i/EM, show that for alln in Z.

3. In this and succeeding exercises a concept is presented that can be
used to give some of the results of this section a unifying treatment.
For details see Katznelson [1976), p. 14. For any function I on 3D
and z in 3D, define f2(w) = A linear manifold X in L' is
a homogeneotis space if: (i) X has a norm such that 11111 �
IllIii for all f in X and with this norm X is a Banach space; (ii)

f in z
3D into X. (a) Show that C(8D) and 1 � p < 00,

are homogeneous spaces. (b) Show that L°° satisfies properties (1)
through (ill) in the definition, but is not a homogeneous space. (c) If
X is a linear manifold in L' that satisfies conditions (i) through (iii)
in the definition of a homogeneous space and is defined as the set
of all f in X such that the function z —' f2 is a continuous function
from 3D into X, show that X (and hence
a homogeneous space). if X = L°°, show that = C.

4. This exercise continues the preceding one; X denotes a homogeneous
space. (a) 1ff E X and 9 E L', show that f * g X. (b) If o,%(f) is
as in (7.6), show that — —. 0 for every / in X. (c) Show
that the trigonometric polynomials are dense in X.

5. If X and X are as in part (c) of Exercise 3, show that E

for all I in X. Prove that X the trigonometric
polynomials.

6. This exercise continues Exercise 4 and maintains its notation. If z
X and z E 3D, define = x(f2) for all f in X. (a) Show that
11z11 = 11x11 and z —' is a continuous function from 3D into
(X,wk). (b) If is as in (7.6) and : X is its dual map,
show that —+ x(wk) in X for all z in X.





Chapter 19

Harmonic Functions Redux

In this chapter a treatment of the Dirichiet problem for sets in the plane is
presented. This topic will be continued in Chapter 21 when harmonic mea-
sure and logarithmic capacity are introduced and applied. Some material
from Chapter 10 must be restated in the more general setting needed for
the more extensive study of harmonic functions. In Chapter 10 all functions
considered were continuous; here measure theory will be used to broaden
the class of functions. The attitude taken will be that usually results from
Chapter 10 will be restated in the more inclusive context, but proofs will be
furnished only if there is a significant difference between the proof needed
at present and the one given for continuous functions.

The chapter begins by returning to a closer examination of functions
defined on the unit disk, D.

§1 Harmonic Functions on the Disk

The notation from remains in force. Recall the definition of the Pois-
son kernel: for w in c9D and JzI <1,

=
\ I — zw

=

The reader should review the properties of the Poisson kernel from Propo-
sition 10.2.3.

If EM and < 1, define ji(z) = Similarly, if f EL',
define f(z) = f f P,, dm. These definitions are consistent since fm = /. It
is not difficult to prove the following.

1.1 Proposition. E M(OD), then is a harmonic function in ID.

Note that we are dealing with complex valued harmonic functions here.
1ff E C(OD), then we know that f is the solution of the Dirichiet problem
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with boundary values / (see Theorem 10.2.4). Indeed, this is given another
proof in Theorem 1.4.a below.

Ifu:D—Cand0 < r < 1,deflneu, :8D—Cbyur(w)ufrw)forw
in 8 D. We will sometimes want to consider the function u, as defined on
D or ci D by the same formula, but no separate notation will be employed.

ffp E M and 0< r < 1, then is an element ofC(OD) by the preceding
proposition. Thus if 1�p� oo and IE LI', f,. E L" and so we can define
the operator T, : LI' LI' by T,.f = f,.; similarly, we can define 2',. : C -+ C
byT,.f=f,.andT,.p:M-.MbyT,.ji=iI?m.

1.2 Proposition.

(a) ForX=LP,C,orM,T,.:X-4Xisaboundedlinearopenztorwith
ItT,.II � 1 for all r.

(b) I/i � p < oo and q is conjugate top, the dual of the map T,. : LI' -.

(c) eduoiofthemapT,.:C-.CisthemapT,.:M-+M.

Proof. (a) This will only be proved for X = LI'. Let / E LI' and let h E Li',
where q is the index that is conjugate top. Thus

(T,.f,h) = f!r(()h(C)dm(()

1.3
= 1 [11(w) dm(w)]

Substitute wC for vi in this equation and use the following two facts: this
change of variables does not change the value of the integral and Pr<(W()
P,.(W).ThiSgiV€S

I(Trf,h)I
=

[Jf(wC)Pr(w)dm(w)]

J P,.(w) [f
dm(w)

� liflip

since f P,.(w) dm(w) = 1. This shows that IlTrif < 1 for all r. It is easy to
see that T,. is linear.

(b) If / E LI' and h then use the fact tuat =
for lvii = KI = 1 to obtain

(T,.f, h)
= f [ff(w) dm(w)] h(() dm(()

= f [J h(() Prw(() 1(w) dm(w)

= (f,Trh).
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The proof of (c) is

1.4 Theorem.
(a) IJfEC(OD),
(b) Ifl�p<oo andfEL"(OD), then

(c) Ifp E M(OD) and if p,. is the element of M(OD) definedby Pr =
(fl), m, then p,. p weak' in M(OD).

(d) If / D), then I,. —' / weak' in D).

Proof. =r"z"forallninZ.Hencefora
trigonometric polynomial f, 7',] —, f uniformly on OD as r —# 1. Since

1 for all r, Proposition 18.7.2 implies that (a) and (b) hold. Parts
(c) and (d) follow by applying Proposition 18.7.11.b and Proposition 1.2.c.
a

As was said before, part (a) of the preceding theorem shows that, for f
in C(8D), / baa a continuous extension to ci D, thus solving the Dinch-
let problem with boundary values f. For / in L'(8D) we can legitimately
consider / as the solution of the Dirichiet problem with the non-continuous
boundary values I. Indeed, such a perspective is justified by the last the-
orem. Further justification is furnished in the next section when we show
that f can be recaptured as the radial limit of f.

Now suppose that u: D -. C is a harmonic function. What are necessary
and sufficient conditions that u = ji for some measure p? Before providing
an answer to this question, it is helpful to observe the consequences of a few
elementary manipulations with the basic properties of a harmonic function.

ffuisharmonicandrealvalued,thereisananalyticfunctionf:D-.C
with u = Re f. Let 1(z) = >J,, be the power series expansion of
/ in D. So for w in 8D and 0 < r < I the series converges
absolutely and thus

= + f(rw)']

=

a complex valued harmonic function u: D C, a consideration of its real
and imaginaryparta sbowsthat for wI=1 andr< 1,

1.5 u,(w) =
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for some choice of constants Moreover the series (1.5) converges uni-
formly and absolutely for w in 011). It follows that (1.5) is the Fourier
series of the function u,.. The next lemma formally states this and gives
the analogous fact for measures.

1.6 Lemma.

(a) If u : D C is a harmonic function and 0 < r < 1, the Fourier
series for U,. is given by the formula (1.5).

(b) E M(OD), then the Fourier series of the function ii,. is given by

ji(n)vf

and the convergence is unzform and absolute for w on Oil).

The next theorem is the principal result of this section and characterizes
the harmonic functions that can arise as the Poisson transform of a measure
or a function from one of the various classes.

1.7 Theorem. Suppose U: D —. C is a harmonic function.

(a) There is a in M(OD) with u = if and only i/sup,. ))u,.fl1 <cc.
(b) Ill <p�oo, there isafunctionf withu=f if and only

Zf Sup,. IIUrIIp <00.

(c) There is a function f in L'(D) with u = f if and only if {u,.} is V
convergent.

(d) There is a function f zn C(OD) with u .1 if and only if {u,.} is
uniformly convergent.

Proof (a) Ifu = then IJu,.IIi = I f U P,.z(w)dp(w)ldm(z) �
if dIpl(w) dm(z) = f[f P,.2(w) dm(z))dJ14(w) =

Now assume that u is a harmonic function on 11) and L is a constant such
that IlUrlIl � L for all r < 1. Put ii,. = the measure U,. m in M(OD). So
{ is a uniformly bounded net of measures on OD. By Alaoglu's Theorem
there exists a measure in M(8 D) that is a weak cluster point of this
net. Hence

= Jw?idvt. = f 12(n).

But Lemma 1.6 implies that £',.(n) = 411,.(n) = r 1.
Hence 12(n) = This implies that the weak cluster point of {i',.} is
unique. Hencev,. —* a weak in M(dD). An examination of the series in
Lemma 1.6 shows that u
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(b) This proof is like that of part (a). For 1 <p < 00, the weak com-

pactness of bounded sets in is used instead of weak compactness.
The weak topology on L°°(ÔD) is used when p =

The proofs of (c) and (d) are left as exercises. C

Part of the proof of this theorem needs to be made explicit.

1.8 Corollary. Suppose u: D C is a harmonic function.

(a) ff SUPr IIUrIIi <00, then the measures u,. m —, weak jfl M(8D),
where p is the measure such that u =

(b) If! and in LI' (weak'

in L°° if p = oo), where f is the function in LP(OD) with u = f.

If the proof of Theorem 10.2.4 is examined closely, a "point" theorem
results. This next result not only improves (10.2.4) but provides a means
of obtaining various estimates for harmonic functions as the subsequent
corollary illustrates.

1.9 Theorem. 1ff E L' and / is continuous at the point a, then the
function that is defined to befonDandfonOD is continuous at a.

1.10 Corollary. 1ff E L' and a OD, then

liznsupf(z) �
CEO D

Proof. Let a be the right hand side of this inequality. If a = oo, there
is nothing to prove; thus it may be assumed that a < oo. By definition,
for every e > 0 there is a ö > 0 such that for in 0 D and l( — aj <
6, f(() <a + e. Define 11 on OD by letting f(() for —al
and = a+e for IC—al <5. So Ii L' and 1<11; thusf $
Using the preceding theorem,

limsupf(z) Iimsupf1(z)=a+e.

Since c was arbitrary, the proof is complete. 0

The final result can be taken as a corollary of Theorem 1.7.

1.11 Herglotz's Theorem. If u is a harmonic function on D, then u =
for a positive measure .& on 0 D if and only if u � 0 on D.

it is easy to see that since the Poisson kernel is positive, for any
positive measure u ji � 0 on D. Conversely, assume that u(z) � 0 for
Izi < 1. Then = fu,.(w) dm(w) = u(O) by the Mean Value Theorem.
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By Corollary 1.8, there is a p in M(OD) such that u = and u,. . m —+ p
0

Exercises

1. Let p(z, be a polynomial in z and and find a formula for the
function u that is harmonic on D, continuous on ci D, and equal to
p(z,i) on OD.

2. If p M(OD) has Fourier coefficients {,1(n)}, show that for Izi <
1, = ÷ Examine Exercise 1 in
light of this.

3. Let u be a real-valued harmonic function on D and show that there
isareal-valuedmeasurepon ODsuch that if and only ifuis
the difference of two positive harmonic functions.

4. Prove the following equivalent formulation of Hergiotz's Theorem. if
f is an analytic function on D, then f takes its values in the right half
plane and satisfies f(O) >0 if and only if there is a positive measure
p on 3D such that

f(z)
= f +

dp(w).
SD — Z

5. Let C be the set of analytic functions on I) such that Re / � 0
and f(0) = 1. Show that C is a compact convex subset of H(D) and
characterize its extreme points. (Hint: Use Exercise 4.)

§2 Fatou's Theorem

We have seen in the preceding section that for a measure p in M = M(OD),
the measure p can be recaptured from the solution of the Dirichiet
problem with boundary values p, by examining the weak limit of the
measures (ji),. in (1.4). In this section we will look at the radial limit of
the function For an arbitrary measure we recapture p if and only if p
is absolutely continuous with respect to m. This will essentially prove the
results stated in §13.5.

There is a standard temptation for all who first see Faton's Theorem.
If / E I), then we know that Jr —' f in theV norm. Thus there is a
sequence that converges to 1 such that — 1(C) a.e. on OD.
That is sufficiently close to the existence of
:adial limits a.e. on 8 D that it seems that a proof of their existence is
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just ahead of us. Unfortunately no one has ever been able to parlay this
into a proof. It remains only an intuitive argument that makes the result
believable.

Recall some measure theory, or rather a part of measure theory that is
not universally exposed in courses on measure theory. If p E M(aD), there
is a corresponding measure on [0, 2irj, which will also be denoted by p,
such that f fdp = f f(elt)dp(t) for every f in C(O II)). The corresponding
measure on [0, 2ir] is not unique. For example, if p = in M(OD), then
either or can be chosen as the corresponding measure on [0, 21rJ. This

is, however, essentially the only way in which uniqueness fails. (What does
this mean?)

For a measure p on [0, 27r] there is a function of bounded variation u
on [0, 2ir) such that f f dp = f f(t) du(t) for every continuous function
f, where this second integral is a Lebesgue-Stieltjes integral. It might be
worthwhile to recall how this correspondence is established, though no
proofs will be given here. The proofs can be found in many of the treat-
ments of integration theory.

If p is a positive measure on [0, 27rJ, define a function U: [0, 21r] R

by letting u(O) = 0 and u(t) = p([0, t)) for t > 0. The function u is
left continuous, increasing, and ff dp = f 1(t) du(t) for all continuous
functions f on [0, 27r]. lip is an arbitrary complex-valued Borel measure on
[0, 2irJ, let p = P1 —P2 +i(p3 —p4) be the Jordan decomposition and let u =
u1 —u2+i(u3—u4), where uj is the increasing function corresponding to the
positive measure This establishes a bijective correspondence between
complex-valued measures p on (0, 2irJ and left continuous functions u of
bounded variation that are normalized by requiring that u(0) = 0.

The next proposition gives the basic properties of this correspondence
between measures and functions of bounded variation.

2.1 Proposition. Let p M[O, 2ir] and let u be the corresponding normal-
ized function of bounded variation.

(a) The function u is continuous at to if and only if p({to}) = 0.

(b) The measure p is absolutely continuous with respect to Lebesgue mea-
sure if and only if u is an absolutely continuous function, in which
case ff dp = f 1(t) u'(t) dt for every continuous function f.

(c) If E = {t: u'(t) exists and is not O}, then E is measurable, is ab-
solutely continuous with respect to Lebesgue measure, and 2ir] \
E) is singular with respect to Lebesgue measure.

In §13.5 the concept of non-tangential limit was introduced; namely for
w0 in OD, z wo (n.t.) if z approaches WO through a Stolz angle with
vertex w0 and opening a, 0 < a <ir/2.

2.2 Lemma. Given a Stolz angle with vertex Wo = and opening a,
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there is a constant C and a ö > 0 such that if z = re'0 belongs to the Stolz
angle and z — tVoI then jO — OoI C(1 — r).

Proof. It suffices to assume that 8o = 0 so that w0 = 1. if L is the straight
line that forms an edge of the Stolz angle, then a reference Figure 19.1
will show that for z re'8 on L, sin(Q + 9) = Iknce as 0 —' 0+

1—r 1 sin(ci+0)—sinci
9 sin(ci+9) 8

Thus —, tanQ as 8 0+. Since the tangent function is increasing, the
leriutia now follows. 0

2.3 Fatou's Theorem. Let E Mb, 2irj and let it be the corresponding
f4inction of bounded variation; extend u to be defined on R by making u
periodic with period 2ir. If u is differentiable at Oo, then ji(z) — 27r u'(90)
as z —. e'8° (n.t.).

(Note: We are M(OD) and M[O, 21r1. Also the only reason for
extending u to be defined on IR is to facilitate the discussion at 0 and 2ir.)

Proof. It suffices to only consider the case where Oo = 0, so we are as-
swning that u'(O) exists. We may also assume that u'(O) = 0. In fact. if
u'(O) 0, let ii = — 2ir u'(O)m. The function of bounded variation cor-
responding to v is v(8) = u(0) — u'(0)8, since m is normalized Lebesgue
measure. So v'(O) exists and v'(O) = 0. If we know that 0 as 1

(n.t.), then it(z) = + u'(O) —' u'(O) as z —. 1 (n.t.).
So assume that u'(O) = 0. We want to show that

2.4
1 — 2rcos(t— 9) + r2

d1z(t) 0

as z = r&8 1 (n.t.). Using the preceding lemma, it suffices to show that
(2.4) holds if, for some fixed positive constant C. 8 —p 0 and r * 1 while

Figure 19.1.
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satisfying

Figure 19.2.

213

a function of 9 with r
so differentiation with

0

2.5 <C(1 — r).

Let IT be the set of z = re'9 satisfying
Recall that if the Poisson kernel is considered as

fixed, then Pr(9) = (1 -. r2)/(1 — 2rcos9 + r2) and

respect to 1) gives that

2r(1 —r2)sin9
2

(1 — 2rcos9 ÷ r2)

Fix e > 0. Since u'(O) exists and equals 0. there is a 6 > 0 such that
Iu(t)1 <Ejtf for ti < (5. Thus if = re'8 E F.

= f
Pr(t

= f ]
Pr(t -

Examining Figure 19.2 we see that if 0 < < 6. there is a neighborhood U1
of 1 such that if z E r flUj and ti � S. then t —0! � Thus Proposition
1O.2.3.d implies and U1 can he chosen so that Pr(t — 9) < for ti � S

and F fl U1. Therefore

2.6 fz(z)I <eIIpiI + j Pr(t O)dii(t)
—6

Using integration by parts, for z = re'8 in I' n U1,

1.6 p6

J
Pr(t — 9) d,u(t) � u(t) Pr(t — + J

u(t) — 9)
—6

= — 9) — 9)1

+ j—6
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,6
< + J u(t) — 9) dt

From (2.6) we infer that

2.7 + 2562 + I u(t) — 9) dt
J —6

Now fix z and assume that 9 � 0. The case where 9 < 0 is treated
similarly and will be left to the reader. Also assume that is sulilciently
small that 9 < 5/2 for z = in U1. Hence

=

(JO+J28+J6)

2.8 = X+Y+Z.

Now since � for ItI :S &

— 2r(1 — r2) sin(t — 9)u(t)

— Jo (1—2rcos(t—9)+r2)2

< 2r(1 — r2)
f28

— 0))et

— Jo

But (1—2rcos(t—9)+r2) � 1—2r+r2 = (1—r)2 and IsIn(t—9)I � tt—8I � 9
for 0 � t � 29. Hence

26r(1—r2) 28

(1.—r)'
ej tdt

— Er(1+r)9(402)
— (1—r)3

— (i—r)3

By (2.5) we get
IYI�8eC3.

Now for the term Z in (2.8). if 29 < t � 5, then 0 � t —29 = 2(t —9) — t
and so t 2(t — 0). Hence 2e(t — 9). Thus

fo
IZI = /

J2e

� 2e / — 9)) (t — 0) dt
J20
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p6—8

= 2e /
J9

�
= + 2EJ Pr(t)dt

1 1— r2 \
< j+2eir
— \(1+r)2J
<

provided U1 is chosen sufficiently small. (That is, we force r to be very
close to 1.)

For the term X in (2.8), observe that

,0 ,8+6

j—6 8

p0+6
(—F(t)) (t — 9)dt.

A

Using the preceding methods we obtain the fact that for some constant M,
IXI � Me.

Referring to (2.7) and (2.8), we get that there is a constant C' that
is independent of e such that for all z in F and in a sufficiently small
neighborhood U1 of 1, � C'e. 0

29 Corollary. If E M(OD), then ji has non-tongenhai limsts o.e. [m)
on OD.

Proof. Functions of bounded variation have finite derivatives a.e. 0

The reader might wonder if it could be concluded that can have a
limit at points of the circle. In other words, is it really necessary to impose
the restriction in the preceding corollary and its ancestors that the limits
be non-tangential? The answer is emphatically no; only the non-tangential
limits are guaranteed. This is sketched in Exercise 1.

2.10 Corollary. If u is a non-negative harmonic function on D, then
limr...i_ u(re'°) exists and is finite a.e. on [0, 2irj.

Proof. According to Herglotz's Theorem, u = ji for some positive measure.
0

2.11 Corollary. If is a measure on 8 D that is singular with respect to
Lebesgue measure, then the non-tangential limits of ji are 0 a. e. on 0 D.
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Why doesn't this contradict the Maximum Principle for harmonic func-
tions?

The next result is also a corollary of Fatou's Theorem but it is sufficiently
important to merit a more proclarnatory label.

2.12 Theorem. If 1 <p < oo and U: D C is a harmonic function such
that ( 00, then

f(w) urn u(rw)

exists and is finite a.e. [m] on 01). If 1 < p < oc, then f f}'(m) and
u = f. If p = 1, then u = for some measure in M[O, 2irJ and f ts the
Radon-Nikodym derivative of the absolutely continuous part of p.

Proof. This proof is actually a collage of several preceding results. First
assume that 1 <p cc. By Theorem 1.7 there is a function g in L' such
that u By Fatou's Theorem, f a.e. [ml. Now suppose p 1. Again
Theorem 3.8 implies that u = for some p in M[O. 2irJ. Let p = p0 + be

the Lebesgue decompouition of p with respect to m. Let g be the Radon-
Nikodym derivative of with respect to m. Thus if w is the function of
bounded variation on [0, 2irl corresponding to p. then w' = g a.e. It follows
by Fatou's Theorem that g = f a.e.

Note that the preceding theorem contains Theorem 13.5.2 as a special
case.

2.13 Example. If p = the unit point mass at I on 01). Tz(z) = f P.dp =

= Re (f9). Here the conclusion of Fatou's Theorem can be directly
verified.

Exercises

1. Let f V and put g(z) = f(z) for < land = limr..j_ J(re'°)
when this limit exists; so g and I agree a.e. on 01). LetE be the set
of points on 81) where g is defined. (a) Show that if 1(z) —
as z elO with z in 1) (tangential approach allowed), then g, as a
function defined on 1) U E, is continuous at Let be the Set of
points in 01) where g is continuous. (b) Show that has measure
zero if and only if f is not equivalent to any function whose points
of continuity have positive measure. (Two functions are equivalent if
they agree on a set of full measure and thus define the same element
of L'.) The rest of this exercise produces a function f in L' that is not
equivalent to any function whose points of continuity have positive
measure. (Note that the characteristic function of the irrational num-
bers is equivalent to the constantly 1 function.) Once this is done. the
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harmonic function f will fail to have a limit a.e. on 0 D even though
it has a non-tangential limit a.e. (c) Let K be a Cantor subset of 0 D
with positive measure and show that the set of points of continuity of

XK is OD\ K. (d) Construct a sequence of Cantor sets in OD
that are pairwise disjoint and such that OlD \ U,, K,, has zero measure.
Show that u,,K,, contains no interval. (e) Define I on OD by letting

f(z) = 1/2" for z in and 1(z) = 0 for z in OlD \ u,,K,,. Show
that if g is any function equivalent to f, then the set of points of

continuity of g has measure zero.

2. Give an example of an analytic function on D that fails to have a
non-tangential limit at almost every point of 0 D.

3. Suppose f E L' and f is real-valued. Show that if a E OD and
f(z) = then f(ra) = +00.

§3 Semicontinuous Functions

In this section we will prove some basic facts about semicontinuous func-
tions (lower and upper). Most readers will have learned at least some of this
material, but we will see here a rather complete development as it seems
to be a topic that most modern topology books judge too specialized for
inclusion and most analysis books take for granted as known by the reader.
We will, of course, assume that the reader has mathematical maturity and
omit many details from the proofs.

3.1 Definition. If X is a metric space and U: X -—p +oo), then u is
upper semzcontinuous (usc) if, for every c in [—oo, +oo), the set {x X
u(x) <c} is an open subset of X. Similarly, U: X (—00, +00] is lower
semicontinuotLs (lsc) if, for every c in (—oo, +00], the set {x E X : u(x) > c}
is open.

Note that the constantly —oc and +oc functions are upper and lower
semicontinuous, respectively. This is not standard in the literature. Also a
function u is upper semicontinuous if and only if —u is lower semicontinu-
ous. In the sequel, results will be stated and proved for upper semicontinu-
ous functions. The correct statements and proofs for lower semicontinuous
functions are left to the reader. Throughout the section (X, d) will be a
metric space.

The reason for using the words "upper" and "lower" here comes from
considerations on the real line. If X = R and u is a continuous function
except for jump discontinuities, u will be upper semicontinuous if and only
if at each discontinuity x0, u(xo) is the upper value.

3.2 Proposition. If X zs a metrtc space and U: X — [—oc. oo), then the
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following statements are equivalent.

(a) uisusc.

(b) For every c in [—oo, oo) the set {x E X : u(s) � c} is closed.

(c) Ifso E X and u(s0) > —cc, then for every > 0 there is a 6 > 0
such thatu(s) <u(zo)+e wheneverd(z,zo) < 6; if u(X0) —cc and
M <0, then there is a 5>0 such that u(s) <M for d(x,xo) <5.

(d) If E X, then u(s0) � u(s).

3.3 Proposition. If K is a compact subset of X, u is an usc function

on X, and u(s) <cc for all x in K, then there an in K such that
u(xo)�u(x) for ails inK.
Proof.
is open. By the compactness of K, there is an n such that K Thus

sup{u(x) : z E K} <cc. Now put K u(s) � —

Each is a compact and non-empty subset of K and ç So
there is an that belongs to each K,, and it must be that u(s0) � u(s)
for allzin K. 0

3.4 Proposition.

(a) If u1 ondu2 are usc functions, thenu1+u2 and u1Vu2 rnax{u1,u2}
are usc functions.

(b) If is a collection of usc functions, then inf1 is usc.

Proof. (a)Letu=u1+u2,ffxcin(—oo.oo),andletU = {x:u(x) <c}.ff
E U, then Ui(s0) <c and u2(z0) <c—ui(so). Hence U1 = {x : uj(z) <

c} and U2 = {s u2(x) <c — u1(x0)} are both open neighborhoods of

and U1 fl U2 ç U. Since was arbitrary, U must be open.

Now if u = Ui Vu2 and CE [—oo,cc), then {x u(s) <c} = {x: u2(x) <
c} fl {x : u2(x) < c}, and so u is usc.

(b) If u = AUj and CE [—co,oo), then {s : u(s) < c} = U{x <c}.

0

3.5 Corollary. If is a sequence of usc functions on X such that for
every z, {u,,(z)} is decreasing, then u(s) is usc

A sequence of functions satisfying the hypothesis of this corollary is called

a decreasing sequence of functions.

3.6 Theorem. Ifu : X —' (—oo,cc) is usc ondu � M < +cc on X, then
there is a decreasing sequence of uniformly continuous functions {f,,} on
X such that f,, � M and/or evenj x in X, f,,(x) j u(s).
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Proof. If u is constantly equal to —oo, then the result is trivial. So assume
that this is not the case. If d is the metric on X, define f,, X R by

= sup{u(y) — nd(x,y) : y E X}.

ForanyxandyinX,

Let e be a positive number, let x E X, and fix n � 1. By definition,
there is a y in X such that <u(y) — nd(x, y) + e. If d(z, z) <e, then
d(z,y) <d(v,y)+E. Thus �u(y)—nd(z,y) > u(y)—nd(x,y)—ne>

— (n + 1)E whenever d(z,x) <e. That is, > — (n + 1)E

whenever d(z, x) <e. Now interchange the roles of z and z in the preceding
argument to get that > f,,(z) — (n + 1)e when d(x, z) <E. Therefore

— < (n + 1)e when d(z, z) < That is, f,, is uniformly
continuous.

let E be a positive number. Assume that u(x0) > —oo. (The case in which
u(x0) = —00 is left as an exercise.) Since u is usc, there is a 6 > 0 such that
u(y) <u(z0)+e for d(y, z0) <5. Thus u(y)—nd(y, x0) <u(xo)+E whenever
d(y,xo) < 6. Now suppose that d(y,xo) � 6; here u(y) — nd(y,xo) �
u(y)—nS � M—n5. Choosen0such that < u(xo)+eforn�no.
Thus for n � n0 and for all y in X, u(y) — nd(y, xo) � u(xo) +€. Therefore
u(x0) � � u(zo)+e for n � n0. 0

Exercises

1. Give an example of a family U of usc functions such that sup U is
uot usc.

2. If u is a monotone function on an interval (a, b) in R, show that u is
usc if and only if for each discontinuity x of u, u(x) u(t).

3. Show that the uniform limit of a sequence of usc functions is usc.

4. IfXisametricspace,EisasubsetofX,andujsthecharacteristjc
function of the set E, show that u is upper semicontinuous if and
only ifE is closed.

5. Let X be a metiic space. Show that u is an upper semicontinuous
function on X if and only if A = {(x,t) E X x P.: t � u(x)} is a

closed subset of X x P..

6. Suppose A is any closed subset of X x P. such that for each x in
X the set {t R: (x, t) E A) is either empty or bounded
above. Define u : X —' [—oo, oo) by u(z) = —oo if = 0 and

= sup otherwise, and show that u is upper semicontinuous.
Show that A = {(x,t) X x P.: t u(x)}.
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7. Let f X —+ [—cc, cc) be any function and let r = ((x, f(s)) x E
X and f(s) > —oo} C X x R. if A = ci 1', show that if u(s) is defined
as in the preceding exercise, then ti(s) Elm f(y) for all x in
x.

8. Suppose G is an open subset of a metric space X and f C —'
[—cc, cc) is any function such that for each (in OC, u(() urn sup{f(x):
x E C and s (} <cc. Show that u is upper semicontinuous.

Subbarmonic Functions

Subharmonic and superharmonic functions were already defined in 10.3.1,
but it was assumed there that these functions were continuous. This was
done to avoid assuming that the reader's background included anything
other than basic analysis. In particular, it was assumed that the reader
did not know the Lebesgue integral and thus could not discuss the integral
of a sernicontinuous function. It is desirable to go beyond this and extend
the definition to sernicontinuous functions. Propositions for semicontinu-
ous subharmonic functions that were stated for the continuous version in
Chapter 10 will sometimes be restated here. If the proof given in Chapter
10 extends naturally to the present situation, it will not be repeated and
the reader will be referred to the appropriate result from the first volume
of this work.

4.1 Definition. If C is an open subset of C, a function U: G [—cc,co) is
subharmonic if u is upper semicontinuous and, for every closed disk B(a; r)
contained in C, we have the inequality

1
4.2 u(a) < — I u(a + re'°)dO.

2ir Jo

A function U: C R U {+oo} is superharmonic if —u is subbarmonic.

Some remarks are in order here. Since u is upper semicontinuous, the
fact that u(a + re'°) <cc for all 0 implies u is uniformly bounded above on
this circle. Thus it is not being asswned that the integral in the definition
is finite, but the integral is defined with the possibility that it is —cc.
In fact it may be that the function is constantly equal to —cc on some
or all of the components of C. We will see below (Proposition 4.11) that
this is the only way that a subharmonic function can fail to be integrable
on such circles. There is a slight difference between this definition of a
subharmonic function and that given by many authors in that the function
that is identically equal to —cc is allowed to be subharmonic. In fact, since
C is not assumed to be connected, u may be constantly equal to —cc on
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some components and finite valued on others. This is also usually excluded
as a possibility in the definition of a subharmonic function.

Results will usually be stated and proved only for subharmonic functions.
The statements and proofs for superharmonic functions will be left to the
reader.

4.3 Example. if I : U C is an analytic function, then log (ff is a
subharmonic function on C. In fact this is an immediate consequence of
Jensen's Formula (11.1.2).

For a compact subset K of C, let Ch (K) denote the continuous functions
on K that are harmonic on mt K.

4.4 Definition. Say that a function u : C —i f—ac, oo) satisfies the Maxi-
mum Principle if, for every compact set K contained in C and every h in
Ch(K),

u : C —. [—00, cc) is an upper semicontinuous Junction,
then the following statements equivalent.

(a) u is

(b) u satisfies the Maximum Principle.

(c) If D is a closed disk contained in C and h E Ch(D) with u < a'i on
OD, then u � h on D.

(d) If D = cc, then

u(a) f udA.
irr D

Proof. (a) implies (b). (This part of the proof is like the proof of Theorem
10.3.3.) Let K be a compact subset of C and assume that h E C,1(K)
with u < h on 8K. By replacing u with u — h, it is seen that it must be
shown that u � 0 on K whenever u is subharmonic and satisfies u < 0
on OK. Suppose there is a point z0 in mt K such that u(z0) > 0 and
letO<e <u(zo).PutA={ZE K: u(z)�e}.Becauseujsusc,Ajs
compact. Also, if b E OK, 0 � u(b). By standard compactness arguments,
this implies there is a neighborhood V of OK with V C and u(z) <e for
all z in V. Hence, A intK. Again the fact that u is usc implies that there
is a point a in A with u(a) � u(z) for all z in A. It follows that u(a) � u(z)
for all z in K. Let H be the component of intK that contains a and put
B—{ZEH:u(z)—_u(a)}.
— Clearly B is a relatively closed non-empty subset of H. If w E B, let
B(w;r) C U. So H and, for 0 < p < r, +
pe*O)dO S 2iru(w) since u(w + pe'9) � u(a) u(w) for all 9. That is.
the integral of the non-negative function u(a) — u(w + is 0 and so
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r) B. Thus B is open and so B = H. But this implies that if
bE OH c OK, then 0 � u(b) � liznsup{u(z) : z E H,z b} = u(a) >0,
a contradiction.

(b) implies (c). Clear.
(c) implies (d). Suppose r) G and let be a sequence of

continuous functions on OB(a; r) such that ,L. u(z) (Theorem 3.6).

u on D. By Exercise 10.1.6,

u(a) �
=

f udA by monotone convergence.
(d) implies (b). This is like the proof that (a) implies (b) and is left to

the reader.
(b) implies (a). This is like the proof that (c) implies (d) and is left to

the reader. 0

An examination of the appropriate results in Chapter 10 shows that the
newly defined versions of subharmonic and superharmonic functions also
satisfy the various versions of the Maximum Principle given there. These
will not be stated explicitly.

4.8 Proposition.

(a) If Ui and u2 are subharmonic functions on G, then u1 +u2 and u1 Vu2
are subharmonic.

(b) Let U be a family of subharmonic functions on C that is locally
bounded above and let v supU. If u(z) v(w), then
U is subharrnonic. If v is upper se,nscontinuous, then v = u.

(c) If U is a family of subharmonic functions such that for all u1 and u2
in U there is a u3 tn U with U3 Ui A U2, then mI U is subharmonjc.
In particular, if {u,j is a sequence of subharmonic function.s such
that u,% � u,÷1 for all n, then limu,, is subharmonic.

(d) If is a sequence of positive subhannonic functions such that
u is upper semicontinuous, then on each component of (3
eitheru is subharrnonic

(e) If is a sequence of negative subhannonic functions, then u =
is subharrnonic.

Proof. (a) It is clear that u1 +U2 is a subharmonic function. Since Ui Vu2 is
upper semicontinuous, the proof that this function is subharmonic is given
in the proof of part (b).
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(b) First note that u(z) <oo for all z in G because U is locally bounded
above. It follows from Exercise 3.8 that u is upper semicontinuous. To show
that u is subharmonic, we will show that u satisfies the Maximum Principle.
So let K be a compact subset of G and let h Ch(K) such that u � h on
8K. Fixu' mU; nowu � v � u'on C. Henceh � u'onOKandsoh � u'
on K since u' is subharmonic. Since ii' was arbitrary, h �: v on K, whence
we have that h � u. By Theorem 4.5, u is subbarinonic.

ii v is upper semicontinuous, then the same proof shows that v is sub-
harmonic. The fact that v — u is a consequence of Proposition 4.8 below,
which is worth separating out.

(c) By Proposition 3.4, u = inf u is usc and clearly u(z) < oo for all
z. Suppose D = r) C. By Theorem 3.6 there is a sequence of
continuous functions {f,j on OD such that 1. u(z) for z in OD. It
may be assumed that u(z) for all n and all z in OD. Fix n for the
moment. Soforeveryz1 inODthereisau1 inUsuchthatui(zi)
But {z : u1(z) — f,1(z) <0) is an open neighborhood of z1. A compactness
argument shows that there are functions u1, . .. , u,,, in U such that for every
z in ÔD there is a Uk, 1 k � vn, with uk(z) < By hypothesis,
there is one function v in U with v(z) < for all z on OD. Thus
2ir u(a) � 2irv(a) v(a + re'9)dO + By monotone
convergence of the integrals, it follows that u is subharmonic.

(d) This proof is like the proof of part (b).
(e) This is immediate from part (c). 0

4.T Example. If 1: C —' C is an analytic function, then fff is a
subharmonic function on G. In fact, I =0 V log I/f.

Following are two results that will prove useful as we progress.

4.8 Proposition. If C is any open set and u is a stjbharmonic frnction
on C, then for any a in C, u(a) = u(z).

Proof. Since u is usc, u(a) � urn supz_a u(z). On the other hand, if r> 0
such that B,. B(a; r) C C,

u(a) —1ij u(z)dA(z)

By definition this says that u(a) u(z). 0

4.9 Proposition. If u is a subharnzonic frnction on C and r) ç C,
then (2w)' u(a + p

j u(a) as p £ 0.

u(a + pe9)dO. If o <p <r, let {f,,} be a
sequence of continuous functions on 8 B(a; p) such that I,, j u. Let E
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such that on OB(a:p). Thus u on and

so, by monotone convergence.

1

lo, < — I hn(a+cetO)dO
2ir j0

—

I2ir j0

I Ip

as n —. oo. Therefore I,, decreases as p decreases. But u(a) < I,, for all p
and so, by Fatou's Lemma, u(a) < lim0_.o I,, < Jim u(a +

0

After the next lemma, it will be shown that a subharmonic function on a
region C belongs to and 0 u(a+relO) is integrable if B(a: r) ç C.

4.10 Lemma. ff C is connected. is a subharrnonic function on C. and
{ z C u(z) = —oo} has non-empty interzor. then u(z)

Proof. Let B {z : u(z) = and let A = mt B. So, by hypothesis, A
is a non-empty open subset of C. It will be shown that A is also relatively
closed in G and hence A = C. —

Let a E Gn cl A and let r be a positive number such that B(a: r) ç C. If b
is any element of B(a; r/4), then B(b; r/2) C and, because a B(b; r/2),
B(b;r)flA 0. Thus there is ap, 0< p < r/2, such that OB(b:p)flA #0.
Since u is subharmonic. u(b) � u(b + pet8) dO. But the fact that
OB(b; p) meets the open set A implies that b + p&° e A for some interval
of 9's. Therefore u(b + p&°) dO = —oc and so u(b) = —oc. whenever
a—bI<r/4.Thatis,B(a;r/4)cBandsoaeintfi=A. 0

4.11 Proposition. If C is connected and u is a subharinonic function on
G that is not identically then:

(a) u E

(b) + retO)dO > —oc whenever ç C. That is. 9 —.
u(a -4- re'°) is integrable with respect to Lebesgue measure on [0, 27rj
whenever B(a; r) C G.

Proof. LetA={z€G:u(z)=-oo}.ByLemma4.10,intA——0.
(a) Let K be a compact subset of C. Since u is usc, and consequently

bounded above on K, to show that u E L' (K, A) it suffices to show that
f udA > —oo.But since mt A 0, there is a finite number of disks
B(ak;r) with B(ak;r) C C, u(ak) > —oo, and K UkB(ak;r). Thus
—00 < udA. Hence JK Ud.A> —00.
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(b) Suppose that D r) c G and put I,, = dO. By

Proposition 4.9, is decreasing as p decreases. So if there is an < r such

that = —oc, then I,, = —oc for all p Hence j'Dud.4 = =

—oc, contradicting part (a). 0

Recall the definition of a convex function (6.3.1). We extend the definition
a little.

4.12 Definition. If a <b < a function Ô: [a.b] —+
is convex if:

(a) 0 is continuous on b]:

(b) 4,(x) E Rifx E (a.b);

(c) —a)y) —U)ø(y) for x.y in (a.b) and 0 ü � I.

It is not hard to show that a twice differentiable o function is convex if
and only if 4," � 0. In particular the exponential function is convex while
the logarithm is not.

4.13 Proposition. (Jensen's Inequality) if (X. ft is a probability mea-
sure space, f E —oo <a < f(x) <b <00 a.e. (pj. and d': fa,b! —

zs a convex funcizon. then fØofdl4.

Proof. It may be assumed that f is not constant. Thus a < I = f f dp <b.
Put S = sup{f4,(I) — q5(t)}/[I — tJ : a < t < I). By Exercise 4. S < oo. So

for a < t < I.

4.14 p(I) + S(t — I) < 4,(t).

If I < I <b. then Exercise 4 implies that S [0(t) — ó(l)1/(t — equiva-
lently. (4.14) holds for I < t < b and hence for all tin (a.b). In particular,
letting t = f(x) implies that I) Ø(f(x)) — .b(I) — S(f(x) — 1) a.e.
Since is a probability measure, 0 —4,(I) — S [ffdp..— I] =

0

The reader should be warned that in the literature there is more than
one inequality that is called "Jensen's Inequality."

4.15 Theorem. If u is a subharmonic function on C —co � a
u(z) < b < oo for all z inC and : ia,b) —' f—oo,oo) is an increasing
convex function, then 4,0 u is subharmonzc.

Proof. It is immediate that 4,0 u is upper semicontinuous. On the other
hand, if B(a; r) ç C. then Proposition 4.13 and the fact that 4, is increasing
imply that

1
Ø(n(a))

< —)
(4,0 u)(a + ret9) dO.

27r
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Hence a u is subharmonic. 0

4.16 Example. If f : C C is an analytic function, then is a
subbarmonic function on G for 0 <p < oo. From Example 4.3 we know
that log

I
is subbarmonic. If = then is increasing and convex.

By the preceding proposition, = If(z)I) is subharmonic.

4.17 Proposition. Let H be an open subset of the open set C and let
u be a subharmonic function on C. If v is an usc function on C that is
subharmonic on H and satisfies v � ti on H and v = u on C \ H, then u
is subharinonic on C.

Proof. If bE OH nG and p) C, then v(b+pe'8) dO � f" u(b+
dO � 2iru(b) = 2ir v(b). The details of the rest of the proof are left to

the reader. 0

Recall that for a function u defined on the boundary of a disk B, ii
denotes the solution of the Dirichiet problem on B with boundary values ti

The next corollary is an extension of Corollary 10.3.7 to the present
definition of a subharmonic function.

4.18 Corollary. Let u be a subharrnonic function on C and r) ç C.
Ifv : it is defined by letting v = u on G\B(a;r) and v ü on
B(a;r), then v is subharmonic.

Proof. Let B = B(a; r). First note that Proposition 4.11 implies that u
is integrable on 8B and so ü is well defined on B. To apply the preceding
proposition it must be shown that v is upper seinicontinuous and v � u.
To show that v � u, first use Theorem 3.6 to get a decreasing sequence of
continuous functions on OB that converges to uIOB pointwise. Thus

� ii on B by the Maximum Principle. But —. ü(z) for each z in
B by the Monotone Convergence Theorem for integrals. Hence ii � ii on
B. Also for z in ci B, v(z) = lim,, Since is continuous on ci B, v
is usc on ci B (3.5). It follows that v is usc on C and thus is subharmonic.
0

With the notation of the preceding corollary, the subharmonic function
v is called the harmonic modification of u on B(a; r).

In the next result we will use the fact that the mollifler baa the
property that =

4.19 Proposition. Let ii be a subharmonic function on the open set C
and for a moli*fter let = ii * Then.

(a) isaC°° function onC;
(b) i/K is a compact subset of C, then [K tu — 0;

(c) is subharrnonic on {z E G : d(z,OG) > e};



19.4. Subhaxmonic Functions 227

(d) for eachz asc.J.0.

Proof. Parts (a) and (b) follow from Proposition 3.6.
(c) if z e Ge {w G: d(tn,OG) > e}, then a change of variables in

the definition of gives that

4.20 u(z — ew) dA(w).

So C

p2w p2w p

j u(a + dO

J J u(a + — dO d.A(w)

> 2:f u(a — EW) d..4(w)

Therefore is subharrnonic on Ge.
(d) Let <6; we will show that ue on C5 and u(z) for all

z in C. So fix 6 and fix a point z in C5. Using (4.20) and Proposition 4.9,
we have that for r < E

=

= f r4(r){f u(z._erete)dO}dr
0 0

p1 ( ,2w

< / /
Jo L.Fo J

= u5(z).

To show convergence, again according to (4.9), u(z_ere*O ) dO ..-. 2ir u(z)
as e —' 0. Thus using the just concluded display of equations and the
Monotone Convergence Theorem, we get that as c 0, u(z —

—' = u(z). 0

4.21 Corollary. I/u is subho.rmonic on C,there is a decreasing sequence
of continuous subh4zrmonic functions that converges pontwi8e to u.

The next corollary can be interpreted as saying that a locally integrable
function that is locally subbarmonic almost everywhere is globally subhar.
inonic.

4.22 Corollary. If u E LL(G) such that whenever r) C there is a
subharmonicfunctionv onB(a;r) that is equal tou a.e. fAreaJ, then there
is a subhannonic function U on G such that u = U a.e. [Areal.
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Proof Define as in the preceding proposition. Fix 8 > 0 and let K be a
compact subset of {z C: d(z.öG) > 26}; so = : d(z.K) � ö} is a
compact subset of C. It follows from the hypothesis that there is a subhar-
monic function von mt such that u = v a.e. Hence =
for all z in K and E <S. This implies several things. First, uE(z) decreases
with and, by the preceding proposition, Ue(Z) —. v(z) as e 0. Also,
since K was arbitrary, it follows that U(z) ne(z) exists for all z
in G. Moreover, by what has just been proved. U is subharmonic.

On the other hand, fK — dA — 0 for every compact subset K of C.
So for any compact set K there is a sequence {e, } such that e3 Gand

(z) u(z) a.e. [Area] on K. Thus u = U a.e. [Areaj on G. U

Subharmonic functions have been found to be quite useful in a variety
of roles in analysis. This will be seen in this book. The discussion of sub-
harmonic functions will continue in the next section. where the logarithmic
potential is introduced and used to give another characterization of these
functions, amongst other things. The work Hayrnan and Kennedy (1976]
gives a full account of these functions.

Exercises

1. Show that if u is a subharmonic function on C. C C, and
is a probability measure on [0. that is not the unit point mass at
0, then u(a) < u(a + t&8) d9d1i(t).

2. Show that for any complex number zO, the function u(z) = — 201

is subharmonic.

3. Show that Definition 4.12 extends Definition 6.3.1.

4. A function : [a. bj — [—oo. cx)) is convex if and only if conditions
(a) and (b) from Definition 4.12 hold as well as

423 u)—Ø(x)
u—x —

for a < x <u <y < b.

5. A function [a, b] [—cc, cc) is convex if and only if conditions
(a) and (b) from Definition 4.12 hold as well as the condition that
{x+iy : a <z <band � y} isaconvex subset of C.

6. Show that if u is subbarmonic on C and is a positive measure with
compact support, then u * ,u is subharmonic.

7. Let C be an open set and let a C. If u is a subharmonic function
on C \ {a} that is bounded above on a punctured neighborhood of
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a. show that u can be defined at the point a in such a way that the
resulting function is subharmonic on C.

8. If u is a subhaimonic function on and r C Ills an analytic
function, then u o r is subharmonic on C. (Hint: Use the Chain Rule
to show that � 0 as a distribution.)

9. Let C1 and C2 be open sets with 0C1 ç C2 and put C = C1 uG2. If
u3 isasubharmonicfunctiononG3,j = 1.2, and u1 u2onGjflC2,
show that the function u defined on C by u = u1 on G1 and u =
on C2 \ Ci is subharmonic.

The Logarithmic Potential

Recall from Lemma 13.2.10 that the logarithm is locally integrable on the
plane. Thus it is possible to form the convolution of the logarithm and any
compactly supported measure.

5.1 Definition. For a compactly supported measure /2 on C, the logarith-
mic potential of is the function

= f ioglz d/2(w).

So for any compactly supported measure the function LM is defined
at every point of the plane. The elementary properties of the logarithmic
potential are in the next proposition, where it is shown, in particular, that

is a locally integrable function. Recall that is the Cauchy transform
of a compactly supported measure (18.5.1)

5.2 Proposition. For a compactly supported measure the following hold.

(a) is a locally integr'izble function.

(b) is harmonic on the complement of the support of ji.

(c) if is positive, is a superharinonic function on C.

(d) OL,1 and = , the Cauchy transform of the
conjugate of /4.

Proof. Part (a) is a consequence of Proposition 18.3.2 and the fact that a
measure is finite on compact sets. Part (b) follows by differentiating under
the integral sign. Part (c) is a consequence of Exercise 4.6. Part (d) follows
by an application of Proposition 18.4.7; the details are left to the reader.
0
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Let's fix the measure ,u and let K = support &. Note that

+ 1i(K) log Ii —

and hence Izi 0 as z —' 00. This proves part of the next
theorem.

5.3 Theorem. is a compactly supported measure, then

=

and log Izi 0 as z —, oo. Moreover L,1 is the unique solution
of this equation in the sense that if h is a locally integrable function such
that Ah= —i0 as z—.oo, thenh=LM a.e.
(Area].

Proof. The fact that = —2irp is just a combination of (5.2.d) and
Theorem 18.5.4. It only remains to demonstrate uniqueness. So let h be a
locally integrable function as in the statement of the theorem. Thus —

h) = 0 as a distribution. By Weyl's Lemma, LM—h is equal a.e. to a function
v that is harmonic on C. But we also have that v(z) —, 0 as z —' 00. Thus
v must be a bounded harmonic function on the plane and hence constant.

0

5.4 Corollary. If is a compactly supported measure, G zs an open set,
and = 0 a.e. [Area] on (3, then 0.

Proof. if 4 V(C), then f Ødp = f =0. 0

5.5 Corollary. ij is a compactly supported measure and (3 is an open
set such that is harmonic on (3, then =0.

Why define the logarithmic potential? From the preceding theorem we
have that for a fixed w, — wi) = where is the unit
point mass at w. Thus the logarithmic potential is the convolution of the
measure with this fundamental solution of the Laplacian and solves
the differential equation = —2ir

The reader may have noticed several analogies between the Cauchy trans-
form and the logarithmic potential. Indeed Proposition 5.2 shows that there
is a specific relation between the two. Recall that a function u is harmonic
if and only if 8 u is analytic. This will perhaps bring (5.2) a little more into
focus. Also as we progress it will become apparent that the logarithmic
potential plays a role in the study of approximation by harmonic functions
like the role played by the Cauchy transform in rational approximation.
For example, see Theorem 18.6.2. But for now we will concentrate on an
application to the characterization of subharmonic functions.
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5.8 Theorem. If u is a locally integrable function on the open set G, then
the following statements are equivalent.

(a) The function u is equal to a subharvnonic function a.e. [AreaJ in G.

(b) The Laplacian of u in the sense of distributions is positive.

(c) There is a positive extended real-valued measure v on C such that if
C1
is a harmonic function h on C1 with

uJCi = h — a.e.[Areaj.

Proof. (a) implies (b). Assume that u is a subbarinonic function on C; it
must be shown that, for every in D(G) such that � 0, � 0.
So fix such a and let 0 < To < Let K = {z

ro}. Let r be arbitrary with 0 < r < r0. So if z E K, then
r) C and 2ir u(z) <f" u(z + dO. Therefore

p p p2w

2ir I u(z) cb(z) d.A(z) � I I u(z + rei) d8d,.4(z)
JG JK Jo

p p2w

= I u(z) I fr(z—re19)d0d.A(z).
JK Jo

Hence

r rt2w
5.7 0� I u(z)I I d..4(z).

JK LJo J

Now look at the Taylor expansion of about any point z in supp to
get

p2w 2w

j /(z — dO
= f + ÷

+ (z)j [reiO]2

+ W(z — re1)JdO

= + 2irr2J(804')(z)] + Wi(z,r).

Now the nature of the remainder term W1(z, i) is such that there is a
constant M with I'I'i (z, r)I � Mr3 for all z in K. Substituting into (5.7)
and dividing by r2, we get

0 � dA(z)

= L u(z) dA(z) 1K u(z) r) dA(z).
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Since 'Pi(z.r)I < Mr3 for all z in K. this second integral can be made as
small as desired for a suitably small choice of r. So letting r 0, we get
that

0

(b) implies (c). Since is a positive distribution on C, there is a positive
regular Borel measure u on C such that = ii (18.4.9). (It may be that ii
is unbounded.) That is, for every 4i in D(G), f cldz'. Let C1
be any bounded open set with cI C1 C and put u1 ulCi and =
So /L has compact support and is well defined. Also, as distributions on
C1, A(u1 + = 0. By Weyl's Lemma. there is a harmonic function h
on such that u1 + 2,r = h. That is, u1 h — 2,r

(c) implies (a). Since is superharmonic, (c) implies that, for every
closed disk B contained in C, u equals a subharmonic function a.e. lAreal
on the interior of B. Part (a) now follows by Corollary 4.22. 0

Part (c) of the preceding theorem is caJied the Riesz Decomposition
Theorem for stibharmonjc functions. Another version of this will be seen
in Theorem 21.4.10 below.

5.8 Corollary, If u E C2(C), then u iS subhar7nonic if and only if 0.

The reader can now proceed, if desired, to the next section. A few es-
sential properties of the logarithmic potential are appropriately obtained
here, however. We will see these used in Chapter 21. The key to the proof
of each of these results is the following lemma.

5.9 Lemma. If/1 is a positive measure with support contained in the com-
pact set K and a E K such that < co, then for any r > 0 there is
a 15 > C) with the property that for Iz — a! <45 and ic any point in K with
dist(z, K) = lz — we have

+

Proof. Notice that the fact that <co implies that does not have
an atom at a. So if > 0, there is a p > 0 such that for D = B(a;p),
t(D) Look at the two tpgarithmic potentials

u1(z)
= j log 1w — u2(z) = — z1"

So u2 is harmonic on mt D (5.3). For each z in C let ic(z) be any point
in K such that — = dist(z, K). (So is not a function.) Now if

a, —' a. Therefore 15 > 0 can be chosen so that 45 < p and for
— a! <45 we have K(z) — <p and !u2(z) — u2(k(z))I <e.
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For all w in K. 1w — < 1w — zI + — K(z)l < 2Jw — zj. Hence

u1(z) S

log 2jz(D) + uj(K(z))

< elog2+ui(K(z)).

Thus for Iz aI <6,

= uj(z)+u2(z)

5 ÷ + u2k(z)) +E

S e(1 + log2) +

a

The next result is often referred to as the Maximum Principle for the
logarithmic potential.

5.10 Proposition. If p is a positive measure with support contamed in
the compact set K and if 5 M for nfl z in K, then 5 fti for
atlz inC.
Proof. Without loss of generality we may assume that < By the
Maximum Principle, 5 M in all the bounded components of the corn-
plernçnt of K. Let C be the unbounded component of C \ K.

Fix e > 0. The preceding lemma implies that for any point a in K there
is a 6 > 0 with the property that whenever z — a point in

B(a;6) K for which <e + 5 e + M. That is. L,. 5 r + M
on B(a; 6). The collection of all such disks B(a: 6) covers K. Extracting a
finite subcover we get an open neighborhood U of K such that L,., 5 ÷ M
on U. But —oo as z — oo. Therefore 5 r + M in C by the
Maximum Principle. Since e was arbitrary, this completes the proof. 0

Here are two important points about the last proposition. First. the
upper bound M in this result may be infinite. For example, if K is the
singleton {a}, then the only positive measures p supported on K are of the
form p — f380 for some ? 0. In this case = 00 on K. There are non-
trivial examples of compact sets K for which each measure p supported on
K has sup,(. = co. See (21.8.17) below. The other point is that this
result says nothing about the lower bound of the logarithmic potential. In
fact, for a compactly supported measure p, is always bounded below on
its support (Exercise 1) while, according to Theorem 5.3, — —00 as
Z —' 00.

The next result is called the Continuity Principle for the logarithmic
potential.
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5.11 Proposition. If jt is a positive measure with support contained in the
compact set K, a K such that <cc, and if LPFK is continuous at a
as a function from K into the extended real numbers, then is continuous
at a as a function defined on C.

Proof.
then — < e. Now apply Lemma 5.9 to get a with 0 <
5 < 5o such that whenever Iz — al < S there is a point in B(a; 5) fl K
for which < e + But this implies < + + E.
What this says is that L,1(z) But is 1st and so

0

Potential theory is a vast subject. If other kernel functions are used be-
sides log Jz — wv', other potentials are defined and the theory carries over
to n-dimensional Eucidean space. Indeed, the logarithmic potential is pe-
culiar and annoying in that it is not positive; a cause of pain and extra effort
later in this book. Various properties and uses of these general potentials
are found in the literature. In particular, most have properties analogous
to those for the logarithmic potential found in the last two propositions.
The reader interested in these matters can consult Brelot [1959], Carleson
[1967), Choquet [1955J, Frostman [1935], Hedberg [1972bj, Helms (1975),
Landkof [19721, and Wermer [1974).

Exercises

1. For a positive compactly supported measure show that >
—cc for all z in C, and for any compact set K there is a constant m
such that m < for all z in K.

2. If are measures whose supports are contained in the
compact set K and ii,, weak0 in M(K), show that �
lim in C.

3. Let C be an open set and K be a compact subset of C. Show that if u
is a real-valued harmonic function on C \ K, then u = + u1, where
u1 is harmonic on C, uo is harmonic on C\K, and there is a constant a
such that uo(z)+a log IzI 0 as z oc. (Hint: Let E such that

Define the function 'P : C R by 'P = (1—4)u on G\K and 'P = Oon
intK6. Let be the measure and put V =
Show that V is a subharmonic function that is locally integrable,

= p, and, if a = then V(z) + —. 0 as
z cc. Define the function u0 : C \ K —, R by letting uo + V
on G\K and UO = Von the complement of supp Define U1 C —. R
by letting u1 'I' — V on C \ K and u1 = —V on intK5.)
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4. Show that the functions Uo and u1 in Exercise 3 are unique.

5. In Exercise 3, show that if both C and u are bounded, then so is u1.

§6 An Application: Approximation by Harmonic Functions

In this section we will see that the logarithmic potential plays a role in
approximation by harmonic functions similar to the role played by the
Cauchy transform in approximation by rational functions (see § 18.6).

6.1 Definition. If K is a compact subset of C, let H(K) be the uniform
closure in C(K) of the functions that are harmonic in a neighborhood of
K. HR(K) denotes the real-valued functions in H(K).

Note that 11(K) is a Banach space but is not a Banach algebra. On the
other hand, if a function belongs to H(K), then so do its real and imaginary
parts. This will be helpful below, since a measure annihilates 11(K) if and
only if its real and imaginary parts also annihilate H(K). This was not the
case when we studied the algebra R(K).

6.2 Theorem. If K z.s a compact 3ubset of C, p is a real-valued measure
on K, and {a1, a2,. .

. } is chosen 80 that each bounded component of the
complement of K contains one element of this sequence, then the following
are equivalent.

(a) p.LH(K).
(b)

(c) p.LR(K)andLM(a))=Oforj=1,2,...

Proof. (a) implies (b). If z K, then w —p loglz — is harmonic in a
neighborhood of K. Thus (b).

(b) implies (c). Since vanishes identically off K, f.i 0 on
C \ K. By Theorem 18.6.2, pA. R(K).

(c) implies (a). Since p is real-valued, Theorem 18.6.2 together with
Proposition 5.2.d imply that 0L0 and OLM vanish on the complement of
K. Thus is constant on components of C\K; the other condition in part
(c) implies that LM vanishes on all the bounded components of C\K. On the
other hand, for JaI sufficiently large there is a branch of log(z — a) defined
in a neighborhood of K so that this function belongs to R(K) by Runge's
Theorem. Thus also is identically 0 in the unbounded component of
C\K. .0

Note that the only place in the proof of the preceding theorem where
the fact that p is real-valued was used was in the proof that (c) implies
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(a). Conditions (a) and (b) are equivalent for complex measures. In fact, if
0 on C\K, then L,, 0 there. where v is either the real or imaginary

part of
The next theorem can be taken as the analogue of Runge's Theorem. To

set the notation, fix K and let E be a subset of C \ K that meets each
bounded component of C \ K. Let HR(K, E) be the uniform closure of all
the functions of the form Re I + ek log Iz — akl, where f is analytic
in a neighborhood of K, n � 1, the constants ck are real, and ak E E for
1 <k < n.

6.3 Theorem. JfK is a compact subset of C and E is a set that meets each
bounded component of C \ K, then E) = H(K), where HR(K, E) is
defined as above.

Proof. Clearly HR(K, E) C H(K). It suffices to show that if p is a real-
valued measure supported on K and p HR(K, E), then p 1 H(K). But
since f Ref dp 0 for every function I analytic in a neighborhood of K
and p is real-valued, p 1 R(K). Also 0 for all a in E. By the
preceding theorem, p 1 H(K). 0

The proof of the next corollary is similar to the proof of Corollary 8.1.14.

6.4 Corollary. If G is an open subset of C and E is a subset of C\G that
meets every component of C\G, then every real-valued harmonic function u
on G can be approvimated uniformly on compact subsets of C by functions
of the form

Ref(z) +>bk

where f is analytic on C, n � 1, and ai,.. . ,a,, are points from E.

We will return to the logarithmic potential when we take up the study
of potential theory in the plane in Chapter 21.

Exercises

1. Let K be a compact subset of C. For p in M(K) and a smooth
function with compact support, Let + irt ç + —

Prove the following. (a) L,L, = (b) p 1 H(K)
if and only if I 11(K) for all smooth functions 4 with com-
pact support. (c) H(K) = C(K) if and only if for every closed disk
D, H(D fl K) = C(D fl K). (Compare with Exercise 18.6.1.)

2. If K is either a closed disk or a closed annulus, show that H(K) is
the space of continuous functions on K that are harmonic on mt K.
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§7 The Dirichlet Problem

This topic was discussed in §10.4 and we will return to examine various
aspects of the subject in the remainder of this book. We begin by recalling
the following definition.

7.1 Definition. A Dirtchlet set is an open subset of with the property
that. for each continuous function u : —. C there is a continuous
function It : ci —. C such that It is harmonic on C and

h is called the classical solution of the Dirichiet problem with
boundary values it. A connected Dirichiet set is called a Dzrichlet region.

The sets C in this definition are allowed to contain the point at infinity.
so let's be clear about what is meant by being harmonic (or subharmonic)
at infinity. Suppose K is a compact subset of C and u : C \ K IR is

harmonic. Thus u(z-') is harmonic in a deleted neighborhood of 0. We
say that it is harmonic at infinity if u( z 1) has a harmonic extension to a
neighborhood of 0. According to Theorem 15.1.3, there is a real constant
c and an analytic function h defined in this punctured neighborhood such
that u(z') c log 14 + Reh(z). Thus = —c +Reh(:'). So it
is harmonic at precisely when this constant c is 0 and h has a removable
singularity at 0. in most of the proofs we will assume that C is contained
in the finite plane. Usually the most general case can be reduced to this
one by an examination of the image of C under an appropriate Mübius
transformation chosen so that this image is contained in C.

Some of the results of § 10.4 will be used here. It is shown there that if each
component of consists of more that one point, then C is a Dirichiet
set. It is also shown there that the punctured disk is not a Dirichiet set.

In this section we will not concentrate on the classical solution of the
Dirichiet problem. This topic will be encountered in §10 below, when we
discuss regular points. Even though there are open subsets of C that are
not Dirichiet sets. each function on gives rise to a "candidate" for the
solution of the Dirichlet problem as we saw in Theorem 10.3.11. We recall
this result in a somewhat different form to accommodate our new definition
of a subharmonic function and to extend the functions that are admissible
as boundary values. Let = IRU {±cx} with the obvious topology; that
is. is the "two point" coinpactification of An extended real-valued
function is one that takes its values in

7.2 Definition. If u is any extended real-valued function defined on
let

C) = is subharmonic on C. p is bounded above, and

limsupo(z) u(a) for every a in



238 19. Harmonic Functions Redux

P(u, C) = : is superharnionic on C, is bounded below,

and for everyaon 800C}.

These collections of functions are sometimes called the lower and upper
Perron families, respectively, associated with u and C. It is somewhat useful
to observe that C) 1'(u, C). Also define functions ii and ii on C
by

u(z) = E

u(z) = : E P(u, C)).

These functions are called the lower and upper Perron functions, respec-
tively, associated with u and C. They will also be denoted by ÜG and
if the dependence on C needs to be emphasized, which will be necessary at
certain times.

Note that 1'(u, C) contains the identically —oo function, so that it is a
non-empty family of functions. Thus ü is well defined, though it may be
the identically —co function. Of course if u is a bounded function, then
P(u, C) contains some finite constant functions and so ü is a bounded
function. Similar comments apply to P(u, C) and ü. Usually results will
be stated for the lower Perron family or function associated with u and C;
the corresponding statements and proofs for the upper family and function
will be left to the reader. The proof of the next proposition is left to the
reader. (See Corollary 4.18.)

7.3 Propositon. If
and then B(a; r) also
belongs toP(u,C).

7.4 Lemma. Assume that P is a family of subharmonw functions on C
with the properties:

(1)

if and then
r) also belongs to P.

If h(z) = sup{Ø(z) P}, then on each component of C either h E 00

or h is harmonic.

Proof. The proof of this lemma is lile the proof of Theorem 10.3.11, but
where Corollary 4.18 is used rather than Corollary 10.3.7. The details are
left to the reader. 0

7.5 Proposition.

(a) If u is any function, ii and ii are harmonic functions on any compo-
nent of G on which they are not identically ±co.
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(b) If c is a non-negative real number, then = cii and = cii.

(c) If c is a non-positive real number, then = cii and = cii.

(d) If v is a finite-valued function such that and i, are finite
onG,

(e) flu is a bounded function, ii ii �

Proof. Part (a) is immediate from Proposition 7.3 and the preceding
lemma. The proofs of parts (b) and (c) are routine. The proof of (d) is
a combination of basic mathematics and an application of the Maximum
Principle, which implies that if E P(u, C) and P(u, C), then
The proof of (e) follows by observing that certain constant functions belong
to the appropriate families of subharmonic and superharmonic functions.
0

if u and there is a classical solution h of the Dirichiet prob-
lem with boundary values u, then ii = ii — h (Exercise 1). So in order to

solve the Dirichiet problem, it must be that ii — ii. Suppose that this does
indeed happen and ii = ii. Define 4: —. R by letting 4 = ii = ii on
C and h = u on O,,,G. There are two difficulties here. First, bow do we

know that 4 is continuous on Indeed, it will not always be so since
we cannot always solve the Dirichiet problem. Second, how can we decide
whether ii = ii? The first question was discussed in §10.4 and will receive
a more complete discussion as we progress. The second question has an
affirmative answer in most situations and will be addressed shortly. But

first we show that it is only necessary to consider connected open sets. As
is customary, results will be stated and proved for lower Perron functions,
while the analogous results for the upper Perron functions will be left to
the reader to state and verify.

7.6 Proposition. ff0 is any open set, If is the union of some collection
of components of C, u : [—oo,ooj, andy = uI&0H, then =
on H.

Proof. It is easy to see that if ØE P(u, C), then çbJH E H); thus
iìo � vu on H. Now suppose C) and E P(v, H) and define
on G by ih(z) = for z in H and otherwise. The

reader can check that E P(u,G) and, of course, S for z in

H. Thus i}H(z) � for all z in If. 0

The previous proposition is generalized in Proposition 21.1.13 below.

7.7 Corollary. If C is any open set and u : [—oo, oo], then ii = ii if
and only if/or each component Ii of C, 1)g = on H, where v =

7.8 Proposition. Let C be an arbitrary open set and assume u is an
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arbitrary extended real- valued function on G.

(a) There is a sequence in such that for every in C.
is increasing and —+ iA(z). If is a real constant such

that u(t) � for all in the sequence can be chosen such
that > for all n.

(h) There is an increasing sequence { } of upper semzcontznuous func-
tions on such that each Un is bounded above. < u. and

tTz(z) for alit inC. is a real constant such that u(z) >
for all z 2fl the can be chosen such that
for all n.

Proof (a) This will only be proved under the additional assumption that
C is connected. The proof of the general case is left to the reader. If P(u. C)
only contains the constantly function. a —'x and we can put
--oc for all n. Assume that ü is not identically —oc. Fix a point a in G
and let he a sequence in P(u.G) such that — ü(a); it can be
assumed that is not identically Replacing by Oj V ... V

we may assume that for each in G. is an increasing sequence.
Now write C as the union of regions such that for every n 1, a E

cI ç and is a Jordan system. Let be the function on
G that agrees with b,, on G \ G,, and on is the solution of the Dirichiet
problem with boundary values It follows from the Maximum Principle
that is also an increasing sequence. each E P(u. C), and
Thus — à(a). -

Let h(z) limp. = So it a and by Harnack's Tlieo-
rem either h or h is harnionic. If h x. then so is ü and we are done.
Otherwise, h � ü and h(a) = a(a) and so. by the Maximum Principle.
h = ñ.

If a i. then replace each 0,, by o,, -/ o.
(b) First assume that n is bounded above. Let be as in part (a) and

(lefine = for all ( in According to
3.8. IS upper semicontiiiuous and dearly ii,, < a: since is bounded
above, so is Also P(f. C) and so o,, < < Thus —

for all z in C.
If u is flot hounded above, consider u m. obtain a sequence of

usc functions as in the preceding paragraph, and put = 6

To facilitate the discussion we make the following definition.

7.9 Definition. Say that a function u : — is solvable if = it
and this fuiiction is finite-valued on G. If a is a solvable function, then il
will be called the solution of the Dirichlet problem with boundary values a.
If C is an open set such that every continuous function on is solvable.
say that. C is a solvable set.
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Because it and it are harmonic functions and it it on G, in order for u
to be solvable it suffices, by the Maximum Principle, that the functions are
equal and finite at one point of each component of C. In Theorem 21.1.12
below the solvable functions will be characterized for solvable open sets C.
Solvable sets will be dealt with at length as we progress through this chapter
and given another characterization in §10. From Chapter 10 we know that
all regions whose boundary has no trivial components is a solvable set. It
is also the case that C is solvable; a somewhat unfortunate turn of events
as most results on solvable sets will have to omit this particular one.

The tiresome aspect of considering open sets G that are not connected is
that a function a on can be solvable on some components while not
being solvable on others. However in light of Corollary 7.7 we have that the
function a is solvable on G if and only if it is solvable for each component
of C.

7.10 Proposition. If 8(G) is the collection of all finite-valued solvable
functions on C, then 8(C) zs a real linear space. If u and v E 8(C) and

/3 R, then au + 3v = ait±.if'. If is the collection of all bounded
solvable functions on and is endowed with the supremttm
norm, then zs a real Banach space. If is a sequence in
and — a in the supremum norm, then it uniformly on G.

Proof. The fact that S 8(G) is a real linear space is a consequence
of (b). (c), and (d) of Proposition 7.5. If Proposition 7.5 is massaged in
the appropriate manner, it will produce the fact that, if u and v E S and
a, /3 E IR. then au + j3v = ait i%. The massaging is left to the reader.

To show that = S"°(G) is complete, let {u,1} be a sequence of
functions in and assume a ÔG — IR is a bounded function such
that — — 0. Using parts (d) and (e) of Proposition 7.5, we
have that a = (u — a,., i- < (a — + < Uu —

a a — a,, + a,, � it — -4- a,, ? — u,,fl + a,,. Since a,, = it,.,,

Using (7.5.e) we have that u(z) — it,,(z)l � lu —
Thus it,, it uniformly on G. 0

We will retain this notation. For any open set C. = will
denote the bounded solvable functions defined on furnished with the
supremum norm and S = 8(G) will denote the collection of all solvable
functions.

7.11 Proposition. Assume G is connected. If for each ii � 1, a,, E 8(G)
with a,, ? 0 and if u u,,, then either:

(a) a E S(G) and it = it,,, where the convergence of this serzes is
uniform on compact subseis of C: or
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(b) ü = oo and converges to 00 uniformly on compect
subsets of G.

Proof. Let = so v,, E 8(G) and = Since v,, �
it, ii. Thus � ü. Similarly, $

Note that since � 0, Proposition 7.8 implies we may restrict our
attention to the positive functions in P(u,,, C). Fix a point z0 in C and
an C > 0. For each n � 1, let G) such that is positive and

< ü,(zo) + e/2". According to Proposition 4.6.c, is

superharmonic. If a E then

� � u(a).

Thus 13(u, G). Hence ü(zo) � � + E. Since z0 and e
were arbitrary, this implies that ü ü.,,. Since the reverse inequality
was already established, this implies that ii � u = =

Thus ü=ü.
If u is solvable, then because the harmonic functions in the sum ü(z) =

ü,, (z) are all positive, the convergence is uniform on compact sets. Part
(b) also follows by Harnack's Theorem. 0

7.12 Corollary. Assume C is connected. If {u,j is an increasing sequence
of solvable junctions on and u(() limo then either u is solv-
able and ü,1(z) —. ü(z) uniformly on compact subsets of C or ii i 00
and —+ 00 uniformly on compact subsets of C.

This allows us to prove a useful fact about solvable open sets as defined
in (7.9).

7.13 Corollary. JIG is a solvable set, then every bounded real-valued Borel
function on is solvable.

Proof. The hypothesis implies that is a collection of bounded func-
tions on that contains the continuous functions and, according to
Corollary 7.12, contains the bounded pointwise limit of any increasing or
decreasing sequence in This implies that S°° contains the bounded
Borel functions. (A result from measure theory says that if we take the
increasing limits of continuous functions, then take the decreasing limits of
the resulting functions, and continue to repeat this transfinitely up to the
first uncountable ordinal, the resulting class of functions is precisely the
Borel functions.) 0

Now to get a rich supply of examples of solvable sets. The next lemma
extends Exercise 1.
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7.14 Lemma. If is a real-valued function that is continuous on
and subharmonic on G, then is solvable.

Proof. Let u = and Øi = OIG; it follows that E P(u, C) and
hence that � ii on C. Thus � = 0(a) =
u(a). That is, ii P(tz, C). Therefore ü S ü. But we always have that
fL � ii by (7.5.e). Thus u is solvable. 0

The next theorem is due to Wiener.

7.15 Theorem. If C is a bounded open set, then C is solvable.

Proof. Let u be a real-valued continuous function on OG and let {pn(z, i)}
be a sequence of polynomials in z and that converges to u uniformly
on 0G. (The boundedness of C is being used here.) Let be a positive
constant that is sufficiently large that + > 0 on ci C (again
the boundedness of C). By Corollary 5.8, + is subharmonic 011
C. The preceding lemma implies that + is solvable. Thus both

+ and c,jzJ2 are solvable. Therefore p,, is solvable by Proposition
7.10. This same proposition implies that u, the limit of is solvable.
0

With a little work this collection of solvable sets can be enlarged. This
requires a preliminary result that has independent interest.

7.16 Proposition. If C is a solvable set and r c1j2 is a
homeomorphism such that r is analytic on C, then is a solvable set.

Proof It is not difficult to see that with the assumptions on r, for any
function v OOJ1 R andu = vor, P(u,G) = {Oor : 0€ P(v,fl)} and
P(u, C) = o r E P(v, The rest readily follows from this. 0

7.17 Theorem. If C is not dense in C or if C is a Dirichiet set, then C
is a solvable set.

Proof. Suppose C is not dense. So there is a disk B(a; r) that is dis-
joint from the closure of C. But then the image of C under the Möbius
transformation (z — a)' is contained in B(a; r). By Theorem 7.15 and the
preceding proposition, C is a solvable set.

If C is a Dirichiet set, then for every continuous function u on there
is a classical solution h of the Dirichlet problem. According to Lemma 7.14
(or Exercise 1) this implies that u is solvable. 0

7.18 Corollary. C is not connected, then C is solvable.

Proof. According to Corollary 7.7, C is solvable if and only if each com-
ponent of C is solvable. But if G is not connected, then no component of
C is dense and hence each component is a solvable set. 0



244 19. Harmonic Functions Redux

An examination of the preceding theorem and its corollary leads one to
believe that an open subset of a solvable set is also solvable. This is the case
and will follow after we characterize solvable sets in Theorem 10.7 below.

This last result leaves the candidates for non-solvable sets to those of
the form C = C \ F, where F is a closed set without interior in C. If no
component of F is a singleton, then C is a DIrichlet set (10.4.17) and so C
is solvable. So a typical example would be to take G = \ K, where K
is a Cantor set. Note that such open sets are necessarily connected.

It is not difficult to get an example of a non-solvable set. In fact the
punctured plane is such an example. To see this we first prove a lemma
that will be used in a later section as well.

7.19 Lemma. If 4) is a subharmonic function on the punctured plane, C0,
such that 4) 0 and 0(z) <a for some a, then 4) � a.

Proof. LetE>0;byhypothesis,thereisa6>Osuchthat4)(z)<a+e
for 8. Take b to be any point in C0 and let r be an arbitrary number
with r> IbJ. if h,.(z) = [log(8/r)]' then hr is harmonic in
a neighborhood of the closure of the annulus A = ann(0;5,r). For = &
it is easy to see that h,.(z) � 4)(z). For = = 0 � 4)(z). Thus the
Maximum Principle implies that hr � 4) on ci A; in particular, 0(b) � h1.(b).
Since r was arbitrary, 0(b) S h,.(b) = a + e. Since e was arbitrary,
Ø(b)<Za. 0

7.20 Example. The punctured plane Co is not a solvable set. Define
u(0) = 0 and u(oo) = 1. If 4) P(u,Co), then 0 and

4)(z) � 1. Applying the preceding lemma to the subharmonic
function 4) — 1, we have that 4) — 1 —1 so that 4) 0; thus <0. If
if, P(u,C0) and the preceding lemma is applied to we deduce
that if, � 1; thus ü � 1. Therefore C0 is not solvable.

Exercises

1. Suppose h is a continuous function on that is harmonic on C
and put u = Show that ü = h.

2. In Proposition 7.8 show that the sequence converges to ü uni-
formly on compact subsets of G.

3. Ifa is a real constant, 4) E P(u,G) such that 4)(z) � a for allz in C,
and ZqJ with u(zo) = a, then 4)(z) a as z —e zO, z in C.

4. Show that if u and v are solvable functions, then so are max(u, v)
and min(u,v).

5. Show that if F = {a,2}, where oo, then G = C \ F is not a
solvable set.
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6. Show that C is a solvable set.

§8 Harmonic Majorants

This short section presents a result that will be useful to us in this chapter
as well as when we begin the study of Hardy spaces on arbitrary regions in
the plane.

8.1 Theorem. Let C be an arbitrary open set in the plane. If u is a subhar-
inonic function on G that is not identically on any of components,
and if there is a harmonic function g on G such that g � u on C, then
there is a unique harmonic function h on C such that:

(a) h � u on C;
(b) if / is any harinonw function on C such that / � it, then f � h.

Proof. Clearly it suffices to assume that G is connected. Let {I',,} be a
sequence of smooth positively oriented Jordan systems in C such that if
C,, = ins r,,, then ci C,, and C = u,,G,,. Let h,, be the solution
of the Dirichiet Problem on C,, with boundary values u. Note that if E

then u on G,,; hence u h,, on C,,. For any n, h,,+1 is
continuous on cl C1, and dominates u there. Thus � h,, on G,,,. If
n is fixed, this implies that h,, < < h,,÷2 < ... on C,,. This same
type argument also shows that on G,,, h,,+k S g for ali k � 0, where g is
the harmonic function hypothesized in the statement of the theorem. Thus
Harnack's Theorem, and a little thought, shows that h(:) Urn,, h,,(z)
defines a harmonic function on C such that h <g. Also since h,,÷k � u on
C,,, h u on G.

Now suppose f is as in condition (b). The Maximum Principle shows
that for each n 1. 1 � h,, on C,,. Thus f � h.

The uniqueness of the function h is a direct consequence of part (b). 0

8.2 Definition. If G is an open set and u is a subharmonic function on
C that is not identically on any of its components and if there is
a harmonic function h on 0 that satisfies conditions (a) and (b) of the
preceding theorem, then h is called the least harmonic majorant of u. In a
similar way, the greatest harmonic minorant of a superharmonic function
is defined.

So Theorem 8.1 can be rephrased as saying that a subharmonic function
that has a harmonic majorant has a least harmonic majorant. Particular
information about the form of the least harmonic majorant of a subhar-
monic function can be gleaned from the proof of Theorem 8.1 and is usefully
recorded.
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8.3 Corollary. With the notation of the preceding theorem, if G is con-
nected and } is any sequence of regions such that ci c

and C = uGh, and if is the solution of the Dirzchlet Problem on
with boundary then h(z) = lime is the least har-

monic majorant of u.

Exercises

1. if C is a bounded Dirichiet region and u : ci C —' [—oo,oo) is an
upper semicontinuous function that is subbarinonic on C and not
identically —00, then u has a least harmonic majorant.

2. Fix an open set C in C and let Hb(G) denote the real-valued bounded
harmonic functions on C. For u and v in Hb(G), let u V v be the
least harmonic majorant of max{u, v} and let u A v be the greatest
harmonic minorant of ntin{u. v}. Show that, with these definitions of
join and meet, Hb(G) is a Banach lattice.

§9 The Green Function

We extend the definition of a Green function that was given in §10.5.

9.1 Definition. For an open subset C of a Green function is a function
g: C x C —p (—00, co] having the following properties:

(a) for each a in C the function g0(z) = g(z, a) is positive and harmonic
onC\{a};

(b) for each a 00 in C, z —, g(z,a) + — a
neighborhood of a; if 00 E G, z —+ g(z, oo) — log JzJ is harmonic in a
neighborhood of oo;

(c) g is the smallest function from C x C into (—oo,oo] that satisfies
properties (a) and (b).

Several observations and notes are needed before we proceed. If in part
(b) 00 C, then the function g(z, a) + log — al is harmonic throughout
C; the restriction to a neighborhood of a is only needed when C contains
the point at infinity. Also the reason for the statement that if 00 C C,
z —i g(z, oo) — log is harmonic in a neighborhood of oo rather than
throughout C is due to the possibility that 0 E C. After all if 0 E C, then
g(z, oo) is harmonic near 0 and log zI is not. See Exercise 1.

Why the minus sign in g(z, oo) — log Izi? Don't forget that to say that
is harmonic near oo is to say that g(z'.oo) —log =

g(z1, 00) + log is harmonic near 0.
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The next point to be made is that this definition extends Definition
10.5.1. So let G be a region in C (we need not consider the case that
00 C) and let g(z, a) = g0(z) be as in Definition 10.5.1. Note that

oo as z —, a while ga(Z) — 0 as z approaches any point on
the extended boundary of C. Thus g is a positive harmonic function on
C \ {a}. Clearly condition (b) above is also satisfied. It remains to show

that g is the smallest such function. So let f G x G (—00, col be a
function having properties (a) and (b) in Definition 9.1. If = f(z,a),
then — ga(Z) = + log Jz — all — Iga(z) + log — all is harmonic
on C. Since fa is positive and for any w in ga(z) 0 8S Z

— g3(z)] � 0. Therefore the Maximum Principle implies
that fa(Z) � g0(z) for all z in G.

The essence of the generality that the above definition has over Defini-
tion 10.5.1 lies in its applicability to arbitrary open sets, flot just Dirichiet
regions. The fact that C is not assumed to be connected does not truly rep-
resent a gain in generality. The Green function for an open set is obtained
by piecing together Green functions for each of the components of C. In
most of the proofs only regions will be considered as this obviates the need
for certain awkward phrasings.

9.2 Proposition. Let C be a region in the extended plane.

(a) If there is a Green function for C, then it is unique. In fact if a is
a fixed point in C and f is a positive harmonic function on G \ {a}
such that 1(z) + log lz — a is the smallest
such function, then f(z) = g(z, a) for all z in C.

(b) If 9 is the Green function for G and a E C, then ga(Z) g(z,a) for
z a and g0(a) = 00 defines a superharrnonic function on G.

(c) ij Il is another region in C is a conformal equivalence,
and g is the Green function for C, then h((, a) 'r(a)) is the
Green function for ci.

(d) If C is a simply connected region in the extended plane and for each a
Ui C, Ta : C —. D is the Riemann map with r6(a) = 0 and > 0,

then g(z, a) = — log jra(z)I is the Green function for C.

(e) The greatest harmonic minorant of the function
defined in (b) is the zero function.

Proof. The point here is that to get uniqueness it is only necessary to
verify that the properties hold for one fixed choice of the singularity a.
If f is as described, then, as in the argument that Definition 9.1 extends
Definition 10.5.1, we have that f � on C. Since f is the smallest such
function, f = 9a.

Part (b) is an easy exercise. To prove part (c) it suffices to assume that
neither C nor Il contains oo. If h is as in (c), then clearly h is positive
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and for each in ft, ( —' h((,a) is harmonic on ft \{a}. If =
a, h((, + log K — is the composition of + log Iz — with r and
therefore must be harmonic on ft. It remains to verity condition (c) of the
definition. But if f is another function on 1) x ft satisfying conditions (a)
and (b), f o (ir' x r-') is such a function on C x G. The fact that g is
the smallest such function on C x C implies that h is the smallest such
function on ft x ft.

We note that — log(Iz — — ozI] is the Green function for If we
fix a point a in C, then for any point b in C, Tb(z) = c[r4(z) — r4(b)J/[l —

r0(b)r4(z)) for some constant c (dependent on b) with Ici = 1. With these
observations, part (d) follows from part (c).

To prove (e) first note that 0 is a harmonic minorant of 9a. Let h4 be
the greatest harmonic minorant of so 0 h4 � Thus g° — h0 is

a positive superharmonic function on C that is harmonic on C \ {a} and
such that — h0) + log — aI is harmonic on C. From the definition of
the Green function we have that — ha � SO that h0 <0. 0

Part (d) of the preceding proposition can be used to compute the Green
function for a simply connected region provided we know the conformal
equivalence. See Exercise 2.

Of course the Green function may not exist for a specific region C. This
question of existence is crucial and is, as we shall see, intricately connected
to other questions about harmonic functions. Note that if there is a Green
function g for C, then there are non-constant negative subharmonic func-
tions on C; viz, —ge for each a in G. This leads us to the following classi-
fication of regions.

9.3 Definition. An open set C in is hyperbolic if there is a subharmonic
function on G that is bounded above and not constant on any component
of C. Otherwise C is called parabolic.

The comments preceding the definition show that if C has a Green func-
tion, then C is hyperbolic. By subtracting a constant function, we see that
to say that C is hyperbolic is equivalent to the statement that there is
a negative subharmonic function on C that is not constant on any com-
ponent of C. Every bounded region is hyperbolic since Re z is a bounded
subharmonic function. Since any region that is conformally equivalent to
a hyperbolic region is clearly hyperbolic, this says that any region that is
not dense in the extended plane is hyperbolic. Thus the only candidates for
a parabolic region are those of the form \ F, where F is some closed
subset of

9.4 Proposition. If G is an open set that is not connected. then C is
hyperbolic. An open subset of a hyperbolic set is hyperbolic.

Proof. If C is not connected, then no component of C is dense. Hence on
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each component we can find a non-constant negative subharmonic function.
The proof of the second statement is trivial.

9.5 Proposition.

(a) If C is a solvable region and 8 C is not a singleton, then G is hyper-
bolic.

(b) If C is parabolic, then K = CCK, \ C is totally disconnected and K
OK = K.

(c) C is a parabolic region.

Proof (a) Assume that 00 C. Since C is not the whole plane, &0G
has at least 2 points (7.20). Let u : —. [0, 1j be a continuous function
that assumes both the values 0 and 1. If E P(u, C), then — I is a
negative subharmonic function. If C were parabolic, then it would follow
that each in P(u, C) is a constant and that ü 0. Similarly, if C
were parabolic, it would follow that ii 1 and so G is not solvable.

(b) Assume that 00 C. if K OK, then C is not dense and therefore
solvable; by (a) C cannot be parabolic. Similarly, if K K, C is not
connected and is thus hyperbolic (9.4). If K is not totally disconnected, it
contains a component X that has infinitely many points. Put H = \ X.
Let r : H D be the Riemann map with r(oo) 0 and put = So

is a subharmonjc function on H with < 0 and H must be hyperbolic.
Therefore C is hyperbolic, a contradiction.

(c) Let be a negative finite-valued subharmonic function on C and fix
two points a and b. Since Lemma 7.19 implies that� for all z in C; in particular, � Reversing the roles
of a and b, we get that = Therefore is constant. 0

In Theorem 10.7 in the next section it will be shown that a hyperbolic
region is solvable, thus establishing the converse to part (a) of the preced-
ing proposition. But now we concentrate on the connection of hyperbolic
regions to the existence of the Green function.

9.6 Proposition. Let C be a region in C<,,, and let be a Jordan curve
in C such that H = ins -y ç C. Let u denote the characteristic function
of -y defined on (C \ ci H) with ü the corresponding Perron function on
G\clH.

(a) 14z) < 1 for all z in C \ ci H if and only if C is hyperbolic.
(b) ü(z) 1 on G\cIH if and only ifG is parabolic.

Proof. By the Maximum Principle ü(z) � 1 on fl G \ d H. Also Q is
connected (why?) and so if Ü(z) 1 for any point in it is identically
1. Thus the statements (a) and (b) are equivalent. So assume that C is
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hyperbolic and let us show that < 1 on ci. Let be a negative sub-
harmonic function on C that is not constant. Without loss of generality we
may assume that z E G} = 0. Put M = : z E so

M 0. By the Maximum Principle M <0. By normalization, it may be
assumed that M = —1.

By Theorems 10.4.3 and 10.4.9, ü(z) I as z approaches any point on
'y. Since u is positive and —1 on —4 E P(u,ci); thus ü <
on ci. Since = 0, there is a point a in C with > —1. But

� —1 for all z in ci H (why?) and so a E ci. Thus ü(a) < 1 and so
ü(z)<lforailzinci.

Now assume that ü(z) < 1 for all z in ci and define C JR by letting
= —u(z) for z in ci and = —1 for z in ci H. It is left to the

reader to verify that is subharmonic on G. Clearly it is negative and, by
assumption, it is not constant. 0

Let us underscore the fact used in the preceding proof that the function
ü has a continuous extension to 'y where it is constantly 1.

9.7 Theorem. The region C in has a Green function if and only if C
is hyperbolic.

Proof. We have already observed that a necessary condition for C to have
a Green function is that C be hyperbolic; so assume that C is hyperbolic.
Fix a in C, a 00; we will produce the Green function with singularity at
a. (The case where a = oo is left to the reader.)

Defineu on by u(a) = oo and u(() 0 for(
in Let g be the upper Perron function ü on C \ {a} corresponding to
the boundary function u. Clearly g is a non-negative harmonic function on
G\ {a}. To see that g satisfies condition (b) of Definition 9.1 takes a bit of
cleverness. —

Choose r > 0 such that B = B(a;r) C G and let R > r such that
B(a; R) ç C. Observe that G\B is a solvable set, let x be the characteristic
function of the circle 8 B, and put h = the Perron function of x on C\B.
So 0 � h 1; according to the preceding proposition, h(z) < 1 for all in

C \ B. Thus m = max{h(z) — aI = R} < 1. Choose a positive constant
M with mM < M + log(r/R) and define a function on G by

Mh(z)
=

zEB.

Claim. is a superharmonic function on C.

It is clear that is lower semicontinuous; in fact it is a continuous
function from C into The only place we have to check the integral
condition is when Iz — aI r. To check this we first verify that M h(w) <
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M+log[r/Iw—aij forr < lw—al <R. Indeed, if lw—al = r, h(w) = 1 and

so Mh(w) = M = M + log[r/lw - all; if 1w — a! = R, Mh(w) � Mm <
M + Iog[r/jw — all. The desired inequality now holds by the Maximum
Principle. Now if lz — a! = r and 6 < R — r, this implies that

r
— I27rJ0 lz—ai

This proves the claim.
Note that the function belongs to the Perron family P(u, C \ {a})

and so the harmonic function g satisfies g(z) for all z in C \ {a}.
If z B and z a, —al —al = M +logr,
a constant. Therefore g(z) + log Iz — a! admits a harmonic extension to
B(a; r). This says that g satisfies conditions (a) and (b) of Definition 9.1.

Now to verify condition (c) of the definition. Assume that k is another
function having properties (a) and (b). So k is a superharmonic function
on G. Now k(z) = oo = u(a). Since k is positive, k(z) �
o = u(() for (in Therefore k P(u, C \ {a}) and so k � g. Hence g.
is the Green function for G with singularity at a. 0

The next result can be viewed as a computational device, but in reality
it is only a theoretical aid.

9.8 Proposition. Let be a sequence of open sets such that c
and C = is hyperbolic. If is the Green function for C

and g is the Green function for C, then for each a in C, gn(z, a) I g(z, a)
uniformly on compact subsets of C \ {a}.

Proof. Fix the point in C; we will only consider those n for which
a E Note that the restriction of to satisfies conditions (a)
and (b) of Definition 9.1. Hence a) � a) for all z in On. Thus
k(z, a) = lime gn(z, a) exists uniformly on compact subsets of G \ {a} and
either is harmonic or oo. But the same type of argument shows that
g(z,a) � gn(z,a) for all n and all z in G,. Thus g(z,a) � k(z,a) and so k0
is a harmonic function on C \ {a}. Clearly k � 0 and k(z, a) + log lz — is
harmonic near a. That is, k satisfies properties (a) and (b) in the definition
of a Green function. Therefore, k(z, a) � g(z, a). Since we have already
shown that g � k, we get that g k, proving the proposition. 0

Recall the information obtained about the Green function for an analytic
Jordan region in In particular, Theorem 15.2.5 gives a formula for the
solution of the Dirichiet problem for such regions involving the conjugate
differential of the Green function. We can use this material together with
the preceding proposition to obtain information about the Green function
for any hyperbolic region.

9.9 Theorem. If C is a hyperbolic region, a and b are points in C, and g
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is the Green function for C, then g(a, b) = g(b, a).

Proof. First assume that G is an analytic Jordan region with positively
oriented boundary r . , with as the outer boundary. Let
a1 = a and a2 = b. For j = 1,2, put g,(Z) = and = OB(a,;r)
with positive orientation. (Here r is chosen so that B(a,; r) G and fl

= 0.) So A = . . is a positively oriented Jordan
system and both g1 and are harmonic on the inside of A. By Corollary
15.2.3, 0 = — gd91). Since g' and 92 vanish on r, Lemma 15.2.4
implies that

0 =
—f — 9dg1)

171+172

= —2irg'2(a1)+21r91(a2)+/3(T),

where /3(r) —. 0 as r —b 0.

This proves the theorem for the case of an analytic Jordan region. The
proof of the general case follows by taking a sequence of analytic Jor-
dan regions such that C and C = and applying Proposition
9.8. 0

We finish with a result that will prove useful in further developments.

9.10 Proposition. If C is a hyperbolic region in C, a E G, and g is the
Green function for C, then

g(z, a) = inf{*(z) : is a positive superharmonic function on C such

that + log Iz — aI 28 superharmonzc near a).

Proof. Let be a positive superharmonic function on C such that 0(z)
tI'(z) + log jz — aI is superharinonic on C. Since z g(z, a) is a super-
harmonic function having these properties, it suffices to show that �
9a(Z) = g(z, a) for all z in C. To this end, first note that 0(a) urn
[*(z) + — aI] and so —* 00 as z —i a. Thus =
00 =

Now let be a sequence of bounded Dirichiet regions, each of which
contains the point a and such that C,, c G,,÷1 and C = LJ,,C,,. Let g,, be
the Green function for C,, with pole at a. According to Proposition 9.8,
g,,(z) —* g,(z) uniformly on compact subsets of C \ {a). If u',, =
then for any ( in OG,,, iP,,(z) � 0 = g,,(z). By the
Maximum Principle, t,b,, � g,, on C,, and the proposition follows. 0

Additional results on the Green function can be found in Theorem 21.1.19
and through the remainder of Chapter 21.
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Exercises

1.

2. Use Proposition 9.2 to find the Green function for D as well as the
upper half plane.

3. If G is a hyperbolic region in and 00 C, show that g(z, oo)
inf : is a positive superharrnonic function on C such that

— log lzI is superharmonic near oo}.

4. Letp(z) = and put
G is connected and g(z,oo) = n' [log Ip(z)I — logRj.

Regular Points for the Dirichiet Problem

Here we return to some of the ideas connected with the solution of the
Dirichiet problem in the classical sense. Specifically, we will study the
boundary behavior of the solution of the Dirichiet problem and how this
behavior collates with the actual values of the boundary function. In § 10.4

the concept of a barrier was introduced and it was shown that each point
of has a barrier if and only if C is a Dirichiet region. We begin by
examining more closely the idea of a barrier; in the process some of the
results from §10.4 will be reproved.

Recall the notation that for a in and r > 0, G(a; r) = B(a; r) fl C.

10.1 Theorem. If C is an open subset of and a E then the
following are equivalent.

(a) There is a barrier forG ata.

(b) There is a negative subharmonic function on C such that —' 0

as z —. a and for every open neighborhood U ofa, sup{Ø(z) : z E
C \ U} <0.

(c) For every r > 0 there is a negative non-constant subharinonic function
on C(a; r) such that --. 0 as z —' a in G(a; r).

(d) For every r > 0, i/u is the solution of the f)irichlet problem on G(a; r)
with boundary values -' (d is the metric), then u(z) 0 as
z —* a in G(a;r).

(e) There is an r > 0 and a negative non-constant subharinonic function
onC(a;r) such that asz —*0 Efl G(a;r).

(f) There is an r > 0 such that if u is the solution of the Dirichiet problem
on G(a; r) with boundary values ( —. d(a, () (d is the metric), then
u(z) —.0 as z —* a in G(a;r).
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Note: if a oo, then the metric in (d) and (f) can be taken to be the
usual absolute value; otherwise it is the metric of the extended plane.

Proof. In this proof it will be assumed that a is a finite boundary point
of C; the proof of the case where a = oc is left to the reader.

(a) implies (b). Let be a barrier for C at a and let be any
sequence of radii converging to 0. Extend to C by letting it be identically
1 on C \ G(a;r). Put = and 4, = By (4.6.e) 4, is

subharmonic and clearly C) � 4, � —1. Since —' 0 as z —' a for each
n, it is easy to check that 4,(z) —, Gas z —' a. Finally, ifr > Oand n is chosen
so that <r, then for z in G\B(a;r), 4,(z) =

(b) implies (c). This is trivial.
(c) implies (d). Let 0 < e < r2; put = B(a;E). ii Cfl 0,

write C fl as the disjoint union of a non-empty compact set Ke and a
relatively open set U whose arc length as a subset of the circle is less than
2ire/r. Let g be the solution of the Dirichiet problem on the disk with
boundary values Observe that 0 g � r and g is continuous at the
points of U with g(() = r there. Writing g as the Poisson integral on the
disk Be it is easy to see that g(a) <e. If C fl = 0, let g 0.

Let 4, be as in the statement of (c) and define 9 : G(a; e) K by
9 = r(4,/a) +g+e, where a = max{4,(z) : z E Since 4, is negative and
usc, a <0. Note that 9 is superharmonic on C(a; e) and 0 � e there. Now
let be any function in P(I( — G(a; r)).

Claim. For any (in 8G(a;e), limsupZ_(1i(z)

In fact, OG(a;c) = n OG) U (C fl If ( E n OC, then
ii(z) � — < e 0(z). If ( C fl then� r

g(z)+e. If( then this gives that un 9(z) � r+lim g(z)+
e � r. If( EU, then we get that � =
r+e �r. This proves the claim.

The Maximum Principle implies 9 on G(a; e); so if u is as in (d), then
u < 8 there. Since 4,(z) 0 as z a, =
g(a) + E < 2E. Thus 0 u(z) < 2e. Since e was arbitrary,
u(z) —' 0 as z a.

(d) implies (1). This is trivial.
(f) implies (a). Let r and u be as in the statement of (f). Note that

u(z) = r when z E Gn8B,., so that if = r1u on C(a;r) and v',. 1

on C \ B(a; r), then is superharmonic on C, 0 � i/',. 1, -* 0 as
z a, and —. las z (on GflOBr.
Now let 0 < $ < r and let v be the solution of the Dirichlet problem

on G(a; s) with boundary values I( — a(. Since fz — aI is a subhartnonic
function, — E P(t( — al, G(a;r)); therefore Iz — � u(z) on G(a;r).
Thus u E G(a; s)) and so v(z) � u(z) for all z in G(a; s). But this
implies that v(z) 0 as z a. But was arbitrary, so if the argument
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of the preceding paragraph is applied to the function v, we get a barrier
:O<s�r}.

It is trivial that (c) implies (e) and the proof that (c) implies (d) given
above shows that (e) implies (f). 0

Note that the existence of a barrier for G at any of its boundary points
implies the existence of a non-constant negative subharmomc function on
C. Thus a region is hyperbolic if there is a barrier at one of its boundary
points.

In the next lemma it is important to emphasize that the set C is not
assumed to be solvable.

10.2 Lemma. Assume there is a barrier for C at a and / is a real-vaithed
function defined on &0G.

(a) Iffisbounded bdow, then

liminff(z)

(b) If f is bounded above, then

lini supf(z) max
I (—*a
I.. CE&0G

(The reason for taking the minimum and maximum in parts (a) and (b),
respectively, is that the definition of the limits inferior and superior of f as
z approaches a does not use the value of f at a.)

Proof It suffices to only part (a). Let p be the right hand side of the
inequality in (a) and m be a constant such that inf{f(C) E
m. We will only consider the case that a oo. lip> f3 > m, Let r > 0 such
that f(C) > /3 for ( in 8G ii Br, B,. = B(a;r). Put u = the solution of
the Dirichiet problem on G(a; r) with boundary values IC — aI; so u(z) 0
as z — a by the preceding theorem. If u is extended to all of C by setting
U = T Ofl C \ B,., then u is superharmonic (verify!). It is easy to check
that /3— r'($ — m)u belongs to the lower Perron family for (f, C). Thus
I � /3 — r'(fJ — th)u and so

Since /3 was an arbitrary number smaller than p, we have proved the lemma.
0
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10.3 Definition. Say that a point a on the extended boundary of an
open set G is a regular boundary point for C if for every bounded function
f R that is continuous at a,

— f(a) =

So the open set C is a Dirichiet set if and only if every extended boundary
point of C is a regular boundary point. The next proposition was essentially
proved in Theorem 10.4.3. Half the proof was given there; the other half
comes from the preceding lemma.

10.4 Proposition. There is a barrier for C at the point a in if and
only if a is a regular boundary point of C.

The next small result is an emphasis of the fact that the condition that
a point a is a regular point for C is a local property. That is, this condition
is only affected by the disposition of G near a. This is clear from Theorem
10.1.

10.5 Proposition. If a is a regular point for the open set C and H is an
open subset of C such that a E then a is a regular point for H.

10.6 Lemma. If C is a region and there zs a negative subharmonic function
on C whose least harmonic majorant vs 0, then there is a negative subhar-

raonic function on C that is not identically —cc such that if (
and <0, then — —cc as z

Proof. Let be a sequence of smooth Jordan regions with cl C,,
C = u,,G,,. For each n define the function çb,, on C by 4,, =

on C \ C,, and 4,, = the solution of the Dirichiet problem on C,, with
boundary values t/40G,,. According to Corollary 8.3 and the hypothesis,

0 as n —i cc. Fix a point a in C; passing to a subsequence if
necessary, it can be assumed that <cc. By Proposition 4.6.e,
4o(z) Ø,,(z) is a negative subharmonic function; by construction it
is not identically —cc.

Now fix a point ( in and assume that urn < 0. Let
r > 0 such that < —5 < 0 for z in C((; r). Let n be an arbitrary but
fixed positive integer. There is an r,, <r such that B((; r,,) fl ci C1, = 0.
If z C((;r,,), then for 1 m � n, bm(Z) = ( —5. Thus �

(t'm(Z) —nS for z in r,,). Since n was arbitrary, —cc
0

Now for the promised converse to Proposition 9.5.

10.7 Theorem. If C is a region in such that has at least two
points, then C is solvable if and only if it is hyperbolic,
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Proof. It suffices to assume that G is hyperbolic and prove that it is solv-
able. Since C is hyperbolic, it has a Green function g; let —g(z, a)
for some a in C. So is a negative subharmonic function with 0 as its least
harmonic majorant (9.2). Let Øo be the negative subharmonic function as
in the preceding lemma.

To show that C is solvable, let f: —' R be a Continuous function
and fix an arbitrary positive e.

Claim. If( E

If 0 as z then is a regular boundary point (10.1) and
so 1(z) f(() as z (. Since 0. this proves the claim in this
case. In the other case, 0(z) <0 and so the lemma implies that

—00 as z (. This proves the claim in this case also.
But the claim implies that / + E P(f, C) and so we have that f +

0

From this point on the term "solvable set" will be dropped in favor of
"hyperbolic set" since this is standard in the literature.

Now let's turn our attention to a consideration of the irregular points of
an open set. Recall that at the end of § 10.3 it was shown that the origin is
not a regular point of the punctured disk. That same proof can be used to
prove the following.

10.8 Proposition. I/C is an open set and a is an isolated point of C,
then a is an irregular point of C.

10.9 Proposition. I/C is an open set and a E C, then a is a regular
point if and only,' if for every component H of G either a is a regular point
of H

Proof. Assume a is a regular point of C; let r > 0 and let be a negative
non-constant subharmonic function on C(a; r) such that —. 0 as z a.
If H is a component such that a E then a E and = r)
is a non-constant negative subharmonic function such that (z) —, 0 as
z —' a.

For the converse, it only makes sense to assume that C is not connected.
So each component of C is a hyperbolic region. Let } be the com-
ponents of G and for each n let be defined on by =
niin{d((, a), l/n}. Let be the solution of the Dirichlet problem on H,,
with boundary values Note that if a then a is a regular point
of by assumption and so u,(z) 0 as z a. Define u on G by letting
u = —u,,, Ofl u is a non-constant negative harmonic function.

Claim. u(z) = 0.
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Toseethis,lete>Oandchoosen0>e'.Forl
such that either B(a; = 0 or <e for z in re). Thus
Iu(z)I <c for z in G(a;r), where r = : n 5 no}. By Theorem
10.1, a is a regular point of C. 0

10.10 Corollary. If are the components of C, then every point in
&0G \ UflÔOOHfl t,s a regular point.

So in a search for irregular points it sufilces to examine the boundary
points of the components of C. The next proposition says that in such a
search we can ignore those points that belong to the boundary of more
than one component.

10.11 Proposition. If a E and a is an irregular point, then there is
a unique component H of C such that a E

Proof. Assume a is an irregular point and let {Hk} be the collection of
those components of C such that a belongs to their boundary. The pre-
ceding corollary says that this is a non-empty collection. Suppose there
is more than one such component. if k is arbitrary and j k, then
a E ç \ 14 and cLH, is connected. By Theorem 10.4.9 this
implies a is a regular point of ilk for each k � 1. By Proposition 10.9, a is
a regular point of C, a contradiction. 0

10.12 Corollary. If a and there is a component H of C such that
a is a regular point of H, then a is a regular point of G.

Proof. If a were an irregular point of C, then the preceding proposition
would imply that H is the unique component of G that has a as a bound-
ary point. Thus the assumption that a is regular for H contradicts the
assumption that it is irregular for C. 0

Later we will return to an examination of irregular points.

Exercises

1. Let C = D\ [{0} where = with 0< a,., < 1.

and the radii chosen so that r,., < and the disks are
pairwise disjoint. Show that C is a Dirichiet region.

2.

closed disks such that the accumulation points of their centers is
precisely the unit circle, ÔD. Show that C is a Dirichiet region.
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§11 The Dirichiet Principle and Sobolev Spaces

In this section a classical approach to the Dirichiet problem is explored. The
idea is that if C is a region and if f is a function on OG, then the solution
of the Dirichiet problem with boundary values I is the function u on C
that "equals" f on the boundary and minimizes the integral f JVuI2 dA.
This will be made precise and proven as the section develops.

We begin by defining a Sobolev space that is suitable for our needs. We
will only scratch the surface of the theory of Sobolev spaces; indeed, we
will use little of this subject other than some of the elementary language.
A fuller introduction can be found in Adams [1975J and Evans and Gariepy
[1992J.

Recall that C is the collection of infinitely differentiable functions on
C that have compact support.

11.1 Definition. If E define

and let W? = W?(C) be the completion of with respect to the norm
defined by this inner product.

Of course it must be shown that (., .) defines an inner product on but
this is a routne exercise for the reader to execute. (Recall that = 8
and = To record the notation, note that

= = + +

The space is an example of a Sobolev space. The superscript 2 in
is there because we have used an L2 type norm. The subscript 1 refers

to the fact that only one derivative of the functions is used in defining the
norm. The first task is to get an internal characterization of the functions
that belong to The term weak dertvative of a function u will mean the
derivative of u in the sense of distributions.

112 Theorem. A function u belongs to W? if and only if u E L2 and
each of the weak derivatives 8u and is a function in L2

Proof. First assume that u E W? and let be a sequence in
such that flu — —, 0 as n —' 00. This implies that —. u in L2 and
that and are Cauchy sequences in L2. Let u1 and U2 £2
such that —' and u2 in the £2 norm. If C°, then

8u, the weak derivative of u. Similarly U2 ôu.
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Conversely, suppose that u, Ou, and Ou belong to L2. For each n � 1,

Izi � n + 1, and JOf,d � 2 throughout C. Let =
u in L2. Also the weak derivative

= it + and —' au in L2. On the other hand

J Jn<IzI<n+1

4J
ki �'H-I

—49

as n oc. Hence ôu in L2. Similarly in £2. This
argument shows that it suffices to show that u W? under the additional
assumption that u has compact support.

Now let {Øe} be a mollifier. Since u has compact support, * u —' is

in £2 and * it E (18.3.6). Since Ou L2 and has compact support,
* is) = * t3u ôu in L2. Similarly * u) —. in L2. Hence

Wj2. 0

Now to give another inner product that is equivalent to the original
when we restrict the supports to lie in a fixed bounded set. This is done
in the next proposition, though the definition of this new inner product
comes after this result.

11.3 Proposition. If C is a bounded open set in C, then there is a constant

M >0 such that for a114 in Cr(C)

� M2
{f

dA
+ f

Proof. Clearly it suffices to show that there is a constant M such that

f M2

To this end, let Q be an open square, Q = {z: IRe zI <R, jIm zj <R},
that contains the closure of C. H' E and is its derivative with

respect to the first variable, then for z x + iy

=

J-R
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Thus
R R

f k5(x+iY)I2dx�4R2f
-R -R

from which we get that

f = f
41?2 f +

= 8R2 f + (14

The preceding inequality is called the Poincaré Inequality.

11.4 Definition. For a bounded open set G, let (C) = the closure of

Cr(G) in W?. The inner product on Vi? (C) is defined by

11.5 (U,V)G = Jt9uOVdA+fou(3IJdA.

The norm on Vi? (C) is denoted by = (u,u)G.
By the preceding proposition, the inner product defined in (11.5) is equiv-

alent to the one inherited from W?. When discussing W? (C) we will almost
always use the inner product (11.5).

Now to prove a few facts about the functions in W? and W? (C). Most
of these results are intuitively clear, but they do require proofs since their
truth is not obvious.

11.6 If u with weak derivative 81u, then there is a function
u' in W? such that:

(i) u = u a.e. fArea);
(ii) 01u = Oju a.e. [Area];

(iii) u is absolutely continuous when restricted to a.e. line parallel to the
real axis.

Proof. As in the proof of Theorem 11.2, it can be assumed that u has
compact support. Since E L2 and has compact support, 81u E L'. This
implies that for a.e. y in R, the function x + iy) is an integrable
function on R. Define tf on C by

2

u(x+iy) =foiu(t+iY)dt
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when this integral exists. Thus u is absolutely continuous on almost every
line parallel to the real axis and 01u a.e. [Areaj. It remains to show
that u' = u a.e. lArea].

Let f and g be functions in with f(x) = 1 in a neighborhood of
Re(supp u) and g arbitrary. Let .b(x+iy) = f(x)g(y); so 4' E Cr(C). Thus
f 4'(81u) = — f(014')u = 0 since Oi4' = f'(r)g(y) = 0 in a neighborhood of
Re(suppu). Therefore

0 =

=
ôiu(x + iy) dx] dy.

But g was arbitrary so we get that

11.7

for
Now if 4' is any function in CC°° (C), then using integration by parts with

= £ dy

= f ([4(x+iv)J
L

dy.

Now apply (11.7) to get

f 4udA = _J$aiudA.

If is a function in such that = 1 in a neighborhood of supp u,
then

J 4'udA =

=

Since 4' was arbitrary, U' = u a.e. [Area). 0
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11.8 Lemma. If u W? and u zs eat-valued, then for every constant
$ � 0 the function u, min(u,s) E and Ilu.U � hull. In partictdar
u4 = max(u,0) = —min(—u,0), = —min(u,0), and = +
belong to W?.

Proof. Let u* be the function obtained in Lemma 11.6. Thus u = min(u,
3)18 absolutely continuous on the same lines as u. Also 81u = 81u a.e.

[Area) for u < a and 01u, = 0 a.e. [Areal for u > a. On the set where
= s it is not difficult to show that 01u = 0 a.e. [Areal. Thus Oiu L2.

But u = u a.e. [Areal so = u3 a.e. [Area). Thus .91u3 L2; similarly
82U, E L2. Since u, clearly belongs to L2, we have that u8 E by
Theorem 11.2.

The proof of the remainder of the lemma is left as an exercise. 0

11.9 Proposition. Let C be a bounded open set. If u EW? (C), then u =0
a. e. [Area] on C \ C. I/u E and u is zero off some compact subset of

C, thenuW?(G).

Proof. First assume that u EW? (C) and let be a sequence in
such that — uII —. 0. So in particular, f — —* 0. By passing
to a subsequence if necessary, it can be assumed that u a.e. (Areal.
Since each vanishes off G, u =0 a.e. (Area] off G.

Now assume that u E W? and u = 0 off K, a compact subset of C.
It suffices to assume that u is real-valued. By Lemma 11.8 it also can be
assumed that u � 0 and u is bounded. if is a mollifier, then *

(C) for all sufficiently small e. It is left to the reader to use Proposition
18.3.6 and the fact that * u) =4, * and * u) = * Ou to shov

that II& * u — ull —, 0. Hence u EW? (C). 0

The preceding result can be improved siginificantly to give a character-

ization of those functions in W? that belong to W? (C). Using the notion

of capacity it can be shown that if u E W?, then u EW? (C) if
and only if u is zero off C except for a set having capacity zero. This result
exceeds the purpose of this book and will be avoided except for its role in
justifying a certain point of view, which we now examine. The interested
reader can see Bagby [1972] or Aleman, Richter, and Ross [preprint] for
another description.

Now we return to the study of the Dirichiet problem. The idea here
is to use the preceding proposition to replace or weaken the idea of two
functions having the same boundary values. Specifically we will say that

two functions u and v in agree on 0(3 if u — v €14'? (C). (Of course the
functions will be restricted in some further way.) Since Proposition 11.9
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says that u — v is 0 a.e. on C \ C, this is safe. In light of the referred result
that u — v must vanish on the complement of G except for a set of capacity
0, the stability of the ground on which this statement is based is increased.

Another essential ingredient in this mathematical stew is the next propo-
sition. A small abuse of the language will be employed here; for a function
u in W? we will say that u is harmonic (or analytic) on the open set G if u
is equal a.e. [Areaj on C to a function that is harmonic (or analytic) on G.

11.10 Proposition. If u and C is a bounded open set, then u is

harmonic on C if and only if for evenA, v in (C)

(u, V)C = + OufMJJdA =0.

Proof. First notice that in the above integral the fact that the function

v belongs to (C) implies that it is 0 off C and so the integral can be
taken over G. Consider u as a distribution on G. For any in Cr°°(G)

(u, =

Thus the condition in the proposition is equivalent to the condition that
OOu = 0 as a distribution on C. According to Weyl's Lemma (18.4.10) this
is equivalent to the condition that u is harmonic on C. 0

11.11 Corollary. If C and are bounded open sets with ci C and

u EW? (a), then u is harmonic on G if and only i/u (C).

11.12 Dirichiet Principle. Let C and be bounded open sets with ci

CC_Il and let few? (Il).

(a) If u EW? (Il) such that u is harmonic on C and u — f EW? (C), then

fEPauI2 + � f UOVI2 +

for ally in W? (1.1) suchthatv—f €W12 (C).

(b) If u is the orthogonal projection off onto (C)1, then u is harmonic

onG andu—IEW?(G).

Proof. Let P denote the orthogonal projection of H'? (Il) Onto (C)1.

Note that for functions w in W? (U), UwIIG = We therefore drop
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the subscripts G and fZ from the notation for the norm and inner product
while in this proof.

(a) Since u is harmonic on C, the preceding corollary implies u 1W?
(C). Thus Pf = P(f — u) + Pu = u. Hence if v is as described in (a),
bull = lIPfll = I(PU v) + IIPvll l(vfl, proving (a).

(b) Now assume that u = Pf €W? By Corollary 11.11, u is

harmonic on C. Also P(u — f) 0, so u — f EW? (C). 0

Can the Dirichiet Principle be used to solve the Dirichlet problem? The
answer is yes if the region C and the boundary values are suitably restricted.
Indeed this was the classical way in which the Dirichiet problem was solved.
Let's look more closely at this. First, as we mentioned before, the condition

that u -. f eW? (G) says that u and I agree on 8G. So if we are given a
continuous function g on OG, we would like to get a region containing ci

C and a function f in (Il) that agrees with g on 0G. This is not always
possible ifg is only assumed continuous.

Let g C(OD); we want to get a region that contains ci D and a
function / in W? (cl) with fJOlI) = g. Clearly we can take to be an open
disk about 0 with radius> 1. Thus < 00 for almost all r,
0 � r < 1+e. It is left as an exercise for the reader to show that this implies
(is equivalent to?) the statement that g(e'°) has a Fourier series E
with <oc. Ciearly there are functions in C(OD) that do not have
such a Fourier series, so without a restriction on the boundary functions
the Dirichlet Principle cannot be used to solve the Dirichiet problem. Once
the boundary function is restricted, however, the Dirichiet Principle does
give the corresponding solution of the Dirichlet problem. Before seeing
the stage must be set.

11.13 Lemma. If C z.s a Jordan region and 6 < = rnin{diam
'y is a boundary curve of G}, then for evenj a in OC and aJlØ in W? (C),

J J +
B(c:t5) B(c:5)

Proof. Without Loss of generality we may prove the lemma for functions
that belong to Fix a in OG and let 'y be the component of OG

that contarns a. if 0 < 6 < 5o, OB(a; 6) fl 'y 0. For in C°(G), since
support C C for each r, 0 < r <6, there is a 6,. with q5(o + 0.
Hence

+ rete)
= j + re't)dt.



266 19. Harmonic Functions Redux

Applying the Cauchy-Schwarz Inequality and extending the interval of in-
tegration gives

2

+r&°)12 � 27rf + r&t) dt.
0

Thus
,2,r 2

j + re'°)12d0 < j + reit) dt.
0 0 '-"

Observe that + = r2[104/8912 + Now for r <6,

2

j + re°)12d6 < j (a +r

r with 0 <r < 6 and we get

2

fB(a;S) B(a;6) r 86

� f + 0
B(a:6)

The reader will note similarities between the proof of the next lemma
and that of Theorem 7.15.

11.14 Lemmk. Let G be a bounded region, let be a sequence of Jordan
regions such that ci for all n and C = and let I be a
continuous function on ci C. If u is the solution of the Dirichlet problem
for C with boundary values fIÔC and, for each n, is the solution of the
Dirichiet problem for C, with boundary values then u(z)
for oJlz inC.

Proof. Fix a0 in C1; it will be shown that u,,(a0) u(ao). The proof is
obtained by considering several special classes of functions f. In each such
case u and are as in the statement of the lemma.

First assume that f = p, a polynomial in z and that is subbarmonic in
a neighborhood old C. For each n � 1 define ii,, C —i C by letting =p
on C \ (3,, and letting = on So v,, is subharmonic on C; since
C, is a Dirichiet region, v is also continuous. By the Maximum Principle,
v,, � p on C,,.

Because ci C, another application of the Maximum Principle
implies that v,, < on C. Moreover, each v,1 belongs to the Perron
family P(p, C) and so, on C, i.,,, j3, the solution of the Dirichiet problem
on C with boundary values p. Thus v(z) Urn,, = u,,(z) is
a function on C and v � u. On the other hand, we have
that v,, � p on C so that ii � p on C and, hence, v P(p, C). Thus
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v � so that, in fact, v = u. This proves the lemma whenever f is such a
polynomial.

Now let f be any polynomial in z and and choose a constant c > 0

such that f + cIzI2 is subharmonic in a neighborhood of ci G (see the proof
of Theorem 7.15). Let (respectively, v) be the solution of the Dirichiet
problem on (respectively, C) with boundary values cIzI2. According
to the precedzng paragraph u(z) + v(2) for all z in C.
But cIzI2 is also subharmonic, so again the preceding paragraph implies

v(z) for all z in C. Thus the lemma holds for all polynomials.
Now let f be arbitrary and let e > 0; pick a polynomial p such that

1/(z) — p(z)I <E for all z in ci C. Let (respectively, v) be the solution
of the Dirichiet problem on (respectively, C) with boundary values p.
Now on p — c f p + c; hence v0 — e v,1 + E on
Similarly, v—c u v + e on C. It follows that — — + 2e

on C,,, and so the lemma hoLds. 0

The preceding lemma will be generalized in Theorem 21.10.9 below.

11.15 Theorem. Let C be a bounded region, let Il be an open set with ci

C C fl, and assume that f EW? (fl) such that I is continuow on ci C. If

u is the orthogonal projection off onto WI? (fi)n W? then u is the
solution of the Dirichlet problem on C with boundary values f.

Proof. We already know from the Dirichiet Principle that u is harmonic
on C. We first prove this theorem for the case that C is a Jordan region.
Then Lemma 11.14 can be used to prove it for arbitrary bounded regions.

The assumption that C is a Jordan region guarantees that every point
of OG is a regular point; so we need to show that, for each a in 8(3, u(z)—
f(z)—.Oasz—'awithzinC.SoflxainOGandietôobeasinLemma
11.13; let E > 0 be arbitrary. Since is uniformly continuous on ci C, there
is a > 0 such that 11(z) — f(w)l <c for z,w in ci C with lz — WI <6'.
Now Let 5 be less than both 6, and 5o/2; 6 will be further restricted later in
such a way that it only depends on the point a. Fix z in (3with lz — aI <6.
Letting 52 = dist(z, OC) � Iz — aI, the Mean Value Property of harmonic
functions implies

u(z)-f(z)
=

udA-f(z)
B(z:62)

= -%J [f-f(z))dA.
11.16 2 B(z:62)

Now 11(w) — f(z)I for all w in B(z; 52) so the absolute value of the last
of these two summands is less than e. Also the Cauchy-Schwarz Inequality
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gives that

2

J (u — f)dA J u —
B(z:62) B(z:62)

Now B(z;t52) B(a;25) and 25< Using Lenuna 11.13, this transforms
the preceding inequality into

2

fB(z:62) B(a:26)

< f [18(u — /)12 + — f)12]dA.

Using (11.16) this gives

Iu(z) — 1(z)! � J [lO(u — + — f)12]dA + e.
B(a;26)

Because 8(tz — f) and — f) are square integrable, .5 can be chosen
sufficiently small, depending on a, that lu(z) — <2e when Iz — a! <.5.

This proves the theorem for the case that C is a Jordan region. The
details in applying Lemma 11.14 to obtain the arbitrary case are Left to the
reader. 0

Exercises

1. Show that for and in

2. ShowthatifuE

a version of Lemma 11.8 for functions in W? (C).



Chapter 20

Hardy Spaces on the Disk

In this chapter the classical theory of the Hardy spaces on the open unit
disk will be explored. The structure of the functions belonging to the spaces

will be determined, and this will be applied to characterize the invariant
subspaces of multiplication by the independent variable on a Hardy space.

§1 DefInitions and Elementary Properties

Here we introduce the Hardy spaces of analytic functions on the open
unit disk.

1.1 Definition. If f: D C is a measurable function and 1 <p <
define

r ,2,r

also define
sup{If(rezO)J :0 � 0 27r}.

For any value of p. 1 p let JjP denote the space of all analytic
functions on D for which 1) < 00.

1ff : —. C and 0< r < 1, denote by the function defined on 0E1 by
fr(z) = f(rz) (as in §19.1). Thus for any such r, f) is the U norm
of Jr. From this observation it follows that II is a norm on In fact,
we will see that is a Banach space (1.5).

Also from standard U space theory, H' ç H' if 1 r p.
In particular H°° is the space of bounded analytic functions on D and

ç for all p.
The same definition applies for 0 <p < 1, though the 4'norm" for this

range of values of p must be redefined (without taking the p-th root). This
will not be pursued here. The interested reader can consult Duren t19701,
Hoffman [19621, or Koosis L19801 for this topic.

1.2 Proposition. If f : D —+ C is an analytic function and 1 p S 00,
then = limr_.i_ f).
Proof. Assume that p is finite. From Example 19.4.16 we know that z —
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1/(z) is a continuous subharmonic function and so (19.4.9) f) is an
increasing function of r. Therefore the supremum must equal the limit.

By the Maximum Modulus Theorem f) is also an increasing func-
tion of r. Thus the proposition also holds for p = 00. 0

Note that if f H', then, by Theorem 19.2.12, there is a measure p on

g in LP(OD). Moreover in the case that p> 1, f. —. g a.e. [mJ as r —. 1.

In particular, each function in I p 00, has non-tangential limits
at almost every point of 81).

There are two questions that occur here. First, when p.> 1, which func-
tions g in can arise in this way? Note that when we answer this question
we will have identified with a certain subspace of and thus have the
possibility of combining measure theory with the theory of analytic func-
tions.

The second question concerns the case when p = 1. Here the theory
becomes more subtle and difficult. If I E H', then Theorem 19.2.12 says
that the radial limit function g for / exists and g = the Radon-Nikodym
derivative of p with respect to m, where I = fz. It will turn out that p is
absolutely continuous with respect to Lebesgue measure so that, indeed,
f = This is the F and M Riesz Theorem proved in §3 below. For now
we content ourselves with complete information when p > 1 and partial
information when p = 1. Recall (18.7.1) that for any function f (respec-
tively, measure p), I (respectively, denotes the Fourier transform of I
(respectively, jz).

1.3 Theorem. If I p oo and f L" such that 1(n) = 0 for n <0,
then f, the Poisson integral off, belongs to Moreover:

(a) 11111,, = Il/lip;

(b)

Proof If z = rezO 1) and 1v4 1, then =
Hence

1(z) = Jf(w) dm(w)

= f f(w) E dm(w)

= f dm(w),
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since the series converges uniformly in w. Therefore

J(z)

since, by hypothesis, 1(n) = 0 when n < 0. Thus f has a power series
expansion in D and so f is analytic on II).

Also for 1 � p < 00, — —.0 as r 1— (19.1.4). If p = oo, then

� Hence, in either case, suprMp(r,f) = SUPrIcfrIIp < 00

and so f E The remaining details are easily deduced from Theorem
19.1.4. 0

What about the converse of the preceding theorem? Here is where we
must assume that p > 1 and postpone consideration of the case where
p = 1 until later. Suppose that f E 1 p 00, and let g be the non-
tangential limit function of f. That is, g(w) = Urn f(rw) = lim fr(W) a.e.

[ml on 8D. By Theorem 19.2.12,9 e I?. Now if 1 <p < 00, 0.

Thus

= J g(w) dm(w)

= f fr(W) dm(w)

= limfr(n).

But f(z) = for < I, with convergence uniform on proper
subdisks of D. It follows (how?) that = a,,r" if n � 0 and = 0

if n < 0. Therefore = a,, if n � 0 and 0 if n < 0. By Theorem
1.3, E But also (see the proof of Theorem 1.3) for < 1,

= =

Hence = f and the desired converse is obtained.
If p = oo, then it is not necessarily true that f. g in L°° norm, but

itistruethatf,. 1—. L' foreveryn,the
argument of the preceding paragraph shows that = 0 for n <0 and

= f. This discussion can be summarized as follows.

1.4 Theorem. If 1 <p oo and f E then g(w) = limr_.i_ ffrw)
defines a function g in 17 with 0 for n < 0 and = f.

These last two theorems establish a correspondence between functions
in (defined on 1)) and the functions in

W'=_{fEL':f(n)=Oforn<O},
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but only when p> 1. Now it is easy to see that 7-9 is a closed subspace of
and we are led to the following.

1.5 Theorem. If 1 < p oo, then the map that takes f in to its
boundary values establishes an isometry of ffP onto the closed subspace 19
of I)'. Thus is a Banach space. For p = 2, is a Hubert space with
{ 1, z, z2,.

. .} as an orthonorinal basis. For p = is the dual of a
Banach space since is a weak closed subs pace of

Because of this result we can identify the functions in Hi', 1 <p
with their radial or non-tangential limits. Henceforward this identification
will he made without fanfare. In §3 we will prove this as.sertion for p = 1;

but first, in the next section, we will investigate another class of analytic
functions on D. This information will be used to derive the correspondence
between H' and

Exercises

1. Supply the details in the proof of Corollary 1.5.

2. Let A {f E C(OD) : f(n) = 0 for n < 0}. 1ff E A. show that its

Poisson integral, 1. isan analytic function on It). Also if g: cI ID — C
is defined by g(z) = f(z) for Izl < I and g(z) = f(z) for lzF = 1. then

g is Continuous. Conversely, if g is a continuous function on ci ID that

is analytic on ID and f = gjOD, then g(:) = f(.) for < 1. (See §4.)

3. Give a direct proof that H' is a Banach space.

4. Show that (1 — H'.

5. If 1 <p < oc and IaJ <1, define La: —.C by La(f) = 1(a) for
all f in ffP, Show that La E (Hr) and = (1 — For

p 2, find the unique function ka in H2 such that =
f in H2.

6. Prove Littlewood's Subordination Theorem: If f and g are analytic

functions on ID, f is subordinate to g (17.1.1), and g E then
f E and �

§2 The Nevanlinna Class

In this section we will study another collection of analytic functions which
is not a Banach space but includes all the Hardy spaces ffP,
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2.1 Definition. A function f is in the Nevanlinna class (or of bounded
charactemstic) if f is an analytic function on II) and

1

2ir j0

The Nevanlinna class is denoted by N.

Note that since is a subharmonic function (Example 19.4.7)

and is also continuous, dO is an increasing function of
r (19.4.9). Thus the definition of a function in the Nevanlinna class can
be weakened by only stipulating the finiteness of the supremum over a
sequence with —. 1. Also

1

sup I dO = lim — / f(retO)IdO.
r<127TJ0

Since log x 9 for x � 1, we have the following.

2.2 Proposition. ff1 <p oo. then ç N.

Thus every result for the Nevanlinna class is a result about functions
belonging to all the Hardy classes. Our immediate goal is to give a charac-
terization of functions in N (Theorem 2.10 below) and to study the zeros of
these functions. In the next section we will obtain a factorization theorem
for this class. We begin with an elementary but important result.

2.3 Lemma. If is a sequence in D, the follounng statements are
equwalent.

(a) — <oo.

(h) converges.

(c)

(d) converges uniformly and absolutely on compact
subsets of I).

Proof. The proof that (a), (b), and (c) are equivalent can be found in
The fact that (a) implies (d) is Exercise 7.5.4. By evaluating the infinite
product in (d) at z = 0, (b) can be deduced from (d). 0

2.4 Definition. A sequence } satisfying one of the equivalent conditions
in the preceding lemma is called a Blaschke sequence. If is a Blaschke
sequence and m is an integer. m � 0, then the function

2.5
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is called a Blo.schke product.

The factor zm in the definition of a Blaschke product is there to allow b
to have a zero at the origin.

2.6 Proposition. If b is the Blaschke product defined by (2.5), then b E
H°° and Ib(w)l = 1 a.e. on 3D. The zeros of b are precisely the points
a1, (22,... and, provided m > 0, origin.

Proof. Let denote the product of zm with the first n factors in (2.5).
It is easy to see that 1 on ci D and = 1 for w in 3D. By
(2.3) Ib(z)I � 1 on D and so bE Also for n > k,

f — bk)2dm = 2 [1_ Ref

=

Because n > k, ba/bk is analytic on D. Thus the mean value property
implies that

f dm = = fi
j=k+1

Hence

f bfl—bkl2dm=2(1-- fJ

But Lemma 2.3 implies that the right hand side of this last equation can
be made arbitrarily small for sufficiently large n and k. Therefore } is
a Cauchy sequence in H2 and must converge to some function f. If z <1
and is the Poisson kernel, then E L2 and so = f dm

fdm. Hence it must be that f = b. That is, bin H2.
Because we have convergence in the L2 norm, there is a subsequence

{bflk} such that bflk(w) —' b(w) a.e. [mJ. Since lbnhl = I a.e. on 3D, it
follows that IbI = 1 a.e. on 3D. Finally, the statement about the zeros of
the Blaschke product follows from (7.5.9). 0

We obtained a useful fact in the course of the preceding proof that is
worth recording.

2.7 Corollary. If } is a Blaschke sequence, b is the corresponding
Blaschke product, and is the finite Blaschke product with zeros a1,.. . ,

then there is a sequence of integers {nk } such that b a. e. on 3D.

The next result is the reason for our concern with Blaschke sequences.
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2.8 Theorem. If f is in the Nevanlinna class and f is not identically 0,
then the zeros off form a Blaschke sequence. Moreover, if b is the Blaschke
product with the same zeros as f, then f/b E N. If f H', then f/b E H'.

Proof. it to assume that 1(0) 0. By Jensen's Formula (11.1.2)

2.9
1

log If (re10)J dO = log 11(0)1 + log (fLJ),

where a1, a2,... are the zeros of f, repeated as often as their multiplicity,
and r is chosen so that lakj r for any k. But logx x and so, since
f E N, there is a finite constant M > (I such that log lf(re'°)J dO �

M for all r < 1. This implies, with a small argument, that log <

co. By Lemma 2.3, {ak} is a Blaschke sequence.
Now to show that f/b E N, when b is the Blaschke product with the

same zeros as f. It is left as an exercise to show that if I has a zero at
z = 0 of order m, then f/zm E N. Thus we may assume that f(0) 0
and hence b(0) 0. if g f/b, then g is an analytic function on D and
never vanishes, if z E D with Ig(z)( 1, then tf(z)l S Ib(z)1 1 and so

g(z)I = 0 < — log Ib(z)l = lf(z)l — log Ib(z)I. If y(z)J > 1, then
jg(z)J = log !g(z)I = log If(z)I — log Ib(z)f � lf(z)I — log Ib(z)l.

Thus we have that, for all z in D,

log4' lg(z)I � log4' If(z)I — log jb(z)I.

But log jbI is a subharmonic function and so for 0 < r < 1,

log4' � f If(re19)kJ.O — 1
f2lr

log Jb(re16)IdO

f log" — log Ib(0)I.2ir0
Since b(0) 0, this implies that g N.

Now to show that f/b E ffP when f E Let a1, a2,... be the zeros off,
repeated as often as their multiplicities, and let be the Blaschlce product
with zeros ab. . .,a,,. Put = f/b,, and let M � f lf(rw)I"dm(w) for all
r < 1. lfe >0, there is an r0 such that for r0 lzJ 1, Ibn(z)I > 1 —e.
Therefore

J Ig,,(rw)rdm(w) (1 e)P J Jf(rw)r
M

— (1—e)P

for r0 <r < 1. Letting r —. 1, we get that gir, belongs to Since e was
arbitrary, we can let E —' 0 to see that � M for all n. By Corollary
2.7 there is a subsequence such that —,g f/b a.e. on OD.
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Therefore g weakly in Since each belongs to ffP (why?),
0

Here is the promised characterization of functions in the Nevanlinna
class.

2.10 Theorem. (F and R Nevaulinna) If I is an analytic function on
then f belongs to the Nevanlinna class if and only if f = g' for two
bounded analytic functions g' and

Proof. First assume that I is the quotient of the two bounded analytic
functions gj and It can be further assumed that < 1 for z in D,
i = 1,2. Since f must be analytic, it also can be assumed that 92 has no
zeros in 11). It follows that log � 0 and so log I/I = log lgil —log 1921 �
— log hence Ill � — log 1921 on 0. This implies that

If(r&°)IdO � j log
= —logIg2(0)I

since is harmonic. Thus f EN.
Now assume that f N. By Theorem 2.8 we may assume that / does

not vanish on I). Hence u = log I/l is a harmonic function. Thus

u(0) = floglfrldm

= Jlog+Ifrfdm — log Ifrldm.

(Here log x = — min{logz,O}.) Since f E N and the left hand side of this
equation is independent of r, it follows that f log fr 1dm < oo.

Therefore

sup = dm
r<1 r<1

= sup dm + J log
r(1 1

< 00.

By Theorem 19.1.7, there is a measure p on 80 such that u(z) =
f Since u is real-valued, pis a real-valued measure. Let p = p÷ —

be the Hahn decomposition of p and put = so and u_ are
non-negative harmonic functions on 0.

Now 0 is simply connected and I is a non-vanishing analytic function,
so there is an analytic function h on D such that I = e"; stipulate that
h(0) = log 11(0)1 so that h is unique. Thus u = Reh and it follows (by
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uniqueness) that

h(z)
= f U' ÷

Also let

h = h÷ — h_ and Re h* = u± � 0. Put g' = and
so 9' and 92 are analytic functions on II) with no zeros. Also =

= � I. That is, gj and belong to H°°.
Finally, = exp(—h_)/exp(—h÷) exp(h÷ —h_) = f. 0

2.11 Theorem. If I E N and / 23 not constantly 0, then f has a non-
tangential limit a.e. on 01) and log jf(e*O)J E L,.

Proof. We begin by proving the corollary if f E H°°. So assume that
< 1; we may also assume that 1(0) 0. By Fatou's Theorem, I

has non-tangential limits a.e. on 01); thus fr(W) f(w) a.e. 021 01). By
Fatou's Lemma (from real variables)

f IlogIf(w)JJ dm(w) � Jim

=

But logJf is subharmonic, so log jf(0)j flogtfrjdm. Hence

dm(w) —log 11(0)) <°°

Thus log Jfj L1.
Now let f N. By the preceding theorem, f = for two bounded

analytic functionsg, and 92. Since log e L1, neither 9' nor 92 can vanish
on a subset of 81) with positive measure. Thus the fact that both and 92
have non-zero non-tangential limits a.e. on Oil) implies that the same is true
of f. Also, because EL,, it follows that log1f) = E
L,. 0

The condition that log is integrable is to say that f is log inte-
grable.

2.12 Corollary. 1ff E N and f(w) =0 on a subset of 01) hating positive
measure, then f is identically 0.

2.13 Corollary. 1ff E and 1(w) = 0 on a subset ofOD having positive
measure, then f is identically 0.
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Exercise

1. Suppose f is an analytic function on {z : R2z > 0} and f(n) 0 for
all n � 1. Show that if f is bounded, then / = 0.

§3 Factorization of Functions in the Nevanlinna Class

In this section we will give a canonical f'actorization of functions in the
class N. This will also factor functions in the Hardy spaces H". Actually
the strategy is to factor bounded analytic functions and then use Theorem
2.10 to factor functions in N.

3.1 Definition. An inner/unction is a bounded analytic function on D
such that 1 a.e. [ml.

It follows that every Blaschke product is an inner function, but there are
some additional ones.

3.2 Proposition. i/p is a posititre singular measure on OD and

3.3 = exp
(— f ÷ Z

is an inner function.

Proof. It is easy to see that is well defined and analytic on II). Let
u(z) = —ji(z) = = —REf dp(w); so e0(z).

Since p is a positive measure, u(z) 0 for all z in 1). Also the fact that
p is a singular measure implies, by Fatou's Theorem, that u(rw) 0 as
r —p 1— a.e. [ml. Hence if IwI = 1 and both and u have a non-tangential
limit at ui, then = lIfllr_l_ l#(rw)I = limr..,i_ = 1 a.e. [mJ.
Therefore is inner. 0

An inner function as defined in (3.3) is called a singular inner function.
It will turn out that singular functions are the inner functions with no zeros
in D. At this point the reader might be advised to work Exercise 12 to
see that the correspondence between singular inner functions and positive
singular measures p as described by (3.3) is bijective.

We come now to another class of analytic functions that are, in a certain
sense, complementary to the inner functions. The idea here is to use formula
(3.3) but with an absolutely continuous measure. It is also not required that
the measure be positive.

3.4 Definition. An analytic function f : D —. C is an outer function if
there is a real-valued function h on D that is integrable with respect to
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Lebesgue measure and such that

3.5 1(z) = exp (J
W + Z

h(w) dm(w))

for all z in D.

It is clear that (3.5) defines an analytic function on D that has no zeros.
Also the fact that h is real-valued implies that the harmonic function log JfJ
is precisely the Poisson transform of h.

3.6 Proposition. 1ff is the outer/unction defined by (3.5), then I is in
the Nevaniinna class and h = log a.e. EmI on OD. Moreover, I E
and only if eh E L".

Proof. As we already observed, log = on D. Thus

i f2W
If(re'°)I d9

1
f2W

O} dO

� IhrIIi.

But Theorem 19.1.7 implies that this last term is uniformly bounded in r.
Therefore f E N. Also Fatou's Theorem implies that f has non-tangential
limits a.e. on OD and so, when the limit exists, h(w) = limr_.i_ h(rw) =

log This proves the first part of the proposition.
Since = = er",

f dm(w)
= J
= Jexp dm(v4.

Since the exponential function is convex and dm(z) is a probability
measure, Proposition 19.4.13 implies that

f f(rw) dm(w) � Jf exp(ph(z)) Prw(z) dm(z)

= fexP(ph(z)) drn(z)

=
J exp(ph(z)) dm(z)

=

since f Prw(z)dm(tv) = 5 = 1. So if then I E IP.
Conversely, if f E then f(e'°) E L" and, since Ill, E L". 0
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We are now in a position to prove one of the main results of this section.

3.7 Factorization Theorem. 1ff E H°°, then

f(z) = cb(z) 0(z) F(z),

where c is a constant with id = 1, b is a Bkschke product, 4) is a singular
inner function, and F is an outer function in H00. Conversely, any function
having this form belongs to H°°.

Proof. Assume that f is a bounded analytic function with 1111100 � 1.

By Theorem 2.8, 1 cbg, where b is a Blsschke product, g is a bounded
analytic function on D with g(0) > 0, and c is a constant with Id 1. It
also follows that � 1. Let g = e_k for a unique analytic function
k D C with k(0) log lg(O)1. Thus u Rek — log jgl � 0. That
is, u is a non-negative harmonic function on D. By Herglotz's Theorem,
u(z) I for some positive measure p on OD. Therefore

k(z)
= J

±
dp(w).

(Why?) Let p = p with respect to
m, with m and m, and let h be the Radon-Nikodyin derivative
of with respect to in; so h m. It follows that h � 0 a.e. [m] since
p is a positive measure. Define

F(z) = exp — J—h(w)] dm(w)\J w—z

and let 0 be the singular inner function corresponding to the measure
It is easy to see that g = OF. By (3.6), —h = log Fl a.e. [mJ. Also

= —Rek -.u and u(rw) h(w) a.e. jrnj by Theorem 19.2.12.
Thus —h = log on Oil) and this implies that = Fl on OD. Therefore
FE H00.

The converse is clear. 0

In light of Theorem 2.10 we can now factor functions in N.

3.8 Corollary. If f is a function in the Nevanlinna class, then

f(z) = cb(z) F(z),

where c is a constant with id = 1, b is a Blaschke product, and are
singular inner functions, and F is an outer function in N.

concentrate on for finite p. It will be shown that Theorem 3.7
extends to this situation with the factor F an outer function in Fl". To do
this we will first prove a result that has some independent interest.
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3.9 Proposition. If f E H', then / = hlc for two functions h and k in
Jf2

Proof. Let b be the Blaschke product with the same zeros as f. By Theo-
rem 2.8, f = bg, where g E H1 and g has no zeros in D. Since D is simply
connected, there is an analytic function h on D such that h2 = g. Since
9EH', hEH2.Alsok=bhEH2.Clearly,f=hk. 0

3.10 Theorem. If 1 � p oo and I E then

f(z) = c b(z) 4i(z) F(z),

where c is a constant with = 1, b zs a Blaschke product, is a singular
inner function, and F is an outer function in Conversely, any function
having this form belongs to

Proof In light of Theorem 3.7 it remains to consider the case where p <
00. Before getting into the proper part of the proof, the reader is asked to
establish the inequality

S Ia—bIt

valid for all positive numbers a and 6. (Just consider various cases.) Hence

f If(rw)I — If(w)II dm(w) � f If(rw) — f(w)I dm(w)

� [J If(rw) —

Since this last quantity converges to 0 as r 1—, we obtain that

3.11 f Iffrw)I — pf(w)II dm(w) = 0.

3.12 Claim. If f E then � log jf(w)Idm(w) for
JzI<1.

To see this, fix z in D. By Theorem 2.8, / = bg, where b is a Blaschke
product and g is a function in with no zeros. Hence, log 111 = log +
log � Since If(w)I = Ig(w)I on 8D, it suffices to prove the claim
for the function g.

Because g does not vanish on D, log is a harmonic function on D,
and so, for 0 < r < 1, log 19r1 IS harmonic in a neighborhood of cI D.
Thus log Igr(z)I = log Igr(w)Jdm(w). But for Izi < 1, Pz E L°°.
Therefore (3.11) implies that

tim f Igr(W)l dm(w)
= J P2(w) dm(w).
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Now Fatou's Lemma implies that f log g(w)I dm(w) urn Iflfr—.j-
logjgr(w)Idm(w). Hence

log lg(w)l = r—1- log gr(w)I

= urn J P:(w) Igr(w)j — log lgr(w)l] dm(w)

< IgIdm

=

thus proving (3.12).
Now to complete the proof of this theorem. Let f = F as in

Corollary 3.8 and put = Since If(w)I = IF(w)I a.e. [mI on

F€ Also = 1 a.e. [m] on Oil). So if it can be shown that Ib(z) �
1 on 1), this will show that b4 is an inner function and complete the proof.
But for Izi < 1,

log If(w)l drn(w)

�
by (3.12). Therefore 1? = °

It is now possible to obtain the promised extension to H' of Theorems

1.4 and 1.5. The result is stated for all p. though it is only necessary to
offer a proof for the case that p = 1. The subspace W' of 17 is defined as
before (1.5).

3.13 Theorem. If f E 1 p then g(w) = f(rw)
defines a function in If such that = 0 for n < 0, = and

= Thus the map that takes a function f in onto
its boundarid vaLues g is an isometric isomorphism of onto the subspace
W' of 17. For p = oo, this map is also a weak homeomorphism.

Prvof. We can assume that p = 1. If I E H1, then f = hk for functions
h and k in H2 (3.9); also, let h and k denote the respective boundary
functions in By Theorem 1.4, h, k = Ic, h112 0, and
flk,. —ku2 —.0. IfO < r, 8<1, then

f If(rw) — f(sw)I dm(w) � f Ih(rw)[k(rw) — k(sw)JIdm(w) +

J Ik(sw)Ih(rw) — h(sw)J1
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< lIhrH2IIkr — k,112 + — h8112.

If M = max{S1h112, IIkU2} and e > 0, then there is an r0 < 1 such that
<E/2M and IIhrhsII2 <E/2M for r, s > r0. Hence Ilfrf,Ili <

E whenever r, S > r0. That is, is a Cauchy net in L'. Let F E L' such
that — Fil, 0 as r —+ 1— . By Theorem 3.8, 1 = F. By Fatou's
Theorem, F(w) = lim,....,_ f(rw) = g(w) ae. tml on OD. But since 9
in L' norm, Jr(fl) for all n. Thus = 0 for n < 0. It is also clear
that FIfrIIl —' lIgiFi. 0

We will henceforth make no distinction between functions in the Hardy
spaces and their boundary values. That is, with no warning we will
consider functions in as functions on D or on 0 D unless there is a
distinct expository advantage in making a distinction.

We have seen that iff E 1)', 1 � p � co, and f(n) = 0 for all n <0, then
/ is the boundary function of a function in We are therefore justified
in calling functions in 1)' whose negative Fourier coefficients are 0 analytic
functions. What are the "analytic measures?" That is, if p is a regular
Borel measure on OD and = 0 for n < 0, what can we conclude, if
anything, about p and jL? The answer, contained in the F and M Riesz
Theorem below, is that we get nothing new, since such measures must be
absolutely continuous with respect to Lebesgue measure and therefore have
Radon-Nikodym derivatives equal to a function in the Hardy space H1.

3.14 The F and M Riesz Theorem. If p E M(OD) and JA(n) = 0 for
n<0, thenp<<manddp/dmEH'.
Proof. By familiar arguments (see, for example, the proof of Theorem
1.3), if f = f.i, then f(z) = for IzI <1. Thus f is an analytic
function. Also, lifrill � f E H'. If g(w) = limr....,_f(rw),
then Theorem 3.13 implies that = f. Hence p — g = 0. But now an
easy computation shows that for every integer n, p — g(n) = 0, and so

= for all n. Since the trigonometric polynomials are dense in
C(OD), it follows that p = gm. 0

We close this section with a discussion of weak convergence in the
spaces. Part of this discussion (the part for p> 1) could have been pre-
sented earlier, while the consideration of the case where p = 1 is dependent
on the F and M Riesz Theorem. We begin with the case p> 1.

3.15 Proposition. 111 <p � oc, / E and {f,,} is a sequence in
then the folLowing statements are equivalent.

(a) —.f weakly in L" (weake in £00 tfp=oo).
(b) <00 and f(z) uniformly on compact subsets of
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(c) <oo and -•-. f(z) for all z in I).

(d) <oo and for all k � 0.

Proof. (a) implies (b). By the Principle of Uniform Boundedness, sup,, I
<co. If K is a compact subset of D, let s = sup{IzI z K}; so s < 1. Let

s <.r < 1; by Cauchy's Theorem, for any analytic function h on D and z
in K,

I h(r&°)
2in ( Z 2ir Jo — z

Now if h h,. h in U norm. So letting r —+ 1 in the preceding
equation gives that

1 hte*9\
h(z)=— I .' 'dO

2irJ0

for all z in K. By Exercise 6, {(e'° —z)' z E K) is compact in where
q is the index dual to p. By Exercise 7, f,,(z) f(z) uniformly on K.

(c) implies (a). Assume that I < p < oo. The fact that {f,,} is norm
bounded implies, by the reflexivity of U, that there is a function g in
U such that f', g weakly in 17. Since is separable, there is a
subsequence } such that f,,,, —+ g weakly. If p = 00, then the fact that
V is separable implies there is a g in L°° and a subsequence {f,,j such
that g weak'. In either case, for all integers m, = lim f,,,,(m).
Hence g E Also, the fact that (e'° — z)' E implies that =
(g,(e' — z)') = lim — z)') = = f(z).
Hence f is the unique weak (respectively, weak') cluster point of {f,,} and
so f,, —' f weakly (respectively, weak').

It is clear that (b) implies (c) and the proof that (d) is equivalent to the
remaining conditions is left to the reader. 0

What happens if p = 1? By the F and M Riesz Theorem, H' can be
identified, isometrically and isomorphicly, with £ M(OD) : fL(n) =
0 for n < O}. Now it is easy to see that this is a weak' closed subspace
of M = M(ÔD). So if = {f C(OD) : ffhdm = 0 for all h in H'},
then H' (C(OD)/C1)'. That is, H' is the dual of a Banach space
and therefore has a weak' topology. In fact, this is precisely the relative
wEak' topology it inherits via its identification with the subspace £ of M.
Thus a sequence m H' converges weak' to f in H1 if and only if
f gf,,dm —' f gf dm for all g in C(8 D). We therefore have the following
analogue of the preceding proposition.

3.16 Proposition. If f E H1 and {f,,} ii a sequence in H', then the
following statements are equivalent.

(a) f,,—fweak'inH'.
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(b) sup,, <00 and f,,(z) —' 1(z) uniformly on compact subsets of
D.

(c) sup,, <oo and f,,(z) —•. f(z) for all z in D.

(d) sup,,flf,,I1, <co and (Cl) for ailk � 0.

The proof is left to the reader.

Exercises

I. Let and 4'2 be singular inner functions corresponding to the singu-
lar measures and 1L2. If 4' is the function in the Nevanlinna
class, show that 4' is an inner function if and only if �

2. Let F be the collection of all inner functions and observe that F is a
semigroup under multiplication. If 4' E F, characterize all the divisors
of 4'. Apply this to the singular inner function 4' corresponding to the
measure where is the unit point mass at 1 and a >0.

is an inner function, is it possible for 1/4' to belong to some
space? Can 1/4' belong to some L" space? if f is any function
such that 1/f H', what can you say about f?

4. fff E H' and Ref(z) > Ofor all z,show that / is an outer function.
is an inner function, show that 1 +4' is outer.

5. ff4 is a measurable subset of OD having positive Lebesgue measure
and a and b are two positive numbers, show that there is an outer
function I in H°° with If(w)I = a a.e. on 4 and If(w)I = b a.e. on
DD \ 4. Show that if h E 1 � p � 00, and h � 0, then there
is a function f in such that h = a.e. on OD if and only if
log h E L'; show that the function I can be chosen to be an outer
function.

6. If 1 � q < co, the function z —. (e'° — z)' is a continuous function
from U into Thus for any compact subset K of D, ((e'° —

z E K) is a compact subset of V.

7. if X is a Banach space, is a sequence in X such that z,, —+ 0
weakly, and K is a norm compact subset of X', then
X

8. Prove that condition (d) in Proposition 3.15 is equivalent to the re-
maining ones.

9. Prove Proposition 3.16.
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10. Show that for f in L', f fødm 0 for all 0 in ff00 if and only if
f H' and f(O) = 0. Denote this subspace of H' by Show that
H00 is isometrically isomorphic to (L'/H0')'.

11. Let be the Blaschke product with a zero of multiplicity n at 1 —
Show that converges weak in H°°. What is its limit?

12. (a) Show that if p is a complex valued measure on OD, (3.3) defines
an analytic function 0 on I) with no zeros. (b) Show that f(z) =
— I dp(w) is the unique analytic function on D such that =
and f(0) = (c) Show that = —2n! for
n � 0. (d) Show that if p is a singular measure and 1, then
p = 0. (e) Show that if p is a real-valued measure and 1, then
p = 0. (f) Now assume that p, and are two positive singular
measures that represent the same singular inner function That is,

assume that = =
Show that m P2.

13. If is an inner function, find all the points a on 0 D such that has
a continuous extension to I) U {a}.

§4 The Disk Algebra

Here we study an algebra of continuous functions on the closed disk (Or the
unit circle) that is related to the Hardy spaces.

4.1 Definition. The di.sk algebra is the algebra A of all continuous func-
tions f on cl D that are analytic on U).

It is easy to see that A is a Banach algebra with the supremum norm. In
fact, it is a closed subalgebra of H°°. In light of the recent sections of this
book, the proof of the next result should offer little difficulty to the reader.
(This was covered in Exercise 1.2.)

4.2 Theorem. The map f hOD is an isometric isomorphism of A
onto the subalgebra A = {g E C(OD) : = 0 for n <0} of C(OD).
Furthermore, if9 E A and f = then fjOD = g and fr g uniformly on
OD.

We will no longer make a distinction between the disk algebra A and the
algebra A consisting of its boundary values. That is, we will often think of
A as a subalgebra of C(OD).

4.3 Proposition. The analytic polynomials are uniformly dense in the disk
algebra.
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Proof. This is easy to prove if you first observe that the Cesàro means
of a function in the disk algebra are analytic polynomials and then apply
Theorem 18.7.5. 0

4.4 Theorem. If p: A — C is a non-zero homomorphism, then there is
o point a in ciD such that p(f) = f(a) for all f in A. Thus the maximal
ideal space of A is homeomorphic to ci D, and under this identification the
Gelfand transform is the identity map.

Proof. If p: A —* C is a non-zero homomorphism, let a = p(z). Since
1, 1. It follows by algebraic manipulation that p(p) = p(a)

for all polynomials in z. In light of the preceding proposition, p(f) = f(a)
for all f in A. Conversely, if 1 and p(f) = 1(a) for all / in A,
then p is a homomorphism. Thus p —+ p(z) is a one-to-one correspondence
between the maximal ideal space and ci D. The proof of the fact that this
correspondence is a homeomorphism and the concomitant fact about the
Celfand transform is left to the reader. 0

4.5 Proposition. {Re pI8D : p is an analytic polynomial} is uniformly
dense in CR(OD).

Proof. if g(w) = where C_k = Ck, then g Rep for some
analytic polynomial. On the other hand, the Cesàro means of any function
in CR(ÔD) axe such trigonometric polynomials and the means converge
uniformly on 8D (18.7.5). 0

4.6 Corollary. If is a real-valued measure on 8 D such that f p = (I

for every analytic polynomial p, then = 0.

4.7 Corollary. if# is a real-valued measure on OD such that fp d1.t =0
for every analytic polynomial p with p(O) =0, then there is a real constant
c such that = cm.

Proof. Letc=fldm=p(OD).Itiseasytocheckthat,ifpp_cm,
then J pdii = 0 for all polynomials p. The result now follows from the
preceding corollary. 0

This essentially completes the information we will see here about the
disk algebra. There is more information available in the references.

Now we turn our attention to some related matters that will be of use
later. Note that this puts the finishing touches to the proof of Theorem
14.5.8.

4.8 Theorem. If f H', the following statement-s are equivalent.

(a) The function B f(&°) is of bounded variation on (0,
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(b) The function f belongs to the disk algebra andO is absolutely
continuous.

(c) The derivative off belongs to H'.

Proof. (a) implies (b). Let u(9) = f(etO); we are assuming here that u is
a function of bounded variation. But since f E H', =

dm(w) = 0 for n � 1. Using integration by parts, this implies
that, for n � 1,

o = — 1
e"°du(O)

Zn tnJo
1= I

Zfl Jo

The F and M Riesz Theorem now implies that u is an absolutely continu-
ous function whose negative Fourier coefficients vanish. In particular, u is
continuous and, since f = ii, f E A.

(b) implies (c). Since u(9) = f(e10) is absolutely continuous, for 0 < r < 1

and for all 9,
1f(re'°)

— j P,.(9 — t)f(et)dt.
2ir

Differentiating both sides with respect to 9 gives

ire'6 = j (Pr(9 —

Since Pr is an even function, this implies

= 1j
— t)Ju(t) dt.

Since u is absolutely continuous, integration by parts yields

1
,2w

ire'°f'(re'°) =
— J Pr(9 — t)u'(t) dt.
2,r

This implies that izf'(z) is an analytic function on D that is the Poisson
integral of the L' function u'. Hence izf'(z) belongs to H'. But this implies
that f' E H'.

(c) implies (b). Let h denote the boundary values off'. So h E L', h(—n) =
0 for n > 0, and I' is the Poisson integral of h. Let g(O) = i h(t) di;
so g(0) = 0. Also g(2ir) = e"h(t)dt = = = 0.
Now g is absolutely continuous and g'(O) = a.e. For n <0,

1
=

— j g(9)
2ir
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= — Iin 2ir j0

=
ir +

j2x
dO

= — I
2irn Jo

=
27r fl

=0.
Thus belongs to the disk algebra and D = g is absolutely continuous.
Since we have already shown that (b) implies (c), we have that g' E H'.
Moreover an examination of the proof that (b) implies (c) reveals that

= r—.1—

But = ie*Oh(8) = Thus

urn ff'(r&°) — = 0

a.e. Since f' — g' E H', f' = j'. Therefore there is a constant C such that
f = This implies that f A and B —. is absolutely continuous.

Since it is clear that (b) implies (a), this completes the proof. 0

It is worth recording the following fact that surfaced in the preceding
proof.

4.9 Corollary. 1ff belongs to the disk algebra and 9 is absolutely
continuous, then

tO ' i8) = iet urn f (re )a.e.
(jQ

4.10 Corollary, if I belongs to the disk algebra and 9 f(e'°) is abso-
lutely continuous, then the length of the curve 0 f(e'°) is 2ir IIf'IIi.

Exercises

1. Show that the only inner functions that belong to A are the finite
Blaschke products.

2. Show that the function f(z) (1 — z) exp is continuous as a
function on 8 I), but there is no function in A that equals f on 8 D.



290 20. Hardy Spaces

3. Let K be a compact subset of 3D having zero Lebesgue measure.
(a) Show that there is an integrable, continuous function w 3D
[—oo, —1J such that w(z) = —00 if and only if z K. (b) Prove the
result of Fatou that says there is a function I in A with 1(z) = 0 if
and only if z E K.

4. Let -y be a rectifiable Jordan curve and C = ins -y; let r D C be
a R.iemann map and extend r to be a homeomorphism of ci D onto
ci C. Generalize Corollary 4.10 by showing that, if is a Borel subset
of-y, the arc length measure

of the preceding exercise. Show that if E is a subset
of 3D, then rn(E) = 0 if and only if r(E) is a measurable subset of

with arc length measure 0.

6. Keep the notation of Exercise 4. Let a = es" and let o [0, ii
D U {a} be a curve with u(1) = a and Iu(t)I < 1 for 0 < t < 1.
Assume that has a well defined direction at a that is not tangent
to 3D; that is, assume that 8 arg[o(t) — aJ exists and
8 ± ir/2. If r(e") exists at t = a, does the angle between r oo-
and -y exist at T(a) and is it equal to 8? Is this true a.e. on 3D?

§5 The Invariant Subspaces of

The purpose of this section is to prove the following theorem (Beurling
119491).

5.1 Theorem. ff1 � p < oo and M is a closed linear subspace
of such that zM M and M (0), then there is a unique inner
function 4) with 4)(0) � 0 such that M =4)11". If p = cc and M is a weak*
closed subspace of such that zM ç M and M (0), then there is a
unique inner function 4) with 4)(O) � 0 such that M =

A subspace M of H" such that zM M is called an invariant subspace
of H". Strictly speaking, such a subspace is an invariant subepace of the
operator defined by multiplication by the independent variable. Clearly if
M = ØHP for some inner function 4), then M is a closed invariant subapace
of H". So Beurling's Theorem characterizes the invariant subspaces of H".

Beurling's Theorem is one of the most celebrated in functional analysis.
It is one of the first results that make a deep connection between operator
theory and function theory. For a proof in the case that p = 2 that uses
only operator theory, see Theorem 1.4.12 in Conway f1991j. The proof here
will require some additional work.

Begin by introducing an additional class of functions related to the
Nevanlinna class. Let denote those functions I in the class N that
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have a factorization f = c b F, where c C with = 1, b is a Biaschke
product, is an inner function, and F is an outer function. Referring to
the factorization of functions in the Nevanlinna class (Corollary 3.8), we
see that the functions in N for which no inner
function is required in the denominator of this factorization. The first re-
suit will be stated but not proved. Its somewhat difficult proof is left to
the reader. (Also see Duren 119701, Theorem 2.10.)

5.2 Theorem. If f eN, thenf E if and only if

i ,2ir
1

urn I dO = — / If(etG)1 dO.
r—.I— 2ir j0 2ir Jo

Note that if is a singular inner function, E N but For
I = the left hand side of this equality is finite and not 0 while the right
hand side is 0.

The next result is an easy consequence of the definition on the class N+.

53 Proposition. 1ff E and f EL", I co, thenf E H".

To facilitate the proof of Beurling's Theorem introduce the notation [fJ =
the closed linear span of {f, zf, z2f,. . . } in H" whenever I H", I � p <
cx. Note that If) = ci {pf : p is a polynomial) and El) is the smallest
invariant subspace of H" that contains the function f. If f E H°°, if) is
the weak closed linear span of the same set.

5.4 Lemma. If f is an outer function in H", iSp 5 oo, then [fj = H".
Proof. If [1) H", then there is a continuous linear functional L on H"
(L is weak continuous if p = oo) such that L(pf) = 0 for every polynomial
p but L 0. Let q be the index conjugate to p and let g such that
L(h) = f hgdm for every 4 in So f pfgdm 0 for every polynomial
p, but there is at least one integer n � 0 with f zmgdm 0. Thus g
the functions that vanish at 0. On the other hand we do have that

= 0 for all n � 0, so that k 19€
Now / has no zeros in E) and so k/f is an analytic function on D. Since

k E H0' and I H", log If I both belong to V. Therefore
log 1k/fl = log EL'. Using the fact that f is outer and k e H',
it follows that k/f E But on OD, k/f = g V. Thus Proposition 5.3
implies that g E a contradiction. 0

We now fix our attention on the case p = 2.

5.5 Lemma. Beurling's Theorem is triAe forp = 2.

Proof. First, let g be a function in M such that the order of its zero at
z = 0 is the smallest of all the functions in M. It must be that g zM.
Indeed, if g zM, then 9 = zf for some I in M; but the order of the zero
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of f at 0 is one less than the order of the zero of g at 0, a contradiction.
Thus M properly contains zM.

Let f4, E Mn (zM)1 with = 1. So for all n � 1, 0 =
f By taking complex conjugates we see that all the Fourier co-
efficients of are zero except possibly for the coefficient for n = 0. Thus

is the constant function. Since = 1, we have that 1, and so
4, is an inner function.

Claim. dim[M fl (zM)-'-J = 1.

Indeed let be a function in Mfl(zM)1 such that 4, and = 1.
It is left to the reader to show that Zlctl' n,k � 0} is an orthonormal
set in L2. Therefore for any n, k � 0, 0 = f Thus
o = f h in L'(OD) and so = 0. Since both 4, and
must be inner functions, this is impossible. This contradiction shows that
dim[M fl (zM)1J = 1 and hence is spanned by 4,.

Let M = [4,J; so 1.1 � M. Let h E M fl So h 1. 4,; since dim[M n
= 1, this says that h e zM. But an easy argument shows that

dim[zM n (z2M)1] = 1. Since h z4,, we also get that h z2M. Con-
tinuing this argument we arrive at the fact that h E for all n � 1.
But this says that h is an analytic function with a zero at z = 0 of infinite
order. Henceh=Oand it must be thatM=H [4,J. 0

Now we prove Beurling's Theorem for the case p = 00.

5.6 Lemma. JIM *s a weak closed invariant subs jiace of H°° and M
(0), then there is an inner function 4' such that M =

Proof. LetNbetheclosureofM in H2. It is immediatethatftf isan
invariant subspace of H2. By Lemma 5.5 there is an inner function 4, such
that N = 4,JJ2. It is claimed that M = 4,H°°. Actually it is easy to see
that M c since M ç Nn H°°.

For the other inclusion, let {f,j ç M such — 4,112 —, 0. By
passing to a subsequence if necessary, we may assume that —' 4, a.e.
[mJ on 3D. Since M ç 4'H°°, for each n there is a function in H°°
such that f,', Define on 3D by = 1 when � 1 and

= otherwise. Now v;' E L°° and log(v;') E L'. Thus there
is an outer function in H°° such that = on 3D (Proposition
3.6). But —i 4, a.e on 3D and so = —. 4,4, = 1 a.e. on 3D.
This in turn implies that 1 a.e. on 3D. But 1 for all n
and so 1 weak in H°°. By Proposition 3.15, 1 for all z in
D. Thus —. 4,(z) for z in D. But = � 1.
By Proposition 3.15, —, 4, weak in H°°. Since E M, 4, M.
Therefore ç M. 0

The proof of the next lemma is immediate from the factorization of
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functions in H". The details are left to the reader.

5.7 Lemma. If and are inner functions, then çbH" = zf and only
if there with =1 and

Proof of Beurting Theorem. Let M be an invariant subspace of H", 1 S
p < oo. Because ç L', Mn is weak closed and invariant in H°°.
If 9 E M and g gog1 with 9o outer and 91 inner, let be a sequence
of poiynomials such that — 1",, 0 (Lemma 5.4). It follows that

—, in L,, and so M fl That is, the inner factor of every
Function in M belongs to M In particular, M fl H°° (0). Thus
(Lemma 5.6) there is an inner Function such that M fl H°°

We now show that M = In fact if g M and g = 9091 55 in
the preceding paragraph, g' 01°0; let g' = for some in H°°. So
9 = E çiH"; that is, M ç On the other hand, M and so

E M for every polynomial p. By taking limits we get that C M.
The uniqueness statement follows immediately from Lemma 5.7. 0

Some notes are in order. First, H°0 is a Banach algebra and the invariant
subspaces of H°0 are precisely the ideals of this algebra. So Beurling's
Theorem characterizes the weak closed ideals of H°°. In Exercise 1 the
weak continuous homomorphisms from into C are characterized. A
discussion of the Banach Algebra H°° is a story by itself. (For example, see
Garnett [1981J.)

Second, if C = the collection of invariant subspaces of H", then C forms
a lattice where the join and meet operations are defined as follows, If M
and H€ £,

MVJV cl[span(MuH)J,
MAH = MnH.

It is left to the reader to check that £ with these operations satisfies the
axioms of a lattice. In the exercises Beurling's Theorem is applied to the
study of this lattice. Also see §3.10 in Conway [19911.

Exercises

1. If p: —. C is a non-zero weak continuous homomorphism, show
that there is a unique point a in D such that p(f) = f(o) for all I in
H°0.

Exercises 2 througji 14 are interdependent.

2. Let .1 denote the set of all inner functions of the form

=
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where k � 0, b is a Blaschke product with b(0) > 0 (possibly 6 1),

and 41i is a singular inner function (possibly 1). Call this the
canonical factorization of a function in I. Show that for an inner
function (0) > 0 for the first positive integer n with 0(") (0) 0
if and only iIçbE I.

3. Note that I is a semigroup under multiplication and that 1 is the
identity of I. Show that this semigroup has no zero divisors; that

6 land çtn,t' 1, then = = 1. Show that this
makes it possible to define the greatest common divisor and least
common multiple of two functions in I, and that they are unique
when they exist. If 4'j and 6 1, then , = the greatest
common divisor of and and lcm(0i, = the least common
multiple of and when they exist. The next exercise guarantees
the existence.

4. If and I and 1 <p � oo, then: (a) = where
= (b) HP V OH9, where 0 =

5. � that is, isarnultiple
Henceforth it will always be assumed that I has this ordering. It

is customary to define lcm(Oi, 4'2) and Oi
with these definitions show that I becomes a lattice and the map
0 is a lattice anti-isomorphism from I onto the lattice of
non-zero invariant subapaces of H9.

6. Let Oi, I and let = z1ci bj be the canonical factorization of
= 1,2. let be the positive singular measure on

oh) associated with the singular function Prove that if
and only if: (i) k1 Ic2, (ii) the zeros of contain the zeros of b2,
counting multiplicities; (iii) � P2.

7. Let and P2 be two positive measures on a compact set X and
set p = + P2; set f1 the Radon-N ikodyrn derivative of p3 with
respect to p,g = max(fi,f2), and h = min(fI,f2). Put a' gp and

= hp. Prove the following. (a) pi ,P2 � a' and if a is any positive
measure on X such that P1,p2 then

a is any positive measure on X such that P1,P2 � a, then 'i � a.
For two positive measures and the measures i' and will be
denoted by V P2 and pi A P2, respectively.

8. Let and be functions in I with canonical factorizations 0, =
where b, is a Blaschke product with zeros Z,, each repeated

as often as its multiplicity, and is a singular inner function with
corresponding singular measure p,. Let V k2 = max(k1, Ic2) and
k1Ak2 min(ki, k2); b1Vb2 = the Blaschke product with zeros Z1LJZ2
and b1 Ab2 = the Blaschke product with zeros Zj flZ2; =
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the singular inner function with measure V /42 and A = the

singular inner function with measure A /42. Prove the following.
=

and =

9. With the notation of the preceding exercise, V = if

and only if k, =k2=0, Z1flZ2=0, and p'

10. Show that if 1 � p < oo and M1 and M2 are non-zero invariant sub-
spaces of then M1nM2 (0). State and prove the corresponding
fact for weak' closed ideals of

11. Using the notation of Exercise 8, show that if k1 = k2 = 0, Z,
and Z2 have disjoint closures, and and /42 have disjoint closed
supports, then + = Show that + =
if and only if there are functions u1 and u2 in such that çb,u1 +

= 1. (Remark. This condition is equivalent to the requirement
that + lzI < 1} > 0. This is a consequence of the
Corona Theorem (Carleson [1962])).

12. 11 C I, describe the inner functions and such that V =
and A Give necessary and sufficient conditions

that That = (0).

13. Let be the singular inner function corresponding to the measure
aö,, o >0. ifM, and M2 are invariant subspaces for 1 <
oo, and both contain show that either M, M2 or M2 M,.
(See Sarason [1965] for more on this situation.)

14. Let M1 and M2 be invariant subspaces of such that M, ç M2.
If and are the corresponding functions in I, give a necessary and
sufficient condition in terms of 4, and that dim(M2/M1) <oo. If
dim(M2/M1)> 1, show that there is an invariant subspace M such

orM2.

15. (Conway [1973]) Endow I with the relative weak' topology from ff
and for each 0 in I let be the orthogonal projection of H2 onto
OH2. Show that if a sequence in I converges weak' to in I,
then —, P# in the strong operator topology.

16. Show that the inner functions are weak' dense in the unit ball of

§6 Szegö's Theorem

In this section we will study the spaces P"(p), the closure of the polynomials
in LP(/4) for a measure supported on the unit circle. For p = 00, P°°(14)
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denotes the weak closure of the polynomials in In particular we
will prove Szego's Theorem (6.6).

Let A denote the disk algebra and let A0 = {f E A: f(0) = so
A0 is a maximal ideal in the algebra A. If p is a positive measure on 8 D, let

be the closure of A0 in LP(p). (p = oo?) Since P'(p) is the closure
of A in we have that 1. If p = m, Lebesgue
measure on ÔD, then this dimension equals 1. Can it be 0? The answer is
easily seen to be yes by taking p to be the unit point mass at 1. However
the general answer is the key to this section.

First, a few recollections from measure theory. p is a measure and JA =
v + where ii and are mutually singular measures, then for 1 p 00
the space L"(p) splits into a direct sum, LP(p) = L'(zi) For a
function f in LP(p) this decomposition is achieved by restricting I to the
two disjoint carriers of the mutually singular measures. Thus for f =
11111, = + when 1 <p < oo and = 11hfl00}.
This natural decomposition will be always lurking in the background of the
discussion that follows.

6.1 Proposition. if I 5 p � 00 and p i.s a positive measure on ÔD with
P = Pa + the Lebesgue decomposition of p with respect to m, then

Pg(p0)

Proof. It is rudimentary that c
If + q' 1, let g E = such that f gfd4a = 0
forallfinAo.Thusff'gdp=Oforalln>1.BytheFandMaiesz
Theorem, << m. Thus g =0 a.e. and so g E and g
Consequently g .1.. L"(p,). The proposition now follows by the
Hahn-Bausch Theorem. 0

6.2 Corollary. If 1 p < oo and p is a positive measure on with
absolutely continuous part Pa, then

iflf f11_fI"dii= jnf J11_flPc4ta.
JEA0 f€Ao

We have seen that if h is a non-negative function in L' (m), then log h
may fail to be integrable. In fact, log h e L' if and only if there is a function
f in H' with h = f (Proposition 3.6). Because logx x — 1 for x > 0,
the only way that log h can fail to be integrable is for flog Mm = —oo;

that is, the approximating sums for the integral must diverge to —oo. If
this is indeed the case, then the expression exp El log Mm] that appears in
the subsequent text is to be interpreted as 0 (what else?).
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6.3 Proposition. If h is a non-negative function in L' (m), then

exp [flog h dm] = inf
{ f

dm : 9 (m) and Jgdm = 0

Proof. If g e and fg dm = 0, then f log(he9)dm = f(log h +
g)dm = f log hdm. Thus letting ,u = in in Proposition 19.4.13 and replac-

ing h by log(he9), we get

exP{floghdm} inf {f he9dm :9 E 14(m) and f gdrn =o}.

If E > 0, let cE = flog(h + e)dm and put = ce — log(h + e). Thus
YELR(m) and f =0. Also f he9'dm = f = f h(h+
e)1dm. Now —' flog hdm by monotone convergence. On the other
hand, f h(h + 'dm —. 1. Thus f dm exp [flog hdm], proving
the proposition. 0

6.4 Lemma. If h is a non-negative/unction in L'(m) andg E 14(m) with
fgdm = 0, then there exists a sequence of Junctions in such

that f =0 for all n � 1 and f he9"dm —. f he9dm as n —' 00.

Proof. Let = g if n and 0 otherwise. Then

f h

h h dm —k 0 as n oo. By the Monotone

Convergence Theorem, he9dm f he9dm. Therefore f hef"dm —,

fhe9dm. Let = f Then fhe9"dm =
exp (—fin) land so fhe9dm. 0

6.5 Proposition. If h E L'(m) and h � 0, then

[flog h dm]
= JEA0 [f 1dm].

Proof. Let a inffEA0 and /3 inf {fhe9dm :g
and fg dm = 0}. By Proposition 6.3, it must be shown that a = /3. But if
I E Ac,, then f Ref dm = 0 and so a � j3. To obtain the other inequality,
we first use the preceding lemma to see that /3 = inf {f g 14°(m)
and f g dm = o}. Since for any polynomial p, f Rep dm = Rep(O), it
follows from Proposition 4.5 that {Ref: f Ao} is uniformly dense in
{g E CR(OD) : fg dm = o}. Thus if g with fg dm = 0, then
there is a sequence of functions {f,, } from such that {Re fn } is uni-
formly bounded and Re —+ g a.e. on OP. By the Lebesgue Dominated
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Convergence Theorem, f f Hence <f But

gwas arbitrary, 0

6.6 Szegö's Theorem. If 1 � p <oc, p is a positive measure on OD,
+ is the Lebesgue decomposition of p with respect to m, and h is

the Radon-Nikodym derivative of Pa with respect to m, then

f)i — I = exp [Jiogh dm}.

Proof. Using the preceding proposition,

But = and if g A0, then f = 1 — e9 E A0. Hence =

1—lIP and

6.7 exp{floghdmj � —fjPhdm.

Now let g E A0 and apply (6.7) to the function h (1 — Since

1 — f — g + is subharmonic, this yields

exP{flogIl_91'dmj �

This says that logli E L' and a flogIl � 0. Put k =
c� l,andcek=I1_glP.

By Proposition 6.3, applied to the original function h, exp [flog/i din] �
f cf = f — dm. Combining this with (6.7) we get
that

exP{floghdm} = inffIl
The theorem now follows from Corollary 6.2. 0

Of course the left hand side of the equation in Szegö's Theorem is pre-
cisely the distance in from the constant function 1 to the space
P(s). If this distance is zero, then 1 Pg(p). But this implies that, for
n � 1, = E Thus is invariant for multiplication
by as well as z. Therefore contains all polynomials in z and and
must equal LP(p). This proves the next corollary.

6.8 Corollary. ff1 p <00, p is apositive measure onôD, andp =
ILa+/&s is the Lebesgue decomposition of p with respect torn, then =
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LP(/A) if and only if

flog din

Note that the condition in the preceding corollary is independent of p.
The condition for p 00 is different and less restrictive on p. The proof of
the final proposition of this section is immediate from Proposition 6.1.

6.9 Proposition. If p is a positive measure on ÔD, then
if and only if m <<p.

Exercises

1. Without using any of the results of this section, show that if a > 0
and P = {ezO : iT � a}, then every continuous function on P is
the uniform limit of analytic polynomials.

2. Ifr:D_+DisananalyticfunctionandfEl.JP,iSfol.jnJp?

3. Give an example of a measure p on such that p and in are mutu-
ally absolutely continuous and P(p) = Note that

4. If f L2, show that the closed linear span in L2 of the functions
: n � O} is L2 if and only if: (i) f does not vanish on a set of

positive measure; (ii) log is not Lebesgue integrable. What hap-
pens for II with p 2?

5. For 1 p and p a positive measure on 0 show that the
following are equivalent: (a) U'(p); (b) Pi'(p) V'(p); (c)





Chapter 21

Potential Theory in the Plane

In this chapter we will continue the study of the Dirichiet problem. The
emphasis here will be on finding the limits of the results and employing
measure theory to do so.

Potential theory is most fully developed in the literature for n-dimensional
Eucidean space with n � 3. There is an essential difference between the
plane and RZ for n � 3; the standard potential for C is the logarithmic
potential of while for higher dimensions it is a Newtonian potential.
Classical works on complex analysis treat the case n = 2, but usually from
a classical point of view. In this chapter the treatment of the classical re-
sults will be from a more modern point of view. Many of the results carry
over to higher dimensions and the interested readers are invited to pursue
this at their convenience. Good general references for this are Brelot [1959),
Carleson [1967}, Helms [1975), Landkof [1972), and Wermer [1974).

Harmonic Measure

If C is a hyperbolic open set in the extended plane and a is a real-valued
continuous function on then u is a solvable function for the Dirichiet
problem. This leads to the following elementary result.

Li Proposition. If C is a hyperbolic open set and a E C, the map u
IL(a) is a positwe linear on the space

Proof. Proposition 19.7.10 implies that u IL is linear. If u is a positive
function in then 0 E P(u,G); hence IL � 0. Therefore u —+ IL(a)
is a positive linear functional. Since 1. = 1, this functional has norm 1. 0

According to the preceding proposition, for each a in C there is a unique
probability measure Wa supported on such that

1.2 u(a)=judWo

for each u in CR(000G).

1.3 Definition. For any hyperbolic open set C and any point a in C, the
unique probability measure Wa supported on and satisfying (1.2) for



302 21. Potential Theory

every u in C at a. To indicate the
dependence of the measure on G, the notation will be used. If K is a
compact subset of C and a E mt K, then harmonic measure for K at a is
the same as harmonic measure for mt K at a.

The point to remember here is that harmonic measure is only defined
for hyperbolic sets- If K is compact, then C = mt K is bounded and thus
hyperbolic. In this book there will be little need for harmonic measure on
a compact set.

The next result is left as an exercise for the reader.

1.4 Proposition. I/C is a set and a E C, then (12) holds for
all bounded Borel functions u.

Note that this proposition says that = for any Borel subset
of and any point a in C.

From the conunents following Theorem 15.2.5 we see that, for an ana-
lytic Jordan region, harmonic measure at the point a is absolutely contin-
uous with respect to arc length measure on the boundary; and the Radon-
Nikodym derivative is the derivative of the Green function with
respect to the exterior normal to the boundary. An interpretation of The-
orem 10.2.4 shows that if C = D and a E D, then dw0 = P0 dm, where P0
is the Poisson kernel at a and m is normalized arc length measure on 8 D.
Thus in these examples, harmonic measure and arc length measure on the
boundary are mutually absolutely continuous. (Recall that two measures p
and u are said to be mutually absolutely continuous if they have the sante
sets of measure 0.) This is not an isolated incident.

1.5. Theorem. If C is a bounded simply connected region such that 0 C
is a rectifiable Jordan curve, then harmonic measure for C and arc length
measure on 8 C are mutually absolutely continuous.

Proof. FbcainGandletr:D—oGbetheRiemannmapsuchthat
r(0) a and r'(O) > 0. By Theorem 14.5.6 (also see Theorem 20.4.8),
r extends to a homeomorphism r : ci D —+ ci C. Thus 9 —. is a
parameterization of 8G. Since OG is a rectifiable curve. Theorem 14.5.8
implies that 9 —p r(e*O) is absolutely continuous and r' IS jU the space H'.
According to (20.4.9) the derivative of the function 9 is

where r'(e'°) is the radial limit of TI. So if u OC IR is a continuous
function, the measure p defined on 8 C by

J u dp
J

u(r(&°)) ft'(e'°)( dO

is (non-normalized) arc length measure.

Claim. If E is a Bore! subset of OD. then m(E) = 0 if and only if
/.L(T(E)) = 0.
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From the above formula, we know that for any Bore! set contained in
ÔG, = ft'I dm. Assume that m(E) = 0. Since r is a homeo-

morphism, E = r'(r(E)) and so p(r(E)) = fE dm =0. Conversely, if
= 0, then r' = 0 a.e. fmI on E. Since r' E H' and is not the zero

function, this implies that m(E) = 0.

On the other hand, if u CR(OG), then u or E CR(OD). Let h be the
solution of the Dirichlet problem on D with boundary values u o r. It is
easy to see that h o r the solution of the Dirichlet problem on C with
boundary values u. That is, h o = ü. Hence

J u = ü(a) = h(0) f u o r din.

Since u was arbitrary, this implies that m o r1. Thus for a Bore)
subset of 8(3, Wa(s) 0 if and only if = 0. In light of the
claim, this proves the theorem. 0

The above result has an extension to a finitely connected Jordan region
with rectifiable boundary. If C is such a region and its boundary 1' = 0(3
consists of analytic curves, then this is immediate from Theorem 15.2.5. If
F only consists of rectifiable curves, then a more careful analysis is needed.
Also see Exercise 4.

In Exercise 2 part of a fact that emerged from the preceding proof is
extracted for later use. The basic problem that is touched on in that exercise
is the following. If r : C —. is a surjective analytic function, can harmonic
measure for be expressed in terms of harmonic measure for C? The next
proposition settles this for bounded Dirichiet regions.

1.6 Proposition. Suppose (3 is a bounded Dirichlet region, r : D —. C is
an analytic fttnction with r(0) and denotes the radial limit function
ofr.

Proof Let f : 0(3 R be a continuous function and I the solution of
the Dirichiet problem on C with boundary values f; so f extends to a
continuous function on ci G with f = / on 8G. If a E Oil) such that r has
a radial limit at a and r 1—, then Jo r(ra) f(?(a)) = fo (a). That
is, the bounded harmonic function fo'r on D has radial limits equal to Jo?
a.e. on OD. Therefore f o r = fo-? and so

= f(r(0)) = fo(0) ffodm =

In general, we will not be so concerned with the exact form of harmonic
measure but rather with its measure class; that is, with the sets of harmonic
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measure 0. When two measures and ii are mutually absolutely continu-
ous, we can form the two Radon-Nikodym derivatives dp/du and dv/dp.
Say that p and v are boundedly mutually absolutely continuous if they are
mutually absolutely continuous and the two Radon-Nikodyrn derivatives
are bounded functions.

1.7 Theorem. If C is a hyperbolic open subset of the plane and a and 6
belong to the same component of G, then the harmonic measures for C at a
and 6, w0 and are boundedly mutually absolutely continuous. Moreover,
there is a constant p> 0 (depending only on a, 6, and C) such that if H
is any hyperbolic open set containing C and and are the harmonic
measures for H at a and b, then <Pb �
Proof. This follows from Harnack's Inequality. If B(a; R) c C, lb — aj =
r < R, and u is a positive continuous function on then
Inequality implies that pü(a) � 11(b) p'11(a), where p = (R—r)/(R+r).

Thus PftLdWa <fUdWb S

p' for every Bore! set
contained in C. Thus and are boundedly mutually absolutely

continuous and
dwb

Note that this constant p depends on a, b, and G alone. Thus the same
inequalities hold for Pa and pj,:

dpb
p 5; — 5;dp0

If a and 6 belong to the same component of G, then there are points
a0,. .. , a,,, and positive numbers R0,. .. , R,, such that: (i) a a0, 6 =
(ii) a3 — a,_iI < R,, 1 5; j 5; n; (iii) B(a,;R,) c C. By the preceding
paragraph, for 1 5; 5; n, and are boundedly mutually abso-
lutely continuous with constant p3. Thus and are mutually absolutely
continuous and

— dw0,

dii.)b — dwa dWa2

hence
dw6

where p = ... p,,. Similarly, the same inequality holds for the measures
and Pb- 0

This result has some interesting consequences. If p and are boundedly
mutually absolutely continuous measures, then the identity mapping on
bounded Borel functions induces a bounded bijection of onto LP(u)
for all p. (See Exercise 3.) Thus we can legitimately say that LP(v)
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in this case. So if a and b belong to the same component of G, =
for all p. We are led to the following definition for regions only.

1.8 Definition. If G is a region and I � p < LP(ÔG) where

a is any point in C.

So the preceding discussion says that the definition of this space 1.7(8 C)
does not depend on the choice of point a in C, though the value of the
norm of a function in the space will depend on the choice of a. We return
to the case of an arbitrary (not necessarily connected) hyperbolic open set
C.

1.9 Proposition. If a E G and C is hyperbolic, then for any Borel set A
disjoint from the boundary of the component of C that contains a, (A)
0. Thus the support zs contained in &0Ga, where is the component
of C that contains a.

Proof. Note that if the notation is as in the statement of the theorem
and then � = 0 for in Thus

= E P(xA,G) and vanishes on Ca and so we have that
0

In light of the last few results it is tempting to believe that the harmonic
measures for points in distinct components of G are mutually singular. This
is not the case, as the next example demonstrates.

1.10 Example. A string of beads is a compact set

where } is a sequence of open disks in D having the following properties:

(i)

(ii) the center of each lies on the interval (—1, 11;

(iii) E—1, 1) \ contains no interval;

(iv) [.—1, 1J fl K has positive one-dimensional Lebesgue measure.

To construct K, first construct a Cantor set in [—1, with positive Lebesgue
measure and replace each deleted subinterval of [—1,11 with an open disk

The details of the construction of this set are left to the reader.

Notice that C = jut K has two components, each of which is simply
connected with a boundary that is a rectifiable Jordan curve; denote these
components by Q+ and Q.... Let a± E Q± and let W± = harmonic measure
for C at the point a*. Since 0Q± is a rectifiable Jordan curve (why?),
and arc length measure on ôQj are mutually absolutely continuous (1.5).
Thus w4. and w. are not mutually singular.
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We now characterize solvable functions for a hyperbolic open set.
But first we will see a lemma.

111 Lemma. If C is a hyperbolic set, a E C, and I —' (—oo, oo)

is an upper semicontinuous function that is bounded above and satisfies
1(a)> —oo, then I L'(wa).

Proof. According to Theorem 19.3.6 there is a decreasing sequence
of continuous functions on such that for each (in j
By Corollary 19.7.12, J(a). On the other hand, the Monotone
Convergence Theorem implies that f f dw0. By (1.2), 1(a) =

f f Since f is bounded above and f f dw0> —00, f E L'(Wa). C

1.1.2 Brelot's Theorem. Let C be a hyperbolic set and let u be an extended
real-valued function on If u is solvable, then for all z in C, u is
integrable with respect to and

Conversely, if for each component of G there zs a point a in that component
such that u E then u is solvable.

Proof. By Corollary 19.7.7 it suffices to assume that C is connected. As-
sinne that u is solvable and fix a point z in C. According to Proposi-
tion 19.7.8.b there is an increasing sequence of upper semicontinuous func-
tions on such that each u,, is bounded above, u, and

— 11(z). Similarly, there is a decreasing sequence of lower semicon-
tinuous functions on such that each is bounded below, � u,
and 11(z), Because u is solvable, it can be assumed that and

are all fInite numbers. By the preceding lemma, each and is in-
tegrable with respect to But u u E L'(w4. Moreover,

= <11(z)
we have that 11(z) =

Now assume that there is a point a in G such that u E L' By
Theorem 1.7, u is integrable with respect to for each z in C. It suffices
to assume that u � 0. From measure theory there is a sequence of non-
negative bounded Borel functions {u, } such that u = Since each
is solvable, for each zinC, O� <oo.
According to Proposition 19.7.11, u is a solvable function. 0

The next result will be used later and could have been proved earlier.
It was postponed until now because the corollary is the chief objective
here and this was meaningless until harmonic measure was introduced.
Note that the next proposition generalizes Proposition 19.7.6. (The result
is quite useful in spite of the fact that its statement is longer than its proof,
usually a sign of mathematical banality.)
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1.13 Proposition. Let G be a hyperbolic open set and let g —p R be

a bounded Borel function; denote by the solution of the Dirichiet Problem
on C with boundary values g. If H is an open subset of C and h: R

is defined by h(() andh(() =g(()for( in
fl then h is a solvable function for H and h = on H.

Proof. In fact, if E i'(g,G), then *(h,H); hence h on H.

Similarly, � iz on H. Since G is hyperbolic, we get that h = h = on H.
0

1.14 Corollary. If G is a hyperbolic open set and H an open subset of G,
then for any Borel subset for alla in
H.

Proof. Note that z is the solution of the Dirichiet problem on C
with boundary values g = If h K is defined by h(z) =
for z in .%0HflG and h(z) = g(z) for z in then the preceding
proposition implies that for z in H,

since h � on 0

1.15 Corollary. Let C and be hyperbolic open sets with C c a If K
is a compact subset of such that = 0 for all a in G, then

inC.

Proof. First observe that the hypothesis implies that K is a subset of
\ K) fl So the preceding corollary implies

forallainG. 0

The section concludes with an application of harmonic measure to obtain
a formula for the Green function of a hyperbolic open set. In order to set
the stage for this, we must first show that the logarithm is integrable with
respect to harmonic measure. Using Theorem 1.12, this will produce a
solution of the Dirichlet problem with logarithmic boundary values and
lead to the sought formula. -

1.16 Lemma. If Q is a hyperbolic open subset of such that 00 Q and
o then for evenjb infl, wb({a}) = 0 and the function(
belongs to

Proof. Let g(z, oo) be the Green function for with singularity at oo and
put h(z) = g(z,oo) — log

h a harmonic function on fl. Now ôfI is bounded and so there is a
constant C such that log K — o( C on
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Let {u,,) be a sequence of continuous functions on Ofl such that u,, �
—C, u,,(C) I — aI1 for in and C a, and oo; put

= So is an increasing sequence of harmonic functions on If
4S E fl) and ( 8(1, then + log fz — afl � u,1(C) +
Log IC — af 0 � g(z, oo). According to the Maximum Principle,

+ log Iz — � g(z, oo) on (1; hence 4 h on (1 and so h,, � h.
Therefore for each n,

h(b) �
= fUndwb

= Wb({Q})
+ J Un dWb

�
So if wj(a) > 0, the right hand side converges to oo as n —, oo, a contra-
diction.

To show the integrabibty of the logarithm, take the limit in the above
inequality to get

co > h(b) � — flog IC — � —C.

Thus log K — E 0

Amongst other things, the preceding lemma says that harmonic measure
has no atoms for regions of that type. In the above lemma note that if
a E C \ 0(2, log j( — al is a bounded continuous function on the boundary
and is thus integrable. The next result is part of the reason for the preceding
lemma and the succeeding proposition is another.

1.17 Proposition. If C is hyperbolic, then Wa has no atoms.

Proof. This is immediate from the preceding lemma since, by the choice
of a suitable Möbius transformation, any hyperbolic open set C can be
mapped onto a hyperbolic open set (2 such that oo E Cl. Once this is done
we need only apply Exercise 2 and the preceding lemma. 0

1.18 ProposItion. I/C is hyperbolic and a E C, then the ftsnction (
log IC — aJ belongs to L'(wb) for everij b in C.

Proof. Without loss of generality we may assume that 0 C. Let r(z)
z1 and put 12= r(G). So oo E 12. According to Exercise 2, = Or
and = (since r = r-1). Fix bin C. By Lemma 1.16, —/31 E

for every in C; thus logfç' — /31 E Taking /3 =0 gives
that log 1(1 = — log E Taking /3 = i/a, a 0, gives that

log alE L'(4). 0
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It should be emphasized that in the next theorem the open set is assumed
to not contain the point oo. For a hyperbolic open set that contains co the
formula for the Green function is in the succeeding theorem.

1.19 Theorem. If C is a hyperbolic open set contained in C, a E C, and
g(z, a) is the Green function for C with singularity at a, then

Proof. According to the preceding proposition the integral in this formula
is well defined. Let h(z, a) denote the right hand side of the above equation
and fix a in C. Clearly h is harmonic in C \ {a}. If E P(log ( — C),
then i,I,(z) — log !z — aI is superharmonic on G and, forC in

Urn inf[i,1'(z) — — aj] = Urn inft,b(z) — — aI

> 0.

But flog J( — aI = E P(log K — aj, G)}. So h(z, a) � 0 for
all z in C. Clearly h(z, a) + log Iz — aJ is harmonic near a. By the definition
of the Green function, h(z, a) � g(z, a).

On the other hand, let be a positive superharmonic function on C such
that 4'(z)+Iog z—aI is also superharmonic. It follows that lim

� � Applying
Proposition 19.9.10 we get that g(z,a) � h(z,a). 0

1.20 Theorem. If is a hyperbolic open set in the extended plane such
that 00 fl, a E and g(w,a) the with singularity
at a 00, then for evertj w 00

g(w, a)
= j log 1w — aI + g(w, co).

1ff) is a point not in then for every choice of distinct a and w in

g(w,a) =f
In particular, for w oo in fl,

g(w, oo)
= f log

(w _/3)

= _J

Proof. In this proof the Green function for fi will be denoted by Take
any point f3 that does not belong to and let r(w) = (w — fl)'; put
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C i-(1l). So C is hyperbolic, 00 G, and 0 = r(oo) E C. If gC is the
Green function for C, then for every w and a in

g°(w,a) = gG(r(w),r(a))

= J log — r(a)I — log fr(w) — r(cx)I

1 1 11
— a—/3

og

=

This gives all but the first of the formulas in the theorem. To obtain the
first, assume neither w nor a is and use the properties of the logarithm
and the fact that harmonic measure is a probability measure. This gives

=

log

=

Exercises

1. Prove Proposition 1.4.

2. If r: C Il is a conformal equivalence that extends to a homeo-
morphism between the closures in the extended plane, a C, and
a = r(a), then o =

3. Assume that jz and are finite measures on the same set X. (a) Show
that and z' are mutually absolutely continuous (but not necessar-
ily boundedly so), then the identity mapping on the bounded Borel
functions induces an isometric isomorphism of onto L°°(v)
that is a homeomorphism for the weak topology. (b) Conversely,
show that if T: —i L°°(v) is an isometric isomorphism that is
the identity on characteristic functions and T is a weak homeomor-
phism, then and ii are mutually absolutely continuous. (c) If and
v are mutually absolutely continuous and *j' = 4i/dv, show that for
l <p < oo, the map Tf = f q511P defines an isometric isomorphism
of onto D'(v) such that T(uf) = uT(f) for aft u in
and f in (d) Conversely, if there is an isometric isomorphism
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T: LP(p) V'(zi) such that T(uf) = u T(f) for all bounded Borel
functions u and all f in LP(p), then p and L'are mutually absolutely

continuous.

4. (Spraker [19891) Suppose -y is a smooth Jordan curve, G ins r, and
a E G. Show that if = normalized arc length measure on then
-y is a circle and a is its center.

5. For R > 0, put G = R) and show that for every continuous

function f on OG, f f = f(R dO.

6. ifG \ [0,1], what is harmonic measure for G at oo?

§2* The Sweep of a Measure

If C is a hyperbolic open set and u C(000C), let, as usual, i be the
solution of the Dirichiet problem. Thus if p is a bounded regular Borel
measure carried by C, ü dp is well defined and finite. In fact, ü dpi �
11i4I � 11141 That is, u dp is a bounded linear
functional on Thus there is a measure supported on such
that

2.1 fudP=judfh

for every u in

C is a hyperbolic open set and p E M(C), the sweep of
p is the measure ji defined by (2.1).

Caution here, intrepid reader. The notation for the sweep of a measure
is the same as that for the Cauchy transform. This coincidence does not
reflect on humanity or provide a commentary on the lack of notational
imagination. Though unfortunate, the notation is traditional.

Note that if a E C and w6 is harmonic measure for C at a, then for
every continuous function u on ü(o) = U dWa. Equivalently,

fail d66 = u dw6. Thus the sweep of is
There is often in the literature the desire to discuss the sweep of a mea-

sure p carried by a compact subset K of C. In this case the sweep of p is
pJOK + 14(int K).

The next proof is left to the reader.

•This section can be skipped if desired, as the remainder of the book does not
depend on it.
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2.3 Proposition. The map u i.s a contractive linear map of M(G)
into

Often we are not so interested in harmonic measure itself but rather with
its measure class (that is, the collection of measures that have the same
sets of measure 0 as harmonic measure). This applies to non-connected
hyperbolic open sets as well as regions. With this in mind, let us introduce
the following idea.

2.4 Definition. Let C be a hyperbolic open set with components G1, C2,...
and for each n � 1 pick a point a,, in Ci,. If is harmonic measure for
G at a,, and w = 2"w,,, then harmonic measure for C is any measure
on that has the same sets of measure zero as cu.

Thus harmonic measure for a hyperbolic open set is actually a mea-
sure class [wJ, rather than a specific measure. This means it is impossible
to define the L7 space of the class if 1 < p < oo. Indeed if the points
a,, in Definition 2.4 are replaced by points with the corresponding
harmonic measure, the spaces and are isomorphic via the
identity map but not isometrically isomorphic. Thus, in the presence of
an infinite number of components, the spaces L'(w) and may not
even be isomorphic under the identity map. We can, however, define the
L' space and the space since the definitions of these spaces actually
only depend on the collection of sets of measure 0.

2.5 Definition, if G is a hyperbolic open set and w is harmonic measure
for G, define

{f I is w — essentially bounded},

= E

As usual, functions in are identified if they agree a.e. [wJ.
Thus L°°(500C) = L°°(w) and the definition of the norm on L°°(1300C) is
independent of which form of harmonic measure for C we choose. The same
is not quite true for If w and are two harmonic measures for
C that are not boundedly mutually absolutely continuous, then V and
L'(w') can be significantly different if we define these spaces as spaces of
integrable functions. In fact, these spaces may not be equal as sets, let alone
isometric as Banach spaces. But the definition of L' given above as a
subspace of with the total variation norm removes this ambiguity.

2.6 Proposition. E M(C), then fA, the sweep belongs toL' (000C).

Proof. Adopt the notation of Definition 2.4 and let be a compact subset
of with = 0. It suffices to assume that � 0 and show that

= 0. Let be a sequence of continuous functions on such
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that 1 for all n � 1 and decreases monotonicafly to
for each z in If a E G, then = fu,% dWa 0.

Since 0 � � 1 for all n � land for all a in C, = hmf =
0

Exercises

1. Suppose that mt K is a Dirichlet set and show that u ft is a
bounded linear map of C(OK) into C(K).

What is the dual of this map?

2. If is a positive measure carried by D, define R,,1 01) —, R by

= f where P( is the Poisson kernel. Let m be normal-
ized arc length measure on OD. (a) Show that R,,1 is a non-negative
function in L1(m). (b) 1ff show that If I2RSm.
(c) Prove that ft = RMm.

§3 The Robin Constant

Recall that, for a compact subset K of C, the Green function for C,0 \ K
near the point at infinity is precisely the Green function for \ K. Keep
this in mind while reading the definition of the Robin constant below.

3.1 Definition, if K is any compact subset of C such that \ K is
hyperbolic, then the Robin constant for K is the number rob(K) defined
by

rob(K) lim[g(z, oo) — log

where g is the Green function for \ K. If \ K is parabolic, define
rob(K) = 00.

First note that when \ K is hyperbolic, rob(K) <oo from the def-
inition of the Green function. So rob(K) = 00 if and only if \ K is
parabolic. Next, the remarks preceding the definition show that rob(K) =
rob(OK) = rob(K) if \ K is hyperbolic; Proposition 19.9.5 implies the
same thing in the parabolic case. Another observation that will be useful
in the sequel is that for any complex number a

rob(K) = lim[g(z, oo) — log Iz — all.

The following results often make it easier to compute the Robin constant
of a compact connected set.
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3.2 Proposition. Let K be a compact connected subset of C and let C be
the component of \ K that contains oo. If r : G D is the Riemann
map with r(oo) = 0 and p = r'(oo) > 0, then rob(K) = —logp. If I =

U) C, then p = f(w) = Res(f;0).

Proof. Note that p = r'(oo) = z r(z) = w f(w), which is
the residue of f at the simple pole at 0. Thus it suffices to prove the first
statement. To this end, we observe that — log Ir(z)l = g(z, oo), the Green
function for C with singularity at 00 (19.9.2). Thus

rob(K) = log lr(z)l — log lzIl

=

= —logp.

0

3.3 Corollary. If K a closed disk of radius R, rob(K) = — togR.

For the next corollary see Example 14.1.4.

3.4 Corollary. If K is a straight line segment of length L, rob(K) =
— log(L/4).

We will see the Robin constant again in §10.

3.5 Proposition. Let K be a compact subset of C such that \ K
is hyperbolic, let = rob(K), and let C be the component of \ K that
contains oo. If w is harmonic measure for C at oo and is its logarithmic
potential, then

I ifaeC
if

and -y for all z in C.

Proof. It can be assumed without loss of generalIty that K = K. Theorem
1.20 implies that g(z, a) = flog lz — af — log lz — af + g(z. 00) for all
finiteaandzinG, Butg(z,a)=g(a,z)andso

= flogK_aI_ldwz(()

= [g(z, oo) — log lz — — g(a, z).

Letting z —' oo and using the fact —+ (Exercise 1), we get that
= — g(a, oo) for any finite point a in C.

Now suppose that a ci C. Once again we invoke Theorem 1.20 to get
that

g(z,oo) — loglz — al = fiogiz —
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Letting z oo shows that = y for a ci G.
Finally, the fact that the Green function is positive implies that L,,(z) �
for all z in C \ 8G. But is lsc and so for each ( in OG, �

� 0

Exercises

1. If C is any hyperbolic region and } is a sequence in C that con-
verges to z in C, then —+ in the weak topology on

2. If K is a closed arc on a circle of radius R that has length OR, show
that rob(K) = — log[R sin(O/4)}.

3. if K is the ellipse x2/a2 + y2/b2 = 1, then rob(K) = — log[(a + b)/2].

4.

Show that rob(K) = log R. (See Exercise 19.9.3.)

5. If R> 0, show that log R' if
Izi <Rand if > R.

6. Let R > 0 and let be the restriction of area measure to B(a; r). Show
that = if lzI � R and LM(z) = irR2[logR' +
1/21 — lrIzI2/2 for IzI � R.

7. Let be a positive measure on the plane with compact support con-
tained in the disk D B(a; R). Show that +

§4 The Green Potential

In this section C will always be a hyperbolic open set and g its Green
function. We will define a potential associated with the Green function g
and a positive measure carried by C. To justify the definition, we first
prove the following.

4.1 Proposition. If is a finite positive measure on C and

4.2 GM(z) = w) d1t(tu),

then GM defines a positive superharmonic function on C that is not identi-
cally infinite on any component of C.

Pruof. First note that because both the Green function and the measure
are positive, the function is well defined, though it may be that =
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cc for some z. For n � 1, let g,,(z, w) = min{g(z, w), n} and put f,,(z) =
fg,,(z,w) dp(w). By Proposition 19.4.6, is superharmonic. Since p is
positive, each function f,, is superharmonic. Another application 01(19.4.6)
shows that is superharmonic.

Suppose there is a disk B = B(a; r) contained in C with .i(B) = 0. Let
C� g(z, a) for all z in G\B. Then = fG\B g(a, w) � C <

Now return to the case that p is arbitrary and let B be any disk contained
in C. Let i' = plB and ci = pl(G \ B). Clearly GM = (3,, + and,
by the preceding paragraph, neither (3,, nor C,, are identically oo on the
component containing B. By Proposition 19.4.11, C,, is not identically oo
on this arbitrary component. 0

Because the Green function is positive, the function (4.2) is well defined
even if the measure p is not finite (though it must be assumed to be a posi-
tive measure). In case p is not finite, the Green potential may be identically
oo on some components of C. There may also be some positive measures
p that are infinite but such that the function (4.2) is finite valued. See
Example 4.4 beLow.

4.3 Definition, If is a hyperbolic open set and p is a positive (extended
real-valued) measure on G, the Green potential of p is the function C,
defined in (4.2).

4.4 Example. If C is the unit disk D, the Green function is given by
g(z, w) = — log(Iz — wi/Il — Thus for any positive measure p on

G,,(z) = L,,(z)
— f log Ii —

If {a,,} is any sequence of points in D and p = then

G,,(z)

and this function is finite-valued for z a,, if — Ia,,I) < oo (see
Exercise 8.5.4).

Shortly we will see a connection between the Green potential and the
logarithmic potential of a compactly supported measure similar to the one
exhibited for the disk in the preceding example. Each potential has its
advantages. The Green potential is always positive and this has important
consequences. In addition, the Green potential readily extends to higher
dimensional spaces with important applications similar to the ones we will
see below. This is not the case for the logarithmic potential. On the other
hand, the definition of G,, depends on the choice of the open set C and is
only defined there, while the definition of LM is universal.
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When we discuss the Green potential, it will always be understood that
there is an underlying hyperbolic open set G whose Green function is used
to define this potential.

4.5 Theorem. If G is a hyperbolic open set, is harmonic measure for
G at z, and p is a positive measure with compact support contained in G,
then

=
— fac

for all z in G.

Proof. Recall (1.16) that for any z, w in G the function (—i — wI
belongs to Since p has compact support, it follows that log (—w( E

x ii). Indeed, for z fixed the function w — wI is
harmonic on C and thus bounded on supp u. Therefore Fubini's Theorem
applies and we get that

ff = fCOG 8CC

=

From Theorem 1.19 it follows that

9(Z,tu)=_flogIC_wI_Idwz(()+log(z_w(_1.

Integrating both sides with respect to p and using the preceding equation
gives the formula for in the theorem. 0

The subsequent corollary follows from the observation that as a function
of z the integral in (4.5) is harmonic on C.

4.8 Corollary. If p is a positive measure on C with compact support, then
C,, - is a harmonic function on C.

4.7 Corollary. If p is a positive measure on C with compact support, then,
considering C,, asadistribution on C,

-27rp.

Consequently if H is an open subset of C such that equals a harmonic
function a.e. [Areaj on H, p(H) =0.

4.8 Corollary. If p arid v are two positive measures on C with compact
support andthreisahar,nonic functionhon an open subset H ofGwtth
GM-CR=honH, then PIH=L'IH.

As a positive superharnionic function C,,1 has a least harmonic minorant
(19.8.2), which must be non-negative. From Proposition 19.9.2 we also know
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that for any point a in G the greatest harmonic minorant of the function
gc(Z) = g(z,a) is the constantly 0 function. This carries over to the Green
potential of a positive measure.

4.9 Proposition. If js is a positive measure on G, then the greatest har-
monic minorant of the function G,,, is 0.

Proof. Let be a sequence of open subsets of C whose union is C
such that ci ç and 0 is a fInite system of Jordan curves. For
z in let be harmonic measure for C, at z. If

=

then is an increasing sequence and h(z) = for all z is the
greatest harmonic minorant of C,. (19.8.3). In a similar way define

g is the Green function for C. Extend the definition of gn by let-
ting gn(z,W) g(z,w) for z in C \ C1,; so for each w, z —. gn(z,W)
is superharmonic on C. Since the greatest harmonic minorant of g is 0,
Corollary 19.8.3 implies that = 0 for all z and w. But the
Green function is positive, so we can apply Fubini's Theorem to get that

= On the other hand, the Maximum Principle im-
plies g(z, w) for all n. So Lebesgue's Dominated Convergence
Theorem implies that h,,(z) —' 0; that is, h = 0. 0

We are now in a position to prove another Riesz Decomposition The-
orem for subharmonic functions. (See Theorem 19.5.6.) After reading the
statement of the theorem, the reader should look at Exercise 2.

4.10 Riesz Decomposition Theorem. If u is a subharmonic function
on C that is not identically —cc on any component, then there is a positive
measure (possibly infinite-valued) such that for even,, bounded open subset
H of C with clH C there is a harmonic function h on H with u(z) =
h(z)—C,.IH(z) for all z in H. The function h is the least harmonic majorant
of u on H. If is is negative and h is the least harmonic majorant of u on
C, then u = h — C,. on C.

Proof. As in the proof of Theorem 19.5.6, in the sense of distri-
butions; and for any such open set H, if v = 4H, the harmonic function
h on H exists such that u = h — C,, on H. Since the Green potential is
positive, u h on H so that h is a harmonic majorant. If k is another
harmonic function on H with u k, then C,, = h — is � h — k. Since the
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greatest harmonic minorant of is 0, we have that, on H, 0? h — Ic or

Ic � h. Therefore h is the least harmonic majorant of u on H.
isa

finitely connected Jordan region with ci let be the Green
function for JIB. From the Maximum Principle we have that � so

that if = on In fact by monotone convergence,
for all z in C. Let li, be the least harmonic majorant of

uon H,, so that u =h,, there. Sinceu � 0, h,, Clearly {h,,} is
increasing. Therefore h(z) = tim,, h,,(z) is a harmonic function on G and
u = h — It is easy to see that h is the least harmonic inajorant of u. 0

4.11 Corollary. If u is a positive superharinonic flnzction on G that is not
identically infinite on any component of C, then u is the Green potential
of a positive measure on C if and only if the greatest harmonic minorant
of u isO.

The next proposition is proved like Proposition 19.5.11.

4.12 Proposition. If p is a positive measure with compact support K in
C and is continuotis at apointa ofK, then 0M is continuous ala.

Exercises

1. What is the connection between the formula in Theorem 4.5 relating
the Green potential and the logarithmic potential of a positive me&
sure with compact support, and the formula obtained in Example 4.4
for G,m the case that G = D.

2. Let C be a hyperbolic open set and let H be an open subset of C.
Suppose p is a positive measure with compact support contained in
H and define the Green potentials and of p using the Green
functions for C and H, respectively. Show that there is a positive
harmonic function h on H such that = + h(z) for all z
inC.

3. Prove versions of (4.7), (4.8), and (4.9) for the case that p is any
positive measure on G for which is finite-valued.

4. Let p be a positive measure with compact support K in C and assume
that GM(z) <oo for every point z in K. Show that every e > 0
there is a compact subset A of K with p(K \ A) <e such that CPIA
is continuous on C.

5. Show that if f is a positive Borel function on C that is integrable
with respect to area measure and p = / . AVG, then CM is continuous
onG.
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6. If G is a hyperbolic open set, K is a compact subset of 0, and }

is a sequence of positive measures with supp ç K for all n � 1
such that p weak in M(K), then � for

all z in 0.

7. if p is a positive measure with compact support contained in the open
disk D, show that 0 as z approaches any point of ÔD.

§5 Polar Sets

In this section we begin a discussion that will evolve to occupy a significant
portion of our attention. The basic idea is to examine sets that in the sense
of harmonic functions are small.

Almost every mathematical theory has a concept of smallness or negli-
gibility. An example already seen by the reader is the set of zeros of an
analytic function: such a set must be discrete, which is small by the stan-
dards of all save the finitely oriented amongst us. Another example is a set
of area 0. In measure theory we are conditioned to regard this as a kind
of ultimate smallness. In the setting'of the theory of analytic or harmonic
functions, this turns out to be quite large and certainly not negligible. The
appropriate idea of a small compact set in the sense we want is one whose
complement in the extended plane is a parabolic region.

That said, we first examine results concerning subsets of the boundary of
a hyperbolic set 0 that have harmonic measure zero; that is, subsets A of
8,0 such that for every a in 0, measurable and =0. There
is a temptstion to aim at a greater degree of generality by considering an
arbitrary open set 0, not just the hyperbolic ones, and discussing subsets
A of that have inner and outer harmonic measure zero. For example,
a set A might be said to have outer harmonic measure zero if 0
for all z in 0. Similarly, we would say that A has inner harmonic measure
zero =0 for all z in 0. It is an illusion, however, that this is added
generality.

Indeed, suppose is not hyperbolic and A is any subset of A
function in C) is a positive superharmomc function. Since G is not
hyperbolic, it is parabolic. Thus the only functions in C) are con-
stants; in fact, these constant functions must be at least I. Thus every
subset of 84)30 has outer harmonic measure 1. Similarly, if C is not hyper-
bolic, then the functions in P(XA, C) must be negative constants and so
every subset of has inner harmonic measure zero.

So we will restrict our attention to hyperbolic sets. Here one could define
the inner and outer harmonic measure of arbitrary subsets of not just
the Borel sets. A set is then harmonically measurable when its outer and
inner harmonic measure agree. That is, a set A is harmonically measurable
if and only if is a solvable function. In fact, Theorem 1.12 says that
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such sets are precisely those that are measurable with respect to harmonic
measure. Attention usually will be restricted to Borel sets, though we will

examine arbitrary sets of harmonic measure zero. Recall from measure the-
ory that any subset of a set of measure zero is a measurable set having
measure zero.

There are many examples of sets that have harmonic measure zero.
For example, we have already seen that if C is the inside of a rectifiable

Jordan curve (or system of curves), then harmonic measure on OG and
arc length measure are mutually absolutely continuous (Theorem 1.5). So
subsets of arc length zero have harmonic measure zero. We begin by charac-
terizing sets of harmonic measure zero in terms of subharmonic functions.
To simplify matters, agree to say that for a hyperbolic set C a subset A of

is harmonically measurable if for every a in C, A is

5.1 Theorem. If G is a hyperbolic set and A is a harmonically measurable
subset of the following are equivalent.

(a) = 0 for all a in C.
(b) If 4, is a subhar,rnonic function on C that is bounded above and satis-

fies
lizn sup4)(z) � 0

for every(
(c) There is a negative svbharmonic function 4) on C that is not identi-

cally on any component of C and satisfies

lim 4)(z) = —00

for all( mA.

Proof. (a) implies (b). Assume = 0 for all a in C and let 4) be a
subharmonic function as in part (b). Let M be a positive constant such
that 4)(z) � M for all z in C. Thus M'Ø E 2(G,Xi) and so for every a
in C, 0 � = 0.

(b) implies (c). Note that (b) implies that 4) 0 for every 4) in 75(XA, C).
Thus for all a in C, 0 = = According to Proposition 19.7.8
there is a sequence {4),} in 0) such that 0 for every z
in C. Since 4),, e C), 4),, 0. Fix a point a in 0; by passing to a
subsequence if necessary, it can be assumed that Iø,,(a)I for all n � 1.
Let 4) = 4),,; it follows by Proposition 19.4.6 that 4) is subharmonic.
Temporarily assume that C is connected. The restriction on the value of
4),, at the point a shows that 4) is not identically —oo on C and clearly
4) � 0. €A, then fix N � land chooseö> 0 such that for 1 n � N

sup{4),,(z) : z E 0, fz — <ö} < —l —
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Again letting G(C; 5) = B((; 5) fl C we have that

z z E C(C;5)}

+ E : z G(C;S)}
nN+1

-N+1.

Hence
tim sup 4i(z) = —00.

In case C is not connected, let G11G2, be its components and for each
k � 1 use the preceding paragraph to find a negative subbannonic function
41k that is not identically —00 on Gk and such that lime...., 4'k(z) = —oo
for all ( in fl Define 41 on C by letting it equal 41k + k on Gk. This
works.

(c) implies (a). if such asubharmonic function 41 exists, let = max
n-'41}. It is easy to check that the sequence If 5 C
and 41(5) > —00, then —+ 0 as n —+ oo. Thus = 0. Since each
component of G contains such a point &, = 0 for all a in C (Theorem
1.7). 0

Note that condition (b) in the preceding theorem is a generalized maxi-
mum principle. This also gives a proof of Exercise 13.5.7.

5.2 Corollary. If C ii a hyperbolic set, h 13 a bo*inded harmonic f4rnctton
onG,
that h(z)4Oaszappr ches any point of thenh_ 0.

Proof. Part (b) of the preceding theorem applied to h and —h implies that
both these functions are negative. C]

The next proposition is one like several others below that show that cer-
tain sets are removable singularities for various classes of functions. In this
case we see that sets of harmonic measure zero are removable singularities
for bounded harmonic functions.

5.3 ProposItion. Let F be a relatively closed svbset of G such that 800FnG
has ha ncmasurezmwithiespectto the setG\F. Ifh:G\F—R
w a bounded harmonic function, then h has a harmonic eztension to G.

Proof. By the use of an appropriate Möbius transformation, it can be
isanopen

set whose boundary consists of a finite number of smooth Jordan curves and
ci Fix n for the moment and let 41 E P(xaFflCl ; with
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4 � 0. .Extend to all of G\F by setting 41 = X8Fflcl on \ F) =
\ F) U (OF fl ci C,,) and 41 = 0 off ci (G,, \ F). The reader can

check that this extension of 41 is use on G \ F. By Proposition 19.4.17, 41
is subharmonic on C \ F. It can be checked that 41 E P(xapnG,G \ F)
and of course 41 � 0. From the hypothesis we have that 41 0. Thus

C,,) = 0 for all z in an.
Now define g : OG,, —s R by g = hon OG,,\F and g =0 on OGnflF; let

4 be the corresponding solution of the Dirichiet problem on (remember
that C,, is a Jordan region). Thus h — 4 is a bounded harmonic function
on GI,I\F. If( h(z)—4(z) with zin GII\F. By
Corollary 5.2, h —4 0 on C,, \ F. Therefore 4 is a harmonic extension of h
to an. Since n was chosen arbitrarily, this shows that h can be harmonically
extended to all of C. 0

Subsets of the boundary of a hyperbolic set that have harmonic measure
zero can be considered as sets that are locally small; their smallness is
defined relative to the particular open set. We now turn to an examination
of sets that are universally small relative to the study of harmonic functions.

5.4 Definition. A set Z is a polar set if there is a non-constant subhar-
monic function u on C such that Z C {z : u(z) = —oo}.

Consideration of the function log Jr — shows that a singleton is polar.
A slight improvement shows that finite sets are polar and an application of
Lemma 5.6 below shows that all countable sets are polar. properties
of subharmonic functions it follows that every polar set must be Lebesgue
measurable with .4(Z) =0. Indeed, if u is as in the definition and E {z.:
u(z) = —oo}, then E = fl,,{z : u(z) < —n} so that E is a C5 set. Since
u is not identically —oo, .4(E) = 0 (19.4.11). Since Z E, Z is Lebesgue
measurable and .4(Z) =0. In particular, polar sets have no interior.

The next result says that the property of being a polar set is locally
verifiable.

5.5 Proposition. A set Z is polar if and only if there is an open set C
that contains Z and a atthharmonic function v on C that is not identically
—oo on any component of G and such that Z c {z E C: v(z) = —oo}.

Proof Assume there is an open set C that contains Z for which there is a
subbarmonic function v on C that is not identically —oo on any component
of C and with Z ç {z E C: v(z) = —oo}. Replacing C by {z: v(z) <O},
wemayas8umethatv <OonG.LetC=u,,C,,,whereclG,isacompact
subset of Let 4 = diamG,,. Let be the positive measure on C
that defines the positive distribution (19.5.6 and 18.4.9). Note 'that
p(C,,) <co for all n. According to Theorem 4.10 there is a harmonic
function 011 C,, such that =uJG,,, then v = Ii,, on C,,. Also
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= — where f,, is harmonic on If we define

u,,(z) =
— f log d1t(w),

then we arrive at the equation v(z) = + for all z in C,,, where
= I,, + h,, — is harmonic on It is clear that u,, is a sub-

harmonic function on C with u,,(z) <0 for z in C,, and u,,(z) = —oo on
Z fl C,1. Since has compact support, u,, is not identically —oo. Thus
u,,(z) > —00 a.e. [Area] (19.4.11). Pick a point a with u,,(a) > for
all n � 1 and choose constants c,, > 0 such that —co. Put
U = ffm � 1 is fixed and n � m, u,,(z) Ofor z in Cm. It
follows from Proposition 19.4.6 that u is subharmonic. Since u(a) > —oo,
u is not identically —oo. it is routine to see that Z {z u(z) = —oo}.

The converse is obvious. 0

5.6 Lemma. If {Z,,} is a sequence of polar seLf, then is polar.

Proof. According to Proposition 5.5, there is a subharnionic function u,,
on C that is not identically —oo such that Z,, {z u,,(z) = —oo}. Let
a E C such that > —co for all n. For each n � 1 there is a constant
k,, such that � k,, <co for z in B(0; n). Choose constants c,, > 0
such that E,,Cn[k,, — u,,(a)] <oo. By (19.4.6), u = E,,c,,[u, — k,,) is a
subbarmonic function on C, u(a)> —00, and Z c {z: u(z) = —oo}. 0

Using this lemma we see that to show a set is polar it suffices to show
that every bounded subset of it is polar.

5.7 PropositIon. If K is a non-trivial compact connected set, then K is
not a polar set.

Proof. Suppose u is a subhaxmomc function on C such that u(z) —oo

on K; it will be shown that u is identically —co. Let C be a bounded
open subset of {z u(z) < 0) that contains K. Now use the Riemann
Mapping Theorem to get a conformal equivalence -r : D C(, \ K with
r(0) = co. Note that if is a sequence in D such that — 1, all the
limit points of {-r(z,1)} lie in K. Thus u o r is a subharmonic function on
D and u o -r(z) —oo as z approaches any point on the unit circle. By the
Maximum Principle, u o r is identically —oo and thus so is u. 0

5.8 Corollary. If Z is a polar set, then everij compact subset of Z is totally
disconnecteL

5.9 Proposition. If Z is a polar set and C is a bounded open set, then,
for every point a in C, ZnOG is and flOG) = 0.

Proof. Without loss of generality we may assume that there is a non-
constant subharmonic function v on C such that Z = {z : v(z) = —oo}. By
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a previous argument, ZnOG is a G5 set and therefore To

show that OG) = 0, it sufilces to show that = 0 for every
compact subset K of Z fl 0G. Let U be a bounded open set that contains
K and put H = G U U. Since ci H is compact, there is a finite constant
M such that v(z) <M for all z in ci H. Thus v — M is a negative non-
constant subharmonic function on H that is —cc on K. By Theorem 5.1,
H\K(K)OfalhiH\K ButCç H\KandKçOGriO(H\K).

By Corollary 1.14, � H\K(K) =0 for all a in C. 0

The preceding proposition will be extended to all hyperbolic open sets
G (Theorem 8.4, below) but some additional theory will be required.

We will rejoin the examination of arbitrary polar sets later (Theorem
7.5), but now we turn our attention to compact polar sets and their relation
with some recently acquired friends. There are compact sets K contained
in the boundary of an open set C such that = 0 for all a in C
and K is not polar. For example, if C is the unit square (with vertices
0,1,1 + i, and i) and K is the usual Cantor ternary set, then 8G is a
rectifiable Jordan curve and so = 0 for all a in C. But K is not
polar (8.16). if, however, K has harmonic measure zero for every open set
whose boundary contains it, then K is polar. This as well as the equivalence
of additional conditions will be seen in the next theorem. Remember (5.8)
that compact polar sets must be totally disconnected and thus without
interior.

5.10 Theorem. For a compact totally thsconnected set K, the following
are equivalent.

(a) K is a polar set.
(b) If C is any bounded region with K c9G, then =0 for every

point a in C.
(c) I/C isaboundedregionthatcontainaK anduisaboundedharinonic

function onG\K, thenuadmit,sahar,noniceztensiontoG.

(d) If7 is a Jordan curve such that K C C then =0
for every pointa inG\K.

(e) There is a bounded region C that contains K and there is a point a
inG\K such

(1) JIG is any bounded region containing K, then =0 for every
pointa inG\K.

(g) C\Kis parabolic.
(h) The only bounded harmonic functions on C \K are the constant func-

tions.

(1) onK is bounded
above.
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As might be expected, the proof of this theorem requires a lemma. It is
perhaps surprising that it only requires one.

5.11 Lemma. if C is a hyperbolic set and is a measurable subset of
such that 0 < 1 for some point a in G, then

mi = 0 and sup = 1.
zEG zEG

Proof. Put M z E C); so0 <z M �
then 4 � M and so Ø/M S 1. Hence 4/M E C), so that

equivalently, � Taking the supremum over all such
gives that M

the statement about the inilmum is similar. 0

Proof of Theorem 5.10. That (a) implies (b) is immediate from Proposi-
tion 5.9.

(b) implies (c). This is a consequence of Proposition 5.3.
(c) implies (d). Let be a Jordan curve such that K c C ins and

put u(z) = So u is the solution of the Dirichiet problem on
C \ K with boundary values XK. According to (c) u has an extension to a
harmonic function h : C —. [0, 11. But XK is continuous at points of so
u, and thus h, extends continuously to ci C with h(z) XK(z) = 0 for z
in -r = 0G. But then the Maximum Principle implies h 0. This implies
(d).

(d) implies (e). This is trivial.
(e) implies (g). Suppose (g) does not hold. That is, assume that C \ K

is hyperbolic; so there is a subharmonic function on C \ K such that
� 0 and is not constant. By Exercise 19.4.7 we can assume that

is subharmonic on C be any bounded region in the plane
that contains K. Put m = : z E OG}. Note that because is
subbarinonic at 00, � in for z in C\C. Let M = : z C\K}
and observe that m M.

Claim. There is a point a in C \ K with > m and so m < M.

Otherwise we would have that m on C \ K and attains its maximum
value at an interior point (in 0 C), thus contradicting the assumption that

is not constant.
Define = — m)/(M — m). It is left to the reader to check that for

every in 8(G\K), � Hence & E P(XK,C\K).
The claim shows that there is a point a in C \ K with > 0. By

definition this implies > 0. Now C \ K is connected and so this
implies that > 0 for all z in G \ K. Since C was arbitrary, this
says that condition (e) does not hold.
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(g) implies (f). Suppose (f) does not hold; so there is a bounded region
G containing K and a point a in C \ K with > 0. Thus there is a
function 4, in a \ K) with > 0. By replacing 4, with max{4,, O}
we may assume that 4, � 0 on G \ K. But then for any in 8G, 0 �
Jim 4,(z) S xx(() =0. Thus 4,(z) —' 0 as z approaches any point of
0G. If we extend 4, to be defined on all ofC\K by setting 4,(z) = 0 for z
C, then it follows that 4, is usc. By Proposition 19.4.17, 4, is subharmonic
on C \ K. Clearly 4, 1 and not constant. Therefore C \ K is hyperbolic.

(f) implies (a). Let C be a bounded region that contains K so that
= 0 for all z in C \ K. According to Theorem 5.1 there is a

subharmonic function 4, on C \ K such that 4, 0, 4, is not identically —00,
and 4,(z) —, —00 as z approaches any point of K. If 4, is extended to be
defined on C by letting 4,(z) = —oo for z in K, then 4, is subharmonic on
C and this shows that K is polar.

(c) implies (b). Let h be a bounded harmonic function on C \ K. If G is
any bounded region that contains K, then hI(G\ K) admits a continuation
to C by condition (c). Thus /z has a continuation to a bounded harmonic
function on C and must therefore be constant.

(h) implies (g). Suppose (g) is not true; so C = C \ K is hyperbolic and
not the whole plane. This implies that K has more than one point. Let
a C. Since has no atoms, there is a Borel set K = OG such
that 0 < 1. It follows from Lemma 5.11 that h(z) = is a
non-constant bounded harmonic function on C and so (h) is not true.

(c) implies (i). Assume that p is a positive measure supported on K such
that there is a constant M with M; it will be shown that p = 0. Let C
be a bounded open set containing K. If d = diain C, then d'IIpIJ
for all z in ci G. Thus is a bounded harmonic function on C \ K. By
(c), has a harmonic extension to C. By Corollary 19.5.5, p = 0.

(i) implies (g). Assume that C\K is hyperbolic. is harmonic measure
for \ K at co, Proposition 3.5 implies 4,, is bounded above by rob(K).
0

Condition (i) will be seen in the future. This particular characterization
of polar sets will resurface in §7 when the notion of logarithmic capacity is
encountered.

Exercises

1. if C is an open set with components } and = C \ OQQ14,
then has harmonic measure zero.

2. Show that if K is a compact subset of C, then C \ K is parabolic if
and only if C00\K is parabolic.
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More on Regular Points

In this section the results obtained on polar sets will be applied to obtain
a more accurate and complete picture of the sets of regular and irregular
points of a hyperbolic open set. The first result along this line general-
izes the fact that isolated points in the boundary of a region are irregular
(19.10.8).

6.1 Proposition. If K is a polar set contained in the hyperbolic set C,
then no point of K is a regular point for C \ K.

Proof. LetaEKandputll=G\K;fixr>OsuchthatB_—B(a;r)
has ci B C. If h is the solution of the Dirichlet problem on B fl with
boundary values I( — aj, then h(z) = r on ô B since t9B is a connected
subset of the boundary of Bnft We want to show that limsuPz.....a h(z) > 0.

Recall that K is totally disconnected and let L be a compact subset of
K fl B such that a E L and L is relatively open in K. There is an open set
U in C such that £ = K fl U; without loss of generality it can be assumed
that U B. Now £ is a polar set and h is a bounded harmonic function
on U \ L; thus h has a harmonic extension to U. Denote this extension by
h1. So = = hi(a). But h1 � 0, so, by the
Maximum Principle, h1 (a) > 0. 0

The next theorem gives an additional list of conditions that can be added
to those in Theorem 19.10.1 that are equivalent to the regularity of a point.
These are given in terms of the Green function.

6.2 Theorem. If C is a hyperbolic region and a then the following
are equivalent.

(a) aisaregularpoint of C.
(b) There is a point tv in C such that if g(z, w) is the Green function for

C with pole at w, then g(z, w) — 0 as z —' a.

(c) For every w in C, if g(z, w) is the Green function for C with pole at
w, then g(z,w) 0 as z —+ a.

Proof. It is trivial that (c) implies (b) and the fact that (b) implies (a)
is immediate from Theorem 19.10.1 and the fact that the Green function
is a positive superharmonic function. It remains to prove that (a) implies
(c). Assume that a is a regular point for G and fix an arbitrary point
w in C. Without loss of generality we can assume w = oo. Let r > 0
and put B = B(a; r). Let u be the solution of the Dirichiet problem on
G(a; r) = B fl C with boundary values xs B. According to. Proposition
19.10.5, a is a regular point for the open set C(a; r); thus u(z) 0 as
z a in G(a;r).
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Let 0 < r1 <rand put B1 = B(a;ri). If m = sup{u(z) : z E
then 0 < m < 1. Let h(z) = 1 — (1 — — for

rL < — al ( r. Note that h(z) 1 for Iz — aI = r and h(z) = m for

— = r1.
Put H = G(a; r)\cl B1 and define v : 8 H R by letting v(z) = u(z) for

zinOHflG(a;r) OB1flG(a;r) andv(z) = xaB(z)forzinOHflOG(a;r).
If ii is the solution of the Dirichiet problem on H with boundary values v,
then Proposition 1.13 implies 1(z)= u(z) for z in H. It is left as an exercise
for the reader to verify that h E P(v, H). Hence h � i) = u on H.

Now let C = (1 — > 0. So Ch(z) = C + — aj)
and hence

6.3 Cu(z) on H.

Define the function on C by setting *(z) C + — for z in
G\ B(a; r) and = C u(z) for z in G(a; r). Since u extends continuously
to Gnô B and is equal to 1 there, is a continuous function on C. It is left
to the reader to verify that (6.3) implies that is superharmonic. Since is

clearly positive and Izi is also superharmonic near oo, ib � g(z, oo)
by Proposition 19.9.10. Therefore on G(a;r), 0 g(z,oo) S C u(z) —, 0

asz—9a. 0

The next lemma is stated and proved for bounded regions. It is also true
for unbounded regions; see Exercise 1.

6.4 Lemma. If G is a bounded region, a C, and {z C
gG(z,a) > then is connected, g"(z,a) = — and

"(0Cflt9Cn)= 0.

Proof. If is not connected, there is a component H of that does
not contain a. Define on C by letting *(z) for z in H and

a) elsewhere. It is left as an exercise to show that is

superharmonic, � 0, and + log Iz — aI is also superharmonic. By
Proposition 19.9.10, � gG(z,a). But on H, = a
contradiction. Therefore C, is connected.

Now fix n � 1 and define h on by h(z) = g°(z,a) — it is easily
checked that h � 0, h is harmonic on C,, \ {a}, and h(z) + — is
harmonic near a. By definition of the Green function, h(z) (z, a) on
an. On the other hand, h(z) (z, a) is harmonic on C,, and, for any (in
86,,, �

h(z) � (z, a) and so equality holds.
Finally put K,, = 86 n 86,, and let 6,,); without loss of

generality we may assume that � 0 (19.7.8). So for any (in 0G,, fl C,
0 tim S tim � 0; that is, for all (in
86,, fl C, 0 as z —' (with z in an. So if is defined on C by

= gG(z,a) — for z in C,, and gG(z,a) otherwise,
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is a positive superharmonic function on C such that t,b(z) + log Jz — ails
also superharmonic (verify!). Thus � gG(z,a) by (19.9.10). But this
implies 0 so that 0 0. Therefore we" (Ks) = 0. 0

6.5 Theorem. If C is hyperbolic and £ is the set of irregular points for
C, then E is a polar set that is the union of a sequence of compact subsets
of

Proof. In light of Corollary 19.10.10 it suffices to assume that C is con-
nected. First consider the case that C is bounded, so that the preceding
lemma applies; adopt its notation. Let = OC fl 8Cc; by Theorem 6.2,
E = K1,, is the set of irregular points of C. It only remains to show that
each set K,, is polar. This will be done by using Theorem 5.10.i.

Note that for each n � 1,

gGn+1(z,a) = gGn+1(az)

=

The right hand side of this equation is upper semicontinuous throughout
C. So for any point w in K,,

J —.

� : z E

� lirnsup{g'(z,a)
—

: z E

1

n+1
Hence

Jiog — () (() > log 1w — al + 7i(n± 1)

for all w in K,,. If it were the case that is not a polar set, then there
is a probability measure supported on and a finite constant M such
that � M for all z. But

=

> dp(w)

=

6.6 =
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where u is the solution of the Dirichiet problem on with boundary val-
ues Now L,., —u is harmonic on and bounded since is bounded
below on compact sets (Exercise 19.5.1). But for each (in 0 C, as
z ( with z in it holds that

gGn+1(z,a) =g°(z,a)—
1

=0.

By Theorem 6.2 this implies that points in OG,÷1nC are regular for
Hence LM(z)—u(z) —, 0 as z —' (in Also flOG =
and = 0 by the preceding lemma. Therefore Corollary 5.2
implies —u 0, contradicting (6.6). Thus no such measure p exists and

is polar.
Now let C be a not necessarily bounded hyperbolic open set and put

C fl B(0; k). If P2k is the set of irregular points of Gk, then the fact
that each component of 0 B(0; k) fl C is a non-trivial arc of a circle implies
that P2k 0G. By Proposition 19.10.5 this implies that UkEk ç E. The
use of barriers shows that E = UkEk. The general result now follows from
the proof of the bounded case. 0

6.7 Corollary. If C is a bounded open set, the collection of irregular point3
has harmonic measure zero.

Proof. This is immediate from the preceding theorem and Proposition 5.9.
0

The preceding corollary will be extended to hyperbolic open sets C in
Corollary 8.4 below.

Exercises

1. Use Proposition 19.9.8 to prove Lemma 6.4 for unbounded regions.

2. If C is hyperbolic, K is a compact subset of G, and (is a regular
boundary point of G, show that as z (, g(w, z) 0 uniformly for
winK.

§7 Logarithmic Capacity: Part 1

Recall that, for a compact set K, M(K) is the set of regular Borel measures
on K. For a non-compact set E, let MC(E) be all the measures that belong
to M(K) for some compact subset K of E. (The superscript "c" here stands
for "compact.") That is, MC(E) is the set of regular Borel measures whose
support is compact and contained in E. will denote the positive
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measures belonging to MC(E) and is the set of real-valued measures
belonging to Mc(E). If E is any set, let

M7(E) : p E and E Li(JpI)}.

It may occur that M7(E) = 0 (for example, if E is a single point). If
JL Mf(E), let

I(p) f/log
¶z

dp(z) dp(w).

For such measures p, 1(p) Is a well defined finite number. Indeed 1(p) =

f The number 1(p) is called the energy integral of p. The use of
this term, as well as the term logarithmic potential, is in analogy with the
terminology for electrostatic potentials in three dimensions.

7.1 Lemma. I/p E M÷(E), then either p E M7(E) or

urn dp = +00.
J

Proof. This is a direct consequence of the fact that the logarithmic po-
tential of a positive measure is bounded below on compact sets. 0

In light of this lemma we can define 1(p) = f for all positive
measures, where we admit the possibility that 1(p) oo. Another piece of
notation is that Mf(E) will denote all the probability measures in Mc(E).
That is, Mf(E) {p E p(suppp) = 1}.

7.2 Definition, If E is any set such that M7(E) 0, define

v(E) inf{1(p) p E

The iogarithmic capacity of such a set F is defined by

c(E) =

If E is such that = 0, define v(E) = oo and c(E) = 0. A property
that holds at all points except for a set of capacity zero is said to hold
quasi-everywhere. This is abbreviated "q.e."

The term capacity is used in analysis in a variety of ways. The com-
mon thread here is that it is a way of associating with sets a number that
measures the smallness of the set relative to the theory under discussion.
Another role of capacities is to assist in making estimates. That is, a set
having small capacity will imply the existence of certain functions having
rather precise technical properties. An instance of this occurs in below,
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where Wiener's criterion for the regularity of a boundary point is estab-
lished. In the present case, it will shortly be proved that a compact set K
has zero capacity if and only if it is polar (Theorem 7.5, below). In It" for
d � 3, there is an analogous notion of capacity where compact sets hay-
ing zero capacity are removable sets of singularities for bounded harmonic
functions. (See Landkof [1972], p 133.) In the study of bounded analytic
functions there is also a notion of analytic capacity with similar properties.
(See Conway [1991J, p 217.) There is also a general theory of capacity that
originated in Choquet 119551. (Also see Carleson 1967J.) It is becoming
common to refer to a capacity that fits into this general theory as a "true"
or Choquet capacity.

Unfortunately, the logarithmic capacity defined above is not a true ca-
pacity (nor is the analytic capacity used in the study of analytic functions).

A modification of the logarithmic capacity can be made that produces
a true capacity. The extra effort to do this is modest and it is therefore
presented in conjunction with the development of logarithmic capacity. This
will only be defined for subsets of the disk rD.

If E define

flog

for all z in rD. Note that L(z) � 0 on rD, though it may be infinite valued.
Similarly define

= ffiog 2r
dj.z(z)

for in

7.3 Definition. For any subset E of rD, define

Vr(E) : E M,c(E)}.

The r-logaritlimic capacity of E is defined by

1

Vr(E)

We note the equations L + Slid = +
from which it follows that = log2r + for all subsets E of

rD. Thus a subset E of rD has logarithmic capacity zero if and only if it has
r-logarithmic capacity zero; in fact, for such sets, c,. (E) = Elog(2r/c(E))) '. -

The r-logarithmJc capacity is a true or Choquet capacity defined on the
subsets of rO. However logarithmic capacity as defined in (7.2) is more
closely related to the geometric properties of analytic and harmonic func-
tions on the plane. For example. it will be shown that, for any compact



334 21. Potential Theory

set K, c(K) = where -y is the Robin constant for K (Theorem 10.2
below). The r-logarithmic capacity has also been heavily used in the study
of analytic and harmonic functions; see Beurling f 1939), Carleson [1967],
and Richter, Ross, and Sundberg [19941.

It is also the case that the Green potential can be used to define a Green
capacity (for subsets of the parent set C) that is a Choquet capacity. This
will not be done here. The interested reader can look at Helms [1975). Also
see Landkof [1972] and Brelot [1959]. A distinct advantage of the Green
capacity is that it generalizes to higher dimensional spaces. A disadvantage
is that it is restricted to and dependent on the chosen set C.

In what follows, results will only be stated for logarithmic capacity unless
there is a difficulty with the corresponding fact for r-logarithmic capacity
or a particular emphasis is called for. Of course, exact formulas or nu-
merical estimates for logarithmic capacity will not carry over directly to
r-logarithmic capacity, though some modification will. The first result is a
collection of elementary facts. The proofs are left to the reader.

7.4 Proposition.

(a) If E1 ç E2, then c(E1) c(E2).

(b) For any set E, c(E) sup{c(K) K is a compact subset of E}.

(c) If T(z) = az + b, a 0, then v(T(E)) = v(E) — log IaI and c(T(E)) =
c(E). Thus c(E) 0 if and only if c(T(E)) = 0.

7.5 Theorem. If E is a Bore! set, the following are equivalent.

(a) £ has positive capacity.

(b) There is a non-zero measure p in such that is bounded
above.

(c) There is a compact subset of .E that is not polar.

(d) There is a positive measure p with 1(p) <oo and jz(E) > 0.

If K is a compact set that has positive capacity, then c(K) � where y
is the Robin constant for K.

Proof. In light of part (b) of the preceding proposition, it sui&es to as-
sume that E is a compact set K. By part (c) of the preceding propo-
sition, with an appropriate choice of constants it can be assumed that
K ç B(0; 1/2). (This is a typical use of (7.4.c) and will be seen again in
the course of this development.) The virtue of this additional assumption
is that —wh � 0 for all z,w in K.

(a) implies (b). Let " E M1(K) with I(ii) < oo. Since K ç B(0; 1/2),
� 0 on K. Since L,, L'(ii), there is a constant M such that if

F = (z supp ii : < M}, then L'(F) > 0. Now is a lower
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semicontinuous function: thus F is compact. If p = uIF, then �
M for all z in F and hence throughout C (19.5.10).

(b) implies (c). This is immediate from Theorem 5.10.
(c) implies (d). By Theorem 5.10 there is a p in M÷(K) such that L,1 �

M; hence I(p) = < oo.
(d) implies (a). If p is a posItive measure with p(K) > 0 and I(p) <00,

then by the definition of v(K), v(K) <oo and so c(K) > 0. This completes
the proof that statements (a) through (d) are equivalent.

If c(K) > 0, C is the component of \ K that contains oo, and w is
harmonic measure for G at 00, then Proposition 3.5 states that on
the plane. Thus v(K) 1(w) f � and so c(K) � 0

Think of the first of the following two corollaries as a result about ab-
solute continuity of measures with respect to logarithmic capacity, even
though logarithmic capacity is not a measure.

7.6 Corollary. JfK is a compact set with c(K) > 0 andp M7(K), then
= 0 for every Borel set with = 0.

The next corollary is immediate from Corollary 5.8.

7.7 Corollary. If K is a compact set with logarithmic capacity 0, then K
is a totally disconnected set.

We know that polar sets have area zero; the next proposition refines this
statement into a numerical lower bound for capacity in terms of area.

7.8 Proposition. If E is a Borel set, then

c(E)
�

Proof. The proof is reminiscent of the proof of Proposition 18.5.3. By
virtue of Proposition 7.4.b, we may assume that E is a compact set K.
Without loss of generality we may also assume that the area of K is positive.
If u is the logarithmic potential of the restriction of area. measure to K, then
u is a continuous function on the plane; by (19.5.10) it attains its maximum
value on K. By translation, we may assume that 0 K and u(z) � u(0) =
.1K log if R is the radius with irR2 = JKJ = Area(K) and
D = R), then Area(D) = Area(K) and Area(K \ D) = Area(D \ K).

Therefore

u(0)
= J loglwI_1dA(w)+J logJwJ'dA(w)

K\D

< fKflD
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f loglwI_'dA(vJ)+f
KnD D\K

= ID

= 21rf rlogr'dr

=

=

Thus

IK 1K log
— w1'dA(z) d.A(w) A(K)2 log

If p = A(K)'AFK, then v(K) 1(p) � log e/A(K), whence the
result. 0

7.9 Theorem. If K is a compact set v.nth positive capacity, then there is a
probability measure p unth support contained in K such that 1(p) v(K).

Proof. Let be a sequence in M1(K) such that —' v(K).
But M1 (K) is a compact metric space when it has the weak' topology. So

by passing to a subsequence if necessary, it can be assumed that there is a
measure p in M1(K) such that p weak'. By Exercise 1, 1(p) = v(K).
0

7.10 Definition. If K is a compact set and p E M1(K) such that I(p)
v(K), then p is called an equzlibrmm measure for K. The corresponding
logarithmic potential is called a conductor or equilibrium potential of E.

Later (10.2) it will be shown that there is only one equilibrium measure
and we can speak of the equilibrium measure for a compact set. In the
companion development of the r-logarithmic capacity, we must make a
point explicit. The proof is straightforward.

7.11 Proposition. JfK is a compact subset of rD and p is an equilibrium
measure for K, then 1r(j-') Conversely, i/p is a probability mea-
sure on K such that ir(P) = then p is an equilibrium measure for
K.

7.12 Theorem. (Frostman [1935J) If K is a compact set and p is an
equilibrium measure, then LM v(K) on C and = v(K) everywhere on
K except for an Fe,, set with capacity zero.
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Proof. Let v v(K) and put E = {z K: LM(z) <v}. So E =
where BecauseL slsc, set

is closed and so E is an F, set. It will be shown that = 0 for each

n � 1. if there is an n � 1 such that > 0, let v E such that
1(v) <00. IfO< 6<1, =(1 E M1(K) and

= (1 + 521(v) + 25(1

= v_26v+26fLMdv+152A,

where A = —v + 1(v) — 2f Hence

v—25v+25(v—n')+52A

<V
for a suitably small 6. Since E M1(K), this contradicts the definition of
v. Hence = 0 for all n � 1. By Lemma 5.6 and Theorem 7.5, the
countable union of sets of capacity zero has capacity zero and so L,,, � v
q.e.

Now we show that LM v everywhere. Otherwise the Maximum Principle
for the logarithihic potential implies there is a point a in F = supp such
that > v. Since is Isc, there is an open neighborhood U of a
with LM > v mU; because a F, >0. On F\U, LM � vq.eby
the first part of the proof. By (7.6), LM � v a.e. [4 Hence v =

+ J'F\U L,1d.e > vp(U) + \ U) v, a contradiction. 0

7.13 CoroUary. If K is compact with c(K) > 0 and p is an equilibrium
measure, then L,L is continuous at each point a where = v(K).

Proof. By Proposition 19.5.11, it suffices to show that L,IIK is continuous
ata. SWceLM v(K) = S S �
v(K). 0

7.14 Proposition. Let K be a compact set with c(K) > 0 and let p be an
equilibrium measure. For E > 0 there is a compact subset K1 of K
with p(K \ K1) <e and such that, if = then is a continuous
finite-valued function on C.

Proof. Put c = c(K) and v = v(K). By Corollary 7.6 and Theorem 7.12,
L,4 = v a.e. Let K1 be a compact subset of K with p(K \ K1) <e
and LM = v on K1. By the preceding corollary, LM is continuous at each
point of K1. Let be as in the statement of the proposition and put
P2 =P—Pi =pJ(K\Ki). Now = 5 vonC. Since both
and are bounded below on compact sets, it follows that both functions
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are bounded on compact subsets of the plane. In particular, both functions
are finite-valued. Also LMI = — and thus is usc; since this
function is also Lsc, it follows that it is continuous. 0

We conclude this section with a result that will be used later.

7.15 Proposition. If is a sequence of compact sets such that
for all n and = K, then c(K). If c(K) > 0 and if

is an equilibrium measure for then every weak cluster point of the
sequence is on equilibrium measure for K.

Proof. A rudimentary argument shows that if U is any open set containing
K, then C U for all sufficiently large n. In particular, there is no loss in
generality in assuming that the sequence { is uniformly bounded. By
Proposition 7.4.c we may assume that all the sets {z : 1/2}.

From elementary considerations we know that c(K) �
so that exists and is at least c(K). Equivalently, v(K) �

Let be the equilibrium measure for so that =
There is a subsequence } that converges to a probability measure

in It is left to the reader to show that supp K. Since
loglz — w1' � 0 on K1, Fatou's Lemma implies that

v(K) I(p)
� iiminfkffloglz — w1'dpflk(z) d/.Lflk(w)

liminfkv(Kflk)

� v(K).

0

7.16 Corollary. If K is a compact set and is a sequence of open
sets such that 2 for all n and = K, then —' c(K).
In particular, if e > 0, there is an open set U that contains K with c(U) <
c(K)+c.
Proof. For each n let be an open neighborhood of K that is bounded
with = ci C So and the result follows from the
proposition. 0

Exercises

1. If p, ... are positive measures whose supports are contained in
the compact set K and p wealC in M(K), show that 1(p)
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Use this to show that 1: M÷(K) —' (—oo,oo] is lower

semicontinuous.

2. Prove the result for r-logarithmic capacity corresponding to Theorem
7.12.

3. Let G be a hyperbolic open set, let K be a compact subset of C
with c(K) > 0, and let p be an equilibrium measure for K. Combine
Proposition 7.14 with Theorem 4.5 to show that for every e > 0 there
is a compact subset K1 with p(K \ K1) <E such that if ji1 = p1K1,
then is a continuous finite-valued function on C.

4. if K is a compact set and p is a probability measure on K, show that
z C K} � v(K).

5. Suppose K is a compact subset of some disk of radius 1/2 and K

Show that v(K) v(Kj) +... +

Some Applications and Examples of Logarithmic Capacity

Here we will give a few applications of the preceding section. Some of these
applications will tie together loose ends that exist in earlier sections; many
will be used to push our study of potential theory further. Later we will
see some examples of sets with zero or positive capacity.

We begin with an easy application of Corollary 7.6 that has important
implications.

8.1 Theorem. If C is a hyperbolic open set and E is a Borel subset of
with c(E) =0, then 4(E) =0 for all z in C.

Proof. Fix z in C. Using a Möbius transformation, there is no loss of
generality in assuming z = 00. So K = = OG has c(K) > 0. If

= rob(K) and w = then � and so 1(w) � y; thus w E M7(K).
If E is a Borel set with c(E) = 0 and E K, then Corollary 7.6 implies
w(E)=0. 0

In light of the preceding theorem, the next few results are immediate
from previous results in this chapter. Reference to the earlier versions of
the results is given at the end of the statement.

8.2 The Maximum Principle. If C is a hyperbolic open set, E is a
Borel subset of with c(E) =0, and 4, is a subharrnonic function on
the hyperbolic set C that is bounded above arid satisfies

urn 4,(z) 0
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for every ( in \ E, then � 0. (See Theorem 5.1.)

8.3 Corollary. JIG is a hyperbolic set, h is a bounded harmonic function
on C, and there is a Borel subset E of with c(E) = 0 such that
h(z) —'0 as z approaches any point of then h 0.

8.4 Theorem. ii Z is a polar set and C is a hyperbolic set, then for
every point a in C, Z fl OG is 4-measurable and 4(Z fl OG) 0. (See
Proposition 5.9.)

8.5 Corollary. If C is a hyperbolic open set, then the collection of irregular
points for C is an set with harmonic measure zero. (See Corollary 6.7.)

Now to produce a few examples. We will start with a sufficient condition
for a compact set to have capacity zero. Let K be a compact set with
diameter less than or equal to 1. This assumption implies that log z —
wL' � 0 for all z, w in K. For r> 0 let Nfr) be the smallest number
of open disks of radius r that cover K. Note that if K has k elements,
N(r) <k for all r. So the idea is that if N(r) does not grow too fast, K is
a small set.

8.6 With K and N(r) as above, N(r)j'dr < oo if and only
if

Proof. N(r) is increasing so for r 1/2's, [r N(2'')]' �
[r � [r Hence

Iog2 —
[2fl

dr
< Log2

N(2"') — r N(r)

0

8.7 PropositIon. With K and N(r) as above, c(K) =0 if

LrN(r) dr=oo.

Proof Assume that c(K) > 0 and let be a probability measure on K
with 1(p) <00. For each z in K, let be the increasing, right-continuous
function on [0,11 defined by = Using the change of vari-
ables formula,

I(p)
= J [j ip(z).

Using integration by parts we get

" j.i

J
= log + j dr.

0 0
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Now for 0< r < 1,

=

� fB(z:r)
and this converges to 0 as r —' 0. Therefore

1(p)
= J {Jr_lu*(r) dr} d1s(z).

Since u, is increasing,

� f
! 4(z)

= dp(z).

Put and let = I k be disks
that cover K. Now any disk of radius r can be covered by 16 disks of radius
r/2. Hence for a fixed value of n, no point of K can belong to more than
16 of the disks Indeed, if z then So

if z belonged to more than 16 of the disks we could replace each of
these by the 16 disks of radius that cover B(z; and reduce the
size of contradicting its definition. Thus

N,.+3

J 4(z) �

Now c whenever z Therefore

1(p)
� log2 E E

= 16 n1 k=I
Using the Cauchy-Schwarz Inequality,

I =
2

�
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Therefore

�
and the proposition is proved. 0

Now form a Cantor set contained in as follows. Let be a strictly
decreasing sequence of positive numbers less than 1 such that b1 + 2b2 +
22b3 � 1. Delete from [0, 1J the open subinterval of length b1 centered in
[0,1]. Let K1 be the union of the two closed intervals that remain; each has
the same length, a1. So 1 = 2a1 + b1. Now from each of the two component
intervals that make up K1, delete the open middle interval of length b2.
Let be the union of the 22 closed intervals that remain; each of these
closed interval has length a2. So a1 = 2G2 + b2. Continue in this way to get
a decreasing sequence of compact sets satisfying the following for all

88
(i) has components, each of which has length

It is left to the reader to prove the next proposition, which is standard
measure theory.

8.9 Proposition. If satisfies (8.8), then K = ri,K, is a totally
disconnected set having Lebesgue measure = 1 - (b1 + 2b2 +
22b3+...).

8.10 Theorem. If is the sequence of compact sets (8.8)
then c(K)>0 if and only 1f

8.11 loga;1 <oo.

If c(K) > 0, then

8.12 c(K) � exp log a1}.

Proof Assume (8.11) holds. For each n � 1 let be the probability mea-
sure = where m is Lebesgue measure on the line. The
strategy here will be to show that there is a constant M such that S
M for all n. This implies that � M so that � exp(—M). The
result will then follow from Proposition 7.15 and the estimate (8.12) will
be obtained by giving the appropriate value of M.
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�Iy—xI (We take a0 tobe l.)So

8.13 JlOgIy—zI_ldiin(Y)=
2'1a,,

flogIY_.xI_'dv.

Note that for any p � 0 and y in — x11 � By drawing
pictures it can be seen that there are at most 5 = 2.2+1 of the component
intervals of K,, within a distance a,,...1 of x. Continuing, there are at most
2 . + 1 of the component intervals of K,, within a distance a,,...3 of x for
1

—xJ1dy � (2. +

8.14 logç1.

For p � n,

�
— 2 —1— oga,,÷1

Now from (8.8.ii) � for all p; so a,, � for all p � n. Hence
[a.,, — a.,,÷i] for all p � n. This gives that

8.15

for all p � n.
Combining (8.14) and (8.15) with (8.13), we get

f log

a bound independent of n. Since x was an arbitrary point of K,,,
� M for all n and this proves half the theorem. The estimate for the

capacity (8.12) follows from the preceding inequality.
For the converse, assume c(K) > 0. We will use Proposition 8.7, so adopt

the notation from there. Using the fact that a0 = 1 and the telescoping of
the second series below, we get that

log a;'].
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Observe that Hence

E —

Ioga' (
N(an+i)L:i

! dr

S

= 2/
and this is finite by Proposition 8.7. 0

8.16 Example. If K is the usual Cantor ternary set, then K has Lebesgue
measure zero and positive capacity. In fact, in this case a,, = 3" and so

00 00 00
1 —1 1 n

logo,,

In fact, by evaluating this last sum we get that c(K)

8.17 Example. if K is the Cantor set as in (8.8) with a,, exp(—2"),
then c(K) 0 and so K is an uncountable set that is polar.

There is a strong connection between logarithmic capacity and Hans-
dorif measure. See Carleson (19671 and Tsuji (19751. Also Landkof (19721
computes the logarithmic capacity as well as the Green capacity of several
planar sets.

Removable Singularities for Functions in the Bergman
Space

In this section we will use logarithmic capacity to characterize the remov-
able singularities for functions in the Bergman space.

9.1 Definition. If C is an open set and a E 000G, then a is a removable
singularity for if there is a neighborhood U of a such that each
function f in has an analytic continuation to C U U. Let rem(G)
denote the points in 800G that are removable singularities for

There is, of course, a concept of removable singularity for Some
of the results below carry over in a straightforward mzmner to such points.
This will not be done here as a key result (Theorem 9.5) for the case p = 2

eThis section can be skipped if desired, as the remainder of the book does not
depend on it.
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is not true for arbitrary p. There will be more said about this after that
proof.

Before giving some elementary properties of rem(G) and exhibiting some
examples, let's prove a basic result that will be useful in these discussions.

9.2 Lemma. If H = {z JzJ > R} and 1(z) = is analytic on
H, then 1€ *f and only ifao = f(oo) = 0, a1 = f'(oo) = 0, and

<co.
If I is a bounded analytic function on H, I E if and only if

f(oo) = f'(oo) = 0.

Proof. A calculation shows that

fzI>R n=o R

The first statement is now immediate. For the second statement note that
by increasing R we may assume that f is analytic in a neighborhood of
ci H. if, in addition, f(oo) f'(oo) = 0, then 1(z) = z2g(z), where g is
a bounded analytic function on H. 0

If I is analytic in a set H as in the preceding lemma, the condition
that f and its derivative vanish at infinity is that (I = f(z) =

zf(z).

9.3 Proposition. Fix an open set G and a point a in

(a) If a is an isolated point of then a is removable for
(b) If B(a;6) n has positive area for every 5 > 0, then a is not a

removable singularity for (C).

(c) The set G U rem(G) is an open subset of

(d) Area[rem(G)] = 0.

Proof. (a) If oo is an isolated point of then the result follows by
Lemma 9.2. So assume that a is an isolated point of OG; without loss of
generality we may assume that a = 0. Since 0 is isolated, / has a Laurent
expansion, f(z) = If R > 0 such that z E C when 0< jzj <
R, then, as in the proof of Lemma 9.2,

00> f = fr2n+1d7.
zI(R ,,_ 0

From here we see that =0 for n <0, and so 0 is a removable singularity.
(b) Suppose a rem(G); we will only treat the case that a is a finite

point. Let S > 0 and assume each f in has an analytic extension to
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G U B(a; 5). If Area(B(a; 5) flOG) > 0, there is a compact set K contained
in B(a; 5) fl OG with positive area. Write K as the disjoint union of two
Borel sets E1 and E2 having equal area; let — AreaIE3 and put =

— 1z2. If f is the Cauchy transform of p, then f is analytic off K and
= f'(oo) = 0 (see 18.5.3). So if K c B(0: R), Lemma 9.2 implies

/ Izi > R}); since f is bounded, f E
(c) From the definition of a removable singularity. C U rem(G) is open.

For the second part of (c) it suffices to show that rem(G) fl = 0.

If a and U is any neighborhood of a. let & E U \ put
1(z) = (z — b)_2. According to Lemma 9.2, f E Izi > R}) for any
R> Ibi. It follows that f e and so a rem(G).

(d) If it were the case that rem(C) had positive area, then we could
find disjoint compact subsets K1 and K2 of rem(G) with Area(K1) =
Area(K2) > 0. Let ,u = AIK1 — .AIK2. Let f = the Cauchy trans-
form of ji. By (18.5.2) f is a bounded analytic function on C \ (K1 U K2)
and C) = f(oo) = f'(oo). Thus / e But K1 U K2 rem(G) and so
f can be extended to a bounded entire function; thus / is constant and so
f = 0. But this implies that AIK1 = AIK2, a contradiction. 0

So the typical case where rem(G) 0 occurs when C = V \ K, where V
is an open set and K is a compact subset of V with zero area. If we want
to get K contained in rein(G), we must have that K is totally disconnected
(Exercise 1). But more is required, as we will see in Theorem 9.5 below.
First we need an elementary result about analytic functions.

9.4 Lemma. If V is an open subset of C, K is a compact subset of V,
and f: V \ K C is an analytic junction, then there are unique analytic
functions fo: V —, C and \ K —, C such that = 0 and
f(z) in V\K.
Proof. If z E V, let 1'o be a smooth Jordan system in V \ K such that
K U {z} is included in the inside of r0. Let

fo(z) = f 1(w)
dw.

r0w—z

Cauchy's Theorem implies that the definition of fo(z) is independent of the
Jordan system r0. Also, it is easy to see that fo is an analytic function on
V.

Similarly, if z E C \ K, let be a smooth Jordan system in V \ K that
contains K in its inside and has the point z in its outside. Let

f(w)
dw.

2irz

Once again the definition of is independent of the choice of Jordan
system r<,,, and : C \ K —+ C is an analytic function. it is also easy
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to see that —i 0 as z —. oo, so that cc is a removable singularity. If
z E V \ K, then I'O and can be chosen above so that r — is

also a Jordan system with winding number about the point z equal to 0.
Thus Cauchy's Integral Formula implies that f(z) = fo(z) +

To see that fo and are unique, suppose go and are another pair
of such functions. So fo(z) + = g0(z) + on V \ K, so that
fo(z) — go(z) = — there. This says that if h is defined on C by
h(z)=fo(z)—go(z)forzin
h is a well-defined entire function. Since h(oo) = 0, h 0. Q

Suppose V is an open set, K is a compact subset of V, and C = V\K. As
was pointed out, if K ç rem(G), Area(K) 0. Thus when K rem(G),
the restriction map f —÷ is an isometric isomorphism of onto

Equivalently, if I E and I fo + as in the preceding
lemma, then it must be that = 0.

We are now in a position to state and prove the main result of this
section.

9.5 Theorem. JfK is a compact subset of C, then the following are equiv-
alent.

(a) K is a polar set.
(b)

(c) liv is any open set containing K, K C rem(V \ K).

Proof. First we do the easy part of the proof and show that (b) and (c)
are equivalent. If (c) is true and I E \ K), then taking V = C in (c)
shows that f has a continuation to an entire function. But f(oo) = 0 and

Now assume that (b) holds. Note that (b) says that K ç rem(C \ K).
(Actually, this is an equivalent formulation of (b).) By (9.3.d) Area (K) = 0.
Let V be any open set containing K. Fix a function f in \ K) and
write I = fo + as in the preceding lemma. To prove (c) it must be
shown that = 0. This will be done by showing that E \ K).

Observe that if a E C \ K, then

f00(z)
=

Assume 0 and choose points a and bin C\K such that 0
Put

96 (z)—
1 1

—
1.

z—a J z—b

Clearly g is analytic in C \ K and from the prior observation 0 = g(oo)
g'(oo). Thus if R> max{IzI z E K} and H = {z: Izi > R}, g E
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On the other hand, if W is an open set with K W ci W ç V, =
I — fo E \ K). If W is further restricted so that a, b ci W, then
g E \ K). Therefore 9 E \ K). By (b), g 0. This allows us
to use (9.6) to solve for Doing this we see that is a rational
function with precisely one pole; denote this pole by c. If c V, then f has
an analytic continuation to V. If c E V, then is analytic on V \ {c}. Now
I E so CE K.

Since Area(K) = 0, f E \ {c}). By Proposition 9.3.a, c is a remov-
able singularity for 1. Thus f has a continuation to V.

(b) implies (a). Without loss of generality we can assume that Area(K) =
o and diam K < 1. Assume K is not polar; by Theorem 7.5, c(K) > 0. We
will exhibit a non-zero function that belongs to \ K). Let K1 and K2
be disjoint compact subsets of K, each of which has positive capacity. For
j 1, 2 let be a probability measure on K, with logarithmic potential
that is bounded above and put = — it2. So jm is a non-zero measure
carried by K and JL(K) =0. If f(z) = jt(z), the Cauchy transform of js, f
is analytic in C,, \K with 0 = f(oo) = f'(oo) (18.5.2). Choose R> 1 such
that K B(0; R) and put H {z: Izi > R}. By Lemma 9.2, 1 E

To show that f is square integrable over D B(0; E), we first find
an estimate. Let z, w K with z w and for 0 < e < Iz — wI/2 put

= B(w;e)u B(z;E). Note two things. Because z w, the function
(—. — w)(( — i))-' is locally mtegrable with respect to area measure.
Thus

[ d..4
= urn I

JD ((— — ((— w)(( —

Also note that — = (( — zIJ. Thus Green's Theorem implies
that

f dA(()
— 2 1

_{logI(_zI
(c — w)(( — z) I — W

= if
ZJI(I..R (—w

if
2 —

_! f
$ JK—zke (— W

=

Now

p2w

= —j20
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Also
i ,2w i :9

iEe'9d8ho
So

cl0ge
Jz-wj-e

Finally
,2wi Da9

Put d = sup{Izj : z E K}. Sod <and IR es—wI � R—d. Also
log IR e'0 — zI � log 2R. Thus there is a constant C1 depending only on R
and K such that ill � Ci log 2R. Therefore

J
dA(() —

((—w)((—z)

S C1 log2R+2ir
E loge

Iz-wl-e
Letting e —. 0 we see that there is a constant C that depends only on R
and K such that

97 ( dit <c log
2R

JD(('—W)((—Z) — iz—wI

whenever w z.
Now the fact that and are bounded above implies that the

measure p can have no atoms. Hence 1.t x pj({(z,z) z E K}) = 0 by
Fubini's Theorem. So (9.7) holds a.e. [jp x on K x K and

dA(C)
I — pI(z,w)

JKxK

� Cf
1K

log
iz—wI

dIpi(z)

=4C
<00.

From Fubini's Theorem we get that

L = L If 'WJ ElK

f f dA(()
—

JKxK
< 00.
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Thus f E \ K).
(a) implies (b). Now assume that K is polar; so K is totally disconnected

and C \ K is connected. If f E \ K), then I has an expansion f(z) =
z" (9.2). To show that each such f is the zero function, we need

only show that = 0 for all n � 2. Note that this is equivalent to showing
that for all n � 1, Jr f(z) dz = 0, where F is any smooth Jordan system
surrounding K.

Without loss of generality it can be assumed that K c II). Let F be
a finite collection of pairwise disjoint smooth positively oriented Jordan
curves in D \ K such that K ins F; put 7 = rob(F), the Robin constant
of the point set 1'.

Put W = \ [F u ins F] = out F, let w be harmonic measure for W
evaluated at oo, and let g be the Green function for W. If u = then
u is harmonic on Wand, by (3.5), u(z) = 1 for all z in W,
and u(z) = 1 for all z not in W (because OW = F is a system of curves
and so each point of r is a regular point).

For e > 0, set {z : u(z) = I — e} and = U ins FE. The value
of e can he chosen as small as desired with a smooth positive Jordan
system that contains F in its inside. If U = {z : u(z) > 0) \ EE, U is a
bounded open set that contains EE and has a smooth boundary. Note that
if Izi > 2, dist(z, I') > 1 and so lz — < 1 for all w in F; thus u(z) <0.
Hence U c 2 D.

If g is any function analytic in a neighborhood of cl[{z : u(z) > 0} \
cl[ins F]], then

fg(z)dz
=f

= g(z) u(z) dz.

Thus applying Green's Theorem we get

9.8

Taking g On in (9.8) and using the fact that u is real-valued, we get

f Ou(z) dz = f
Now fix n � 1, let f E \ K), and let g = I in (9.8); this yields

f — (1....e)2

(1 _E)2
Izffl2d_4J

[f
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According to (19.5.2), ôu = the Cauchy of w. Thus

f ôu(z) dz = f f
= 27

1

since r is in the inside of r'e. This combined with the fact that E was

arbitrary gives that

2

rob(I')

for any such system r. Since c(K) = 0, we can get a sequence of such curve
systems {rk} that squeeze down to K. Thus rob(rk) but
remains constant. Thus this integral must be zero and so f = 0. 0

The first reference for the preceding result that the author is aware of is
Carieson (1967], page 73. The prciof above is based on Hedberg (1972a}. In
this paper and its cousin, Hedberg f1972bj, various capacities are introduced
that are related to logarithmic capacity and Green capacity, and connec-
tions are made with removable singularities of certain spaces of analytic
and harmonic functions. In particular, a q-capacity is defined, 1 <q 2,

and a compact set K has q-capacity 0 if and only if \ K) = (0), where
p and q are conjugate exponents. When 2 < q < 00 (1 <p < 2), the story is
simpler. See Exercise 4. The reader can consult these references for details.

9.9 Theorem. If G is any open set and a E then a E rem(C) if and
only if there is a neighborhood U of a such that c(clU \ C) = 0.

Proof. Suppose U is a neighborhood of a and c(cl U \ C) = 0. We assume
that a is a finite point, the case that a = oo being obtained from the
finite case by applying a suitable Möbius transformation. Thus ci U \ C is
totally disconnected and there is another neighborhood V of a such that
V fl (ci U \ C) is compact. Put ci = C U V and K = V n (ci U \ C). So
K C and \ K = C. By Theorem 9.5 each function in has an
analytic continuation to and so a E rem(G).

If c(cl U \ C) > 0 for every neighborhood U of a, then for every such U
there is a non-zero function I in U\C)), Thus f E and
/ cannot be extended to U. 0

Further results on spaces \ K) can be found in Axler, Conway, and
McDonald (1982) and Aleman, Richter, and Ross [preprint).
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Exerclses

1. If a E and the component of that contains a is not trivial,
then a rem(G).

2. If a E and for each f in there is a neighborhood U of a
such that f has an analytic continuation to Cu U, then a rem(G).

3. In Lemma 9.4, show that if the function I is bounded, then so are Jo
and

4. IfKisacompact subset of the bounded open set C, 1 2, and
C \ K) = then K =0.

§10 Logarithmic Capacity: Part 2

We resume the study begun in §7.

10.1 Lemma. If K is a compact set with positive capacity and p is an
equilibrium measure, then = v(K) for all z in mt K.

Proof. Let a E mt K and let B = B(a;r) such that ci B ç mt K. Since
the logarithmic potential is superharmonic, fB � � v.
But = v = v(K) q.e. in K and so = v a.e. [Area) (7.12). Thus this
integral equals v and we get = v. 0

10.2 Theorem. JfK is a compact set with positive capacity, then:

(a) v(K) is the Robin constant for K;

(b) The equilibrium measure is unique. In fact, if G is the component
of \ K that contains oo, then the equilibrium measure for K is
harmonic measure for C at oo.

(c) The Robin constant of K is also given by the formulas

rob(K)' = sup{p(K) : p E M+(K) L,., 1 on K}

= inf{p(K) : p E : � 1 q.e. on K)

Moreover if c(K) > 0, both the supremum and the infimum are attained for
the measure 71w, where w is harmonic measure for C at 00. The measure

is the only measure at which the supremum is attained.

Proof. Adopt the notation in the statement of the theorem and put v =
v(K). Let w be harmonic measure for C at oo, let p be an equilibrium
measure for K, and let g be the Green function for C. By Proposition 3.5.

inGand �7onC.
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Now h(z) = v — is a positive harmonic function on G except
for the point 00. From (19.5.3), + —p 0 as z 00. Hence

h(z) — log Izi v as z 00.

By the definition of the Green function, -y — L,.,(z) = g(z, oo) � h(z) =
v — Letting z 00, we get that -y v. Since we already know that
v (7.5), this proves (a).

Note that 1(w) = f L(,dw <y = v. By the definition of v(K), 1(w) = V

and w is an equilibrium measure. Put ii = w — p. From the preceding
paragraph we have that � 0. We also have that � — L0 and
is therefore bounded above on compact sets. But u(K) = 0 implies that
L,,(z) 0 as z oo; therefore is a bounded harmonic function on

\ K. Now Theorem 7.12 implies there is an set E with c(E) = 0

such that = = -y for z in K \ E. By Corollary 7.13,
— 0 as z approaches any point of O[C \ K) \ E. By the

Maximum Principle, = 0 in C \ K. But we also have that = 0 on
mt K from the preceding lemma. Hence vanishes q.e. on C (off the set
E) and thus = 0 a.e. [Area). By Theorem 19.5.3, w — p = ii = 0.

To prove (c), let = sup{p(K) : p E M+(K) : L,. � 1 on K}. Taking
p = in this supremum shows that � On the other hand, if
p E with � 1 on K, then = p(K)'p E M1(K) and I(p') �

Hence � inf{p(K)' : p E M+(K) with � 1 on K} =
so that This shows that = and the supremum is attained
for the measure If p is any positive measure supported by K such
that L0 � 1 and p(K) = put pi = -yp. So is a probability measure
and � -y. Hence pj = yw by part (b).

Now let /3 denote the infimum in part (c). If p is any measure in
with � I q.e. on K, then � 1 a.e. [wJ. Therefore <f1f

f p(K). Thus � /3. On the other hand. � 1 q.e. on K
for p = so that = /3. 0

So you noticed there is no uniqueness statement for the infimum ex-
pression for rob(K)' in part (c) in the preceding theorem. This is be-
cause there is no uniqueness statement! Consider the following example.
Put K = {z : Izi S 1/2}. So rob(K) = log2 (3.3). If öo is the unit
point mass at z = 0 and in is normalized arc Length measure on OK,
then it is left to the reader to check that for both p = (log and
p = � I q.e. on K. Where does the proof of uniqueness for
the expression for rob(K) - as a supremum break down when applied to
the expression as an infimum?

10.3 Corollary. If K is a compact set with positive capacity, G is the
component of \ K that contains oo, and w s harmonic measure for C
at oo, then c(OK \ supp w) 0 and c(K) = c(K) = c(OK).

Proof. Let F = OK \ supp w. For each z in F, is harmonic in a
neighborhood of z. Since -y, the Maximum Principle implies <
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for all in F. But Theorem 7.12 implies LM(z) = -y q.e. on K, which

includes OK. Hence c(F) = 0. The rest of this corollary follows from the
definition of the Robin constant. 0

The next three corollaries follow from computations of the Robin con-
stant in

10.4 Corollary. If K is a closed disk of radius R, c(K) = R.

10.5 Corollary. If K is a closed line segment of length L, c(K) = L/4.

10.6 Corollary. Let K be a compact connected subset of C and let C be
the component of \ K that contains 00. If r C D the Riemann
map with r(oo) = 0 and p = r'(oo) > 0, then c(K) = p.

If we combine this last corollary with the proof of the Riemann Mapping
Theorem, we have that for a compact connected set K

c(K) = : I is analytic on C \ k, f(oo) = 0, and Ifi S 1).

Thus in the case of compact connected sets, c(K) is the same as analytic
capacity (Conway !1991], p 217).

Once again we record pertinent facts about the r-logarithmic capacity.
The proof is left as an exercise for the reader.

10.7 Theorem. If K is a compact subset of rD, then

c,.(K) = sup{j.t(K) : 1 on K}

= inf{p(K) : s M+(K) � 1 g.e. on K}.

If c,.(K) > 0, both the supremum and the infimum are attained for the
measure where w is harmonic measure for C = \ K at
oo. The measure is the only measure at which the suprernum is
attained.

10.8 Proposition. Let K be a compact set with positive capacity and let
C be the component of \ K that contains oo. If w is harmonic measure
for C at co and a E OC, then a is a regular point for G if and only if

= v(K).

Proof. If g is the Green function for G, then a is a regular point if and only
if g(z, oo) —' 0 as z a (5.2). On the other hand, = y — g(z, oo),
where = v(K). So if = 'y, then the fact that is lsc implies
that -y = � � < -y (3.5). Thus

y as z a and so g(z, oo) 0 as z a, showing that a is
regular.

Now assume that a is regular. Combining Theorem 10.2 with (7.12) we
have that = 'y q.e. on C \ C; so, in particular. this equality holds a.e.
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[Area}. If e > 0, the regularity of the point a implies there is a 6 > 0 such

that g(z,oo) < e for z in G(a;6). Thus

� LIAA
6 B(a:6)

1!- If= I + —i
JG(a:S)

� Area(B(a;6)) + 2_4 Area(G(a;6)
irö� 'y—E. 0

We turn now to an application of the uniqueness and identification of
the equilibrium measure for a compact set.

10.9 Theorem. Let C be a hyperbolic region in with C and
assume that a E C for a11 n. If w and are the harmonic
measures for C and at a, then w weak' in

Proof. There is no loss in generality in assuming that a = co. If K and
K1,, are the complements of C and then K and w and are
the equilibrium for K and Recall Proposition 7.15, where it
is shown that every weak' cluster point of } is an equilibrium measure
for K. Since the equilibrium measure is unique and these measures lie in a
compact metric space, w weak'. 0

Exercises

1. Show that if E is any set and F is a set with c(F) = 0, then c(E) =
c(EUF) c(E\F).

2. If K is a closed arc on a circle of radius R that has length U R, show
that c(K) = Rsin(9/4).

3. If K is the ellipse x2/a2 + y2/b2 = 1, then c(K) (a + b)/2.

4. Letp(z) = and put K = {z e C: Jp(z)j � R}.
Show that c(K) = (See Exercise 19.9.3.)

§11 The Diameter and Logarithmic Capacity

In this section we will identify the logarithmic capacity with another con-
stant associated with compact sets: the transfinite diameter. This identifi-
cation shows an intimate connection between the logarithmic capacity and
the geometry of the plane.
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Let K be a fixed compact set and for each integer n � 2 let
K for 1 � iS n}. Let c,, =n(n— l.)/2 = the

number of ways of choosing 2 things from n things. Define the constant

I I/cu

111 6i,(K) E max fl — : E

L<j<k<_n

Let's note a few facts. First, because of the compactness of this
is a maximum and not just a supremum. Second, if K has N points, then

0 for n> N. So for the immediate future assume that K is infinite.
In particular, > C) for an infinite K. Also note that if Zj = zk for some
j <k, the product in (11.1) is zero. So the maximum can be taken over in

with z3 Zk for 1 <j <k n. Next observe that 52(K) = diam K.
Finally, if E then the Vandermonde of is defined as the
determinant

3 ii 2 n—li

It follows that

[J (zk—z,).
1

So = : E K(")}.

11.2 Propoaition. For any compact set K the sequence is de-
creasing.

'Proof.. Let E such that = = Thus

= lzn+i — zil — [I kk — z3j

Similarly,foreachk=1,...,n+1

< £Cn fl
— U,, jj Zk —

Taking the product of these n + 1 inequalities gives that

n+ 1� H [I kk —

k=1

n

Performing the algebraic simplifications and taking the appropriate roots,
we discover that S 6n. 0
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11.3 Definition. For a compact set K the number

i5ac(K) = urn
n—ac

is called the trnnsfinite diameter of K.

The existence of this limit is of course guaranteed by the preceding propo-
sition and it is clear why the terminology is used. For finite sets the trans-
finite diameter is zero, but there are examples of compact sets that are
infinite and have zero transflnite diameter. Indeed the next theorem com-
bined with Example 8.17 furnishes such an example.

11.4 Theorem. if K is a compact set, then the transfinite diameter of K
equals its logarithmic capacity.

Proof, if K is finite, then both Oac(K) and c(K) are zero. So assume that
K is infinite. Let 6,, 5,,(K) and Oac =

Let be the equilibrium measure for K and let z1,. . . , be any points
in K. Observe that

even if these points are not distinct. If L is the function defined on
by L(z,,.. . , z,,) = the left hand side of the preceding inequality and v =
wx ..x (n times), then is a probability measure and so

c,,logO;' �

=
Ioglzk—zjI1dw(z1)...dw(z,,)

j=1 k=j+1

= E JJlogIzk_zilldw(z,)dw(zk)
j=I k=j+1

= c,,I(c&i)

= 4,rob(K).

Thus �c(K).
For the reverse inequality, choose an arbitrary e >0. By Corollary 7.16

there is an open set U that contains K and satisfies c(U) <c(K) ÷ e. Let

n be sufficiently large that < dist(K, 0 U) and let z1, . . . , z,, be
points from K such that .5,, = Put B1 = B(z,; (So
Area(B,) n'.) Define r(z) to be the number of disks B, that contain
z. Note that is a Bore! function with 0 � vi. If is the measure rA,
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then > 0 and = Area(B,) 1. So E M,(U). Therefore

v(U) ffiogiz - w1'r(z) dA(z) dA(w)

= f f log Fz — wildA(z)J d.A(w).

j1 B' k=L Bk

Now for any w, z —+ log}z — wh is superbarmonic. Thus logjz —

wL'd..4(z) <n'logIzkwI'. Thus

v(U) _wF_1] d,A(w).

Similarly forj k, fB, lOg Zk n1 log JZk lfj =
then an evaluation of the integral using polar coordinates gives

log nir).

Hence

1 1 1
v(U) —

—1 1= log + (1 +

n oo we get that v(U) logo;' so that c(K) > c(U) — e �
Hencec(K)�&,,,(K). 0

The advantage of the transfi.nite diameter over logarithmic capacity is
that the transfinite diameter is more geometric in its definition. After all,
the definition of the logarithmic capacity of a set is given in terms of rnea-

while the definition of the transfinite diameter is in terms of distances.
This is amplified in the next corollary, which would be more difficult to
prove without the preceding theorem.

11.5 Corollary. If K is a compact set and f K —. L is a
J4inction such that their is a constant M with jf(z) — f(w)J — wJ for
all z,w in K, then c(L) c(K).

Proof. Let (,,.. . , (, E L such that (L) fJ{ 1 <j <k < n }

and pick z1,. . in K with f(z,) = (,. So = —
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1 j < k n} equivalently, Letting
n oo gives the conclusion. 0

11.6 Corollary. If-y is a rectifiable Jordan arc or curue and K is a compact
subset of y, then c(K) � IKI/4, where IKI denotes the arc length of K.

Proof. Assume that -y is parametrized by -y : [0, 11 C with a = y(O)

a point in K. If z E K, 2 a, there is a unique t in (0, 1) such that
= z. Define! : K [0,IKI) by f(z) = IKfly([0,t])I. It is clear

that f is surjective. If z,w K and z = y(t), w -y(s) with s < t, then
Jf(z) —. f(w)I = [K fl -y((s, t))[ [7([s, t])[ < jz — wj since the shortest
distance between two points is a straight line. According to the preceding
corollary, c(K) � c([0, [KJ}) = IK[/4 by Corollary 10.5. C

11.7 Corollary. If K is a compact connected set and d diazn K, then
c(K) � d/4.

Proof. Let a, b K such that a — b) = d. By a rotation and translation
of K, which does not change the capacity, we may assume that a = 0 and
b d E R. By the choice of a and b, 0 Re z d for all z in K. Since
K is connected, Re: K 10, is surjective. According to Corollary 11.5,
c(K) � c([O,d]) d/4 (10.5). 0

There is an equivalent expression for the transfinite diameter and hence
the logarithmic capacity of a compact set connected to polynomial approx-
imation. This development is sketched below without proof. The interested
reader can see Chapter VU of Goluzin [1969) and §16.2 of Hille (1962).

Let K be an infinite compact set and for n � I let be the vector space
of all polynomials of degree at most n. If JJpJJK max{Jp(z)J z E K),
then IlK defines a norm on Let be the collection of all monic
polynomials of degree n. That is, consists of all polynomials of the
form p(z) = z" + + Define the constant

inf{UpIlK :7) E Mn).

Note that 0 Mn < 00. It can be shown that there is a unique poly-
nomial in with IITnIIK = The existence of is easy but
the uniqueness is not. The polynomial is called the Tchetnjcheff poly-
nomial for K of order n. The Tchebycheff constant for K is defined by
tch(K) which always exists and is finite. In fact, it
is easy to see that tch(K) diam K. It turns out that the Tchebycheff
constant and the transfinite diameter are the same.

Exercise

1. Let K be a compact set and suppose = . . E such
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that = — Show that belong to OK
(the outer of K).

§12 The Refinement of a Subharmonic Function

Because of the intimate connection of subharinonic functions with so many
of the properties of capacity and the solution of the Dirichiet problem, it is
no surprise that the ability to manufacture these functions will extend the
power of the theory and increase the depth of the results. In this section a
new technique is developed that increases our proficiency at constructing
subharmonic functions. In the next two sections this augmented skill will
be put to good use as we prove Wiener's criterion for regularity.

Let C be a hyperbolic open subset of C and suppose £ is an arbitrary
subset of C. For a negative subharmonic function u on C define

sup is a negative subharmonic function on C

that is not identically — cc on any component of C

and Ø� uon E}.

The function is called the increased frnction of u relative to E. Be aware
that in the notation for the increased function the role of G is suppressed.
Also note that may fail to be usc and thus may not be subbarmonic. To
correct for this, define

= urn sup

for all z in C. The function is called the refinement of u relative to E. The
term for this function most often seen in the literature is the French word
"balayage." This word means "sweeping" or "brushing." The term and
concept go back to Poincaré and the idea is that the subharrnonic function u
is modified and polished (or brushed) to produce a better behaved function
that still resembles u on the set E. That the function accomplishes this
will be seen shortly. We are avoiding the word "sweep" in this context as
it was used in §2 in a different way.

Here are some of the properties of the increased function and the refine-
ment. Let be the set of negative subharmonic functions used to define

12.1 Proposition. If C i3 a open set, E and F are subset3 of
C, and u and v are negative subharmonic functions on G, then:

(a) is subhortnonic on C;

(b)
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(c)

(d)

(e)

(f)

(g)

(h)

£5

(j) = on G \ ci E and this function is harmonic there.

Proof. Part (a) isadirect application of (19.4.6). Parts (b) through (h.) are
easily deduced from the definitions, while part (1) follows from the relation

+ C To prove part (j) we will use Lemma 19.7.4. First note
that if and then so does V Second, if D is

a closed disk contained in G \ ci E, and is the harmonic modification
of 4S on D, then & E Hence is harmonic on G\clE. Since is

continuous there, = 0

It may be that strict inequality holds in part (b). See Exercise 1. In fact,
this exercise is solved by looking at the proof that the origin is not a regular
point for the punctured disk and this is no accident. It will be shown later
in this section that = except on a polar set (Corollary 12.10).

Now for one of the more useful applications of the refinement of a sub-
harmonic function.

12.2 Proposition. If u is a negative subharmonic function on G and K
is a compact subset of C, then there is a positive measure supporte4 on
K such that —C,. (the Green potential of p).

Proof. By Corollary 4.11 it suffices to show that the least harmonic ma-
jorant of is 0. First assume that G is connected and u is bounded on K;
so there is a positive constant r such that u � —r on K. Fix a point a in
C and let gc(z) = g(z, a) be the Green function for C with pole at a. Since
9a is lsc, there is a positive constant s such that Oa (z) � s for all z in K.
So for t = r/s > 0, —t Now is harmonic on
C \ {a} and so —t <0. Thus if h is a harmonic majorant of Ix.,

� —hit. Since the greatest harmonic minorant of g4 is 0, this implies
h � 0 and so the least harmonic majorant of must be 0.

Now assume that u is bounded on K but C is not connected. Because K
is compact, there are at most a finite number of components C1,. . . , C,, of
C that meet K. Also K, K fl C, is compact. If H is a component of C
different from C1,..., C,,, then the fact that H1)K = 0 yields that 0
on H (12.1.e). This case now follows from the preceding paragraph applied
to each of the components C1
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Now for the arbitrary case. Let h be the least harmonic majorant of 14..
Since 17( � 0, h 0, it must be shown that h � 0. By Theorem 4.10 there
is a positive measure p on G such that = h — in fact, p =
in the sense of distributions. Since 17g. is harmonic on C \ K, suppp ç K;
in particular, p is a finite measure. If v = then V is a negative
subharznonic function on C and u = h + v. By (12.1.i), � +
Thus h is a harmonic majorant of But h is bounded on K and so the
least harmonic majorant of is 0. That is, h � 0. 0

12.3 Corollary. If C is a hyperbolic open set, u a negative subharinonic
function on C, and K a compact subset of C, then there is a positive
measure p supported on K such that u(z) —G,4(z) for all z in mt K.

Prvof. According to Proposition 12.1, = u on mt K. Now use the
preceding proposition. 0

In the next proposition we will see how the refinement is used to show
that subharmonic functions can be extended in some sense.

12.4 Proposition. If u is a subharmonic function on the disk Br = B(a; r)
and 0 < s < r, then there is a subharmonic function u1 on C such that

= u on and U1 is finite on C \ clB3. In/act, ui(z) = — aI/r)
for Iz—aI �r.
Proof. Clearly, by decreasing r slightly, it can be assumed that u is subhar-
monic in a neighborhood of ci 2r, and hence bounded above there. There
is no Loss in generality in assuming that u 0 on ci Br. Put K = ci B3
and consider Ix.. From Proposition 12.1 we know that = u on 83 and
is harmonic on Br \ K. If g is the Green function for Br, then Proposition
12.2 implies there is a positive measure p supported on ci B,, such that

But if ( E g(w,z) —' 0 uniformly for w in K as z —, ((Exercise
6.2). Thus —' 0 as z — (for all (in i3B,.. By Corollary 13.4.13

= can be extended across the circle 0 B,.. That is, there is a t > r
and a function w defined on such that w = on B,., w is harmonic
on \cl B,, and w 0. Define u1 on C by letting u1 = = won B,.
and u1(z) = — aj/r) on C \ B,.. It follows from Exercise 19.4.9 that
u1 is subharmonic. 0

In the next two propositions we will construct subharmonic functions
that have specified behavior relative to a polar set. These results are im-
provements of the definition of a polar set and Proposition 5.5.

12.5 Proposition. If Z is a polar set and a Z, then there is a subhar-
manic function u on C such that is = —oo on Z and u(a)> —00.
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Proof. By definition there is a subbarmonic function v on C that is not
constant with v(z) = —00 for all z in Z. Let {z,,} be a sequence of points
in Z and a sequence of radii with 0 < 2r,, < — aI such that if

= B(z,,; rn), Z ç By Proposition 12.4 there is a subharmonic

particular, > —co for Iz — aI Since is usc, there is a constant
such that —00 <u,,(z) + a,, � 0 for — aI <r,,. Now choose positive

scalars {f3,,} so that E,,/3,,[u,,(a)+a,,] > —co. If u(z) =
then it is easy to check that u has the desired properties. 0

12.6 Proposition. If C is a hyperbolic open set, Z is a polar set that
is contained in C, and a E C \ Z, then there is a negative subharmonic
function u on C with u(z) = —oo for all z in Z and u(a)>

Proof. First observe that it suffices to prove the proposition under the
additional condition that there is an open disk D that contains Z with
ci D C. Indeed, if the proposition is proved with this additional condition,
then in the arbitrary case let {B,,} = {B(a,,; r,,)} be a sequence of disks
such that Z ç U,,B,, and ci B c C for all n. According to the assumption,
there is a negative subharmonic (unction u,, on C such that —00

and u,,(z) = -00 for z in ZnB,,. Let {13,,} be a sequence of positive scalars
such that /3,,u,,(a) > —oo and put u = 13,un.

SoassumethatD=B(6;8)isanopendiskwithZCDandclDCG.
Let r> s such that B(b; r) C. Using Proposition 12.4 and Proposition
12.5, there is a subharmonic function w on C such that w(z) = —00 for all
z in Z, w(a) > —oo, and w(z) = — bf/r) (or z not in B = B(b; r).
Let g be the Green function for C and let h be the harmonic function
on C such that g(z,b) = h(z) — — for all z inC. So on C\ B,
w(z) = log(z — — logr = h(z) —g(z,b) — Iogr.

Define u(z) = w(z) — h(z) + logr for z in C. So u is a subharmonic
function on C and, for z in C\cl B, ti(z) —g(z,b) � 0. Since u is usc,
this gives that uis bounded above on all of C. By Theorem 6.5 there isa

g(z,b)-'Oas
z —' Thus for all C E E, u(z) 0 as z —. (. By Theorem 8.2,
u�OonC.Cleazlyti(a)>—oo. 0

Now for a lemma about upper seriucontinuous functions that could have
been presented in §19.3 but has not been needed until now. This is the first
of two Iemmjis that are needed for the proof of Theorem 12.9, the main
result of this section.

12.7 Lemin*.. For an arbitrary family of functions : i I} on a
separable metric space X and L any subset of!, define JL(x) =
iEL}.
semicontinuotis function on X with g(x) � fj(x) for all z in X, then
g(z) � fi(x) for all x in X.
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Proof. Before getting into the formal part of the proof, let's recall that
an usc function is not allowed to assume the value 00; —00 is the only
non-finite value it can take on. Thus the countable set J should be chosen
so that, if there is a point x with fi(z) = 00, then fj(z) = oo. In this way
if there is a point where fi(x) = 00, there can be no usc function g with

g(x) � fj(z).
Let be a countable base for the topology of X and for each n � 1

let M, sup{fi(x) : x E If <cc, there is a point x1 in with
fi(xi) + (2n)' > M,. Thus there is an i,, in I with + >
fi(xi). Thus for every n with <cc, there is an in I with

1
sup + — > M,,.

If = cc, then an argument similar to the preceding one shows that
there is an i,, in I with

sup (z) > vi.

Let
SuppoeegisanuscfunctiononXwithg � fj. Fixanz0inXand

let e> 0. Note that if g(zo) = —cc, there is nothing to verify; so assume
that g(xo) is finite. From the definition of an usc function and the fact that

is a neighborhood base, there is an integer vi with n such that
g(x)<g(zo)+e for allx in Now if M =oo,

g(zo) = [g(xo) — sup g(x)J + (sup g(x) — sup (x)] + sup f,, (z)
zEUs xEU.,

> —e+0+n
1> -6+-.
6

Since e was arbitrary it must be that g(zo) = cc, an impossibility. Thus
<cc for all vi. Therefore

g(xo) — sup fi(x) = [g(xo) — sup g(x)J + [sup g(x) — sup
zEU,,

+ [ sup (x) — sup Ii (x)J

1� -6+0——

> —2e.

Since e was arbitrary, g(xo) � fj(xo).

12.8 If isafamily of positive measures on an open
disk D having the following properties:

(a) supp ç D for all i in I;
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(b) for any i andj in I there is a k in! with �
(c) <oo;

then there is a positive measure p supported on ci D such that
inf3 and = inf1 g.e.

Proof For any measure p on D put C,,, = According to Lemma
12.7 there is a countable subset J of I such that if g is a lsc function
with g S then g � Write (p, : j e J} as
a sequence By property (b) it can be assumed that 2
for all n � 1. By property (c) the sequence can be replaced by a
subsequence, so that it can be assumed that there is a positive measure p
on ci D such that p weak in M(cl D). By Exercise 4.6, for all z
in 0, S = = Since is alsc
function, the choice of the subset J implies CM S �

LeCE={zE
complete if it can be shown that c(E) 0. Suppose it is not. Then there
is a compact subset K of E with c(K) > 0. By Proposition 7.14 there is a
positive measure ii on K such that is continuous and finite-valued on
C. But Theorem 4.5 implies that

— fL,,(() Since
is continuous and disks are Dirichiet sets, —' 0 as z approaches

any point of 0 D. Thus defining 0 on 0 D makes a continuous
function on ci D. Therefore f C,.dp, fG1,dp. By Fatou's Lemma this
implies f S f dii = f = fG,.dp = f
Thus — 2 0. But GM — <0 on the support of v, so this is a
contradiction and c(E) 0. 0

Recall from Proposition 19.4.6 that if U is a family of subbarmonic func-
tions that is locally bounded above, v = sup U, and u(z) = v(w),
then u is subharmonic. It was also shown there that ii v is usc, then v = u.
The question arises as to how badly can ii and v differ. The next theorem
answers this.

12.9 Theorem. If U is a set of subharmonic Junctions on on open set C
that is locally bounded above, v(z) supU, and u(z) =
then u = v g.e.

Proof. First enlarge U to include the functions defined as the maximum
of any finite subset of U and realize Chat this does not change the value
of v and u. Let E U and observe that replacing U by the collection of
functions E U: � does not change the value of v and u. So it can
alsobeas med that th that
mU.

We first prove a special case of the theorem and then this wifl be used
to prove the theorem in total generality.
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Claim. If G = D, an open disk, and each function in U is negative, then
there is a Borel subset E of D with c(E) = 0 and u = v on D \ E.

Let K be any closed disk contained in D and for each function 4) in U
form the refinement So on mt K, Proposition 12.1 implies 4 = 4 = qs.

Thus v = : 4) U} on mt K. By Proposition 12.2 for each 4) in
U there is a positive measure on K such that 4 = on D. Since

V U whenever both and are, it follows that the family of
measures : 4) E U} satisfies conditions (a) and (b) of the preceding
lemma.

Let B be a closed disk contained in D with K c mt B and consider the
refinement Once again there is a positive measure on B such that

= —G17 on D. Thus C,, = = 1 on mt B. Thus for any 4) in U,

= f = f dr = — f 4th1
— f

1 = Therefore Lemma 12.8 implies there is a positive
measure supported on K with C,, � on D and C,,(z) = inf{G,,,(z):
4) U) except for a Borel subset of D having capacity zero. (Actually, the
lemma only gives that the support of lies in ci D, but, since each

its support in K, the proof of the lemma shows that supp.i ç K.) It
follows that on mt K, —C,, = ti and : 4) E U} = v(z) and
there is a Borel subset EK of mt K having zero capacity such that u = v
on (intK) \ But D can be written as the union of a sequence of such
closed disks. Since the union of a countable number of polar sets is polar,
this proves the claim.

Now for the general case. Write C as the union of a sequence of open
disks with ci C. Since u is locally bounded above, for each
n> 1 there is a constant such that every 4) in U satisfies 4) on
I),,. If the claim is applied to the family U — = — M, : 4) E U}, we
get that there is a Bore! set contained in with = 0 such that
ii = v on \ Taking E = proves the theorem. 0

12.10 Corollary. JIG is a hyperbolic open set, U is a negative subharmonic
function, E is a subset of C, and Z = {z E C: then Z is
a Boret set having capacity zero and Z ç E.

Proof The fact that Z is a Bore! set and c(Z) = 0 is immediate from the
theorem. Now let a be any point in C \ E; it will be shown that a Z.
According to Proposition 12.6 there is a negative subharmonic function v
on C such that v(z) = —oo for z in Z fl E and v(a) > —00. Thus for any
e > 0, + cv u on E. By definition this implies + ev on C.
Since v(a)> —00 and e is arbitrary, this implies that Since

this completes the proof. 0

12.11 Corollary. If,G is a hyperbolic open set, u is a negative subharmonic
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fisnction on G, E G, and Z is a polar subset of E, then

Proof. From Proposition 12.1 we know that � Fix a in C \ Z
and let us be any negative subharmonic function on C such that us u
on E \ Z. According to Proposition 12.6 there is a negative subharmonic
function v on C with v(z) = —cc for all z in Z and v(a)> —cc. Therefore
for any e> 0, w+ev u on all of E. Using the preceding corollary, =

� w(a) + ev(a) for all e > 0. Letting e —' 0 gives that � w(a)
for all a in G\Z. Since Z has area 0, this implies that whenever B(b; r) ç C,
(irr2)1 fB(b;T) IEdA � (It?) JB(b;r) us dA � w(a). By Proposition 19.4.9

this implies that � us on G. Therefore by definition of �
Taking urn sup's of both sides and using the observation at the beginning
of the proof shows that 0

Exercises

1. Let C = I) and E = {0} and define u(z) log Show that
o for z in {0} and —cc. Hence 0 so that
onD.

2. Show that there is a subharmonic function u on C that is finite-valued
everywhere but not continuous. (Hint: Let Z be a non-dosed polar
set, let a cl Z such that a Z, and let u be a subharmonic function
as in Proposition 12.5. Now massage u.)

3. Let G be a hyperbolic open set, let K be a compact subset of C, and
let be the positive measure on K such that 'k = —C,. (12.2). Show
that = sup {v(K) : v is a positive measure supported on K
such that < 1 on G}. So ji is the "equilibrium measure" for the
Green potential. See Helms 11975], p 138, and Brelot [1959], p 52, for
more detail.

4. Let C be a hyperbolic open set and W a bounded open set with ci
W ç G. If u is a negative subharmonic function on C, show that
on W, is the solution of the Dirichiet problem with boundary
values u(8W.

§13 The Fine Thpology

This section introduces the fine topology as a prelude to proving in the
next section Wiener's Criterion for a point to be a regular point for the
solution of the Dirichiet problem. This topology was introduced by the
French school, which proved the basic properties of the topology and its
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connection with the regularity condition. See Brelot [1959] and the notes
there as well as Helms [1975], both of which were used as a source for the
preparation for this section and the next.

13.1 Definition. The fine topology is the smallest topology on C that
makes each subharmonic function continuous as a function from C into
[—co, oo). This topology will be denoted by F.

Note that the discrete topology is one that makes every function, includ-
ing the subharmonic ones, continuous. Since the intersection of a collection
of topologies is a topology, the fine topology is well defined.

When we refer to a set that belongs to F we will say that the set is finely
open. Similarly, we will use expressions such as finely closed, finely continu-
ous, etc.. when these expressions refer to topological phenomena relative to
the fine topology. if a set is called "open" with no modifying adjective, this
will refer to the usual topology on the plane. A similar convention applies
to other topological terms. For convenience the usual topology on C will
be denoted by U. it is not hard to see that if U is finely open, then so is
a+aU for alto inC and a >0.

13.2 Proposition.

(a) The fine topology is strictly larger than the usual topology on the plane.

(b) If G is open and C —. [—co, is a subharmonzc function, then
0 is continuous if C has the relative fine topology,

F consists of all sets of the form

Wnfl{z >

where W e U, . , are subharmonic functions, and c1,. . .

are finite constants.

(d) The fine topology is a ffausdorff topology.

Proof. (a) To establish that U F, we need only show that each open disk
belongs to F. But the observation that for any a the function log Iz — aI is
subharmonic and B(a; r) = {z : log Iz —ol <log r} shows this. To show that
this containment is proper, we need only exhibit a subharmonic function
that is not continuous.

(b) Suppose {22} is a net in C that converges finely to a in G. We need
to show that —.. Fix an open disk D whose closure is contained
in C and let be a subharinonic function on C such that (z) = 0(z) for
all z in D (12.4). By definition, 01(z1) (a) there is
an io such that; E D for i � io. Part (b) now follows.
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(c) We observe that {z : #(z) <c} is open when is subharmonic,
because subharmonic functions are upper semicontinuous. The proof of (c)

now a routine exercise in the definitions that is best left to the reader.
(d) Thi" is immediate from (a). (3

13.3 Corollary. Finely open sets are

Proof. This follows immediately from part (c) of the preceding proposition
if Proposition 19.4.8 is used to show that, for any subbarmonic function

Note that the last corollary shows that F is not the discrete topology.

13.4 ProposItion. Polar sets have no fine limit points.

Proof. LetZbeapoarse.ByrepacingZwithZ\{a},itcanbeassumed
that a Z. By Proposition 12.5 there is a subbannonic function on C

U€F(13.2.a), aEU, and UriZ=ø. 0

13.5 Corollary. All countable subsets of C are finely close4 and the finely
compact sets are finite. Thus F is not a locally compact topology.

Proof. Since countable sets are polar, they have no fine limit points by
the preceding proposition. Hence they contain all their fine limit points and
thus must be finely closed. Since no sequence can have a limit point, finely
compact sets must be finite. Now combine this with the fact that finely
open sets are infinite and it is clear that the fine topology is not locally
compact. 0

13.6 Corollary. subset of C is finely sequentially closed. In partic-
ular, the fine topology is not first countable.

13.7 Definition. A subset E of C is thick at a point a if a is a fine limit
point of E. If E is not thick at a, say that E is thin at a.

So polar sets are thin at every point. Also since U F, ii E is thick at a,
a is a limit point (in the usual sense) of E. It is the notion of thickness that
is the prime reason for discussing the fine topology. This can be seen by the
following argument. Let K be a compact set and let C be the component
of \ K Lhat contains oo. Suppose a e9C and K is thick at a. If
is harmonic measure for C at oo, then there is a polar set Z contained
in K such that for all z in K \ Z, = the Robin constant for K.
Since polar sets are thin at every point and K is thick at a, a topological
argument shows that K \ Z is thick at a. Thus there is a net in K \ Z
such that Zj —. a (1). But then since superharmonic
functions are finely continuous; thus = 'y and by Proposition 10.8
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this implies that a is a regular point for C. So each point of OG at which
K is thick is a regular point for C. The converse of this will be proved in
Theorem 13.16 below.

Here is a bit of notation that wifl be useful in this study. If E is a subset
of C, is a function on C, and a is a limit point of E in the usual
topology, define

E —tim sup = : z E E,z a).

Similarly, define E — lini in! and E — Urn. It is perhaps worthwhile to re-
mind the reader here that the definition of the various limits does not use
the value of the function at the limit point. Thus E — liThSUPg_a(Z) =

: z E £ and () < Iz — aI < r}] and E — limg_..açt'(z) =
E — lim = E — lim inf2...., when these two last limits agree.

13.8 Theorem. If E ii any non-empty subset of C and a is a lirnzt point
of E, then foUowsng are equivalent.

(a) The set E is thin at a.

(b) Foreveiyr>O, EflB(a;r) isthin aLa.
(c) There is a subharrnonic function defined on C such that

B — > —oo.

(d)
that <B— liminf....4LM(z) <°°•

(e) There is a stibhar,nonic function defined on C such that
E - = —Co.

(1)' For anyr>O thereisapositiuemeasurepsuppartedonB(a;r)such
that LM(a) <.E —

Proof. First, let's agree that (a) and (b) are equivalent by virtue of basic
topology and the fact that B(a; r) F for all r> 0. Also observe that it
suffices to assume that a 0 E.

(a) implies (c). AssumethatEisthinata.SothereisasetUinFsuch
that a U and UnE =0. From Proposition 13.2 there is a neighborhood W
of a, subbarinonic functions h,.. . on C, and finite constants c1, . . .

such that

U.

< 4k(a)+e/n fox ails in B. ButaiaalimitpointofEsoBnE 0;
if z BnE, then z U and so there is a k, 1 � k � n, with #k(z).� 4.
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Thus

=

<

0(a) — i/n.

Hence E — 0(z) <0(a) — < 0(a). If —co < a <0(a) and 0
is replaced by max{0, a}, all the conditions in (c) are met.

(c) implies (d). Let 4 be as in part (b) and put D B(a; r) with r < 1/2.
By Theorem 19.5.6 there is a positive measure on D and a harmonic
function h on D such that OlD = h — LM. Since h is continuous at a,

—LM(a) = 0(a) — h(a)

> E—limsup0(z)—h(a)

E— urn

and (d) follows.
(d) implies (e). Let D = B(a; 1/2); so � 0 on D. Put C = E —

< Let be a sequence of positive numbers
such that < 1/2 and 0 monotonically; let = B(a; and =

Since is finite, p does not have an atom at a. By the Monotone
Convergence Theorem, LM,, (a) —p 0. Replacing by a subsequence if
necessary, we can assume that <oo. If 0 = then 0
is subharinonic on C and 0(a)> —00.

If = — LM = then is harmonic on so

z z E z E E5}.

Thus

S

=

S

< 0.

So for any m � 1,

E — � m[C +
n=1



372 21. Potential Theory

Therefore

E - limsup4(z) = E — limsup
z—.o z—.a n=1

� E —

m � 1. Hence —oc

(e) implies (f). This is like the proof that (c) implies (d).
(f) implies (a). Suppose is as in (f). If E were thick at a, then there

would exist a net {; } in E such that; a in the fine topology. Since L,A is
F-continuous, LM(zj) L,1(a). But this is a contradiction since L,4(a) <zoo
and 0

There are other statements equivalent to those in the preceding theorem
that involve capacity; for example, see Meyers [1975].

13.9 Corollary. If E a Borel set and

IÔB(a:r)nEI
lim >0,
r-.O r

where the absolute value signs denote arc length measure on the circle
8B(a;r), then E is thick at a.

Proof. Suppose E is thin at a. By the preceding theorem there is a sub-
harmonic function defined on C such that > =
Since is usc, there is a constant M such that M � for Iz — aI s 1.

Replacing by — M, it can be assumed that 0 for Iz — � 1.
Thus for r < 1 and A,. {9: a + re*O E E},

f2W

/ )dO

� I2ir

[measure(A,.)J

sup 4(z).
47r T zEOB(a;r)

But : z E OB(a;r)} —' —oc as r —' 0. Therefore IOB(a;r) fl
El/r —. 0 as r 0, contradicting the assumption. 0

If the set E is contained in a hyperbolic open set, then the equivalent
formulation of thinness can be improved.
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13.10 Proposition. If C is a hyperbolic open set, E ç C, and a is a limit
point of E that belongs to G, then the following are equivalent.

(a) Eisthinata.
(b) There is a negative subharmonic function on C that is also bounded

below and satisfies çb(a) > E — Jim SUPZ_a

(c) There is a negative subharmonic function defined Qfl C such that
cl)(a) > E — iimz_.a 0(z) = —00.

Proof. (a) implies (b). Let D = B(a; s) be chosen such that ci D C. By
Theorem 13.8 it can be assumed that E D and there is a subharmoriic
function on C such that (a)> E — Jim 4'1(z). Let Br = B(a; r)
be chosen with r> $ such that ci Br c C. By Proposition 12.4 there is a
subharmonic function 02 on C with = on D and =
for jz — aJ > r.

Let g be the Green function for C and let h be the harmonic function
on C such that g(z,a) h(z) —logIz — aI for zC. Define : C
[—oo,00) by = — h(z) + iogr. So is subbarmonic on C.
For z in C\cI Br, 0a(z) = —g(z,a) � 0. Since is usc, there is a
constant M with < M on ci Br. Let = — M. So is a negative
subharmonic function on C and it is easy to check that since = on
D, E — 04(z) <04(a). Now let = max{q54, q$4(a) — 1} and the
proof is complete.

(b) implies (c). The proof of this is similar to the corresponding proof in
Theorem 13.8 and will not be given.

(c) implies (a). Since subharmonic functions are finely continuous, a can-
not be a fine limit point of E. 0

13.11 Definition. If C is any set and u is an extended real-valued function
defined on C, say that u peaks at a point a in C if for every neighborhood
V of a, u(a) > sup{u(z) z G \ V}.

Note that if u peaks at a, then u attains its maximum value on C at
the point a. This alone, however, will not guarantee that u peaks at a. The
object here will be to find superharmonic functions on an open set C that
peak at certain points. (Actually, sticking with the fixation of this book
on subharmonic functions, we will be concerned with finding subbarmonic
functions u such that —u peaks at a.) If C is a hyperbolic open set and
a C, then the Green function g is a function such that 9a peaks at a,
g0 � 0, and is superharrnonic. The next example will be used later.

13.12 Example. If R > 0 and p is the restriction of area measure to
B(a; R), then peaks at a. In fact, according to Exercise 3.6, L,4(z)
7rR2iogjz — aI � Rand = irR2[logR_' + 1/2] — —
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a12/2 = — — a12/2 for lz — al � R. It is left to the reader to show
that : Iz — al > r} for any r > 0.

The first task is to relate peaking with thinness.

13.13 Proposition. Let G be a hyperbolic open set, let a C, and suppose
u is a negative subharmonic function on C such that —u peaks at a. If E
is a subset of C, then E is thin at.a if and only if > u(a).

Proof. Since = (12.11), we may assume, without toss of gener-

ality, that a E. But we also know that = on G\E (12.10) so that,
in particular, = So we want to show that E is thin at a if and
only if > u(a).

Assume that > u(a). To show that E is thin at a, it is assumed
that a is a limit point of E. From the definition of there is a sub-
harmonic function 0 on G such that < u on E and 0(a) > u(a). Thus
E — E — limsupz_au(z) � u(a) < 0(a). By Theorem
13.8, E is thin at a.

Now assume that E is thin a. If a is not a limit point of E, then there
is a neighborhood V of a such that V fl E = 0 and ci V c C. Since —u
peaks at a, u(a) < inf{u(z) z E G\V} � : z E G\V}. But is

harmonic on V (12.1) and so the Maximum Principle implies > u(a)
for all z in V; in particular, this holds for z = a. So it can be assumed that
a is a limit point of E and E is thin at a.

By Proposition 13.10 there is a negative subharmonic function 0 on C
that is bounded below such that 0(a) > E — 0(z). Choose a
constant M such that 0(a) > M> E — urn 0(z) and let D be an
open disk about a such that M > 0(z) for all z in D fl E. For t > 0 define
the function tOt = u(a) +t[4'— M]. Thus for z in DflE,

Wt(Z) < u(a).

Now it peaks at a so there is a constant C > 0 with u(z) — u(a) � C for
all z in C \ D. Because is a bounded function, the parameter t can be
chosen so small that — MIS C for all z in C. Thus for z in G \ D,
t[0(z)—M] <C < u(z)—u(a). Therefore w2(z) = u(a)+t[Ø(z)—M] 5 u(z)
for allz in G\D. On the other hand, for z in DnE, Wt(Z) <u(a) 5 u(z)
since —u peaks at a. Thus tot u on £ and so Wt But wt(a)
u(a) + tfO(a) — > u(a), proving the proposition. 0

The next result is often called the Fundamental Theorem for thinness.
(It is probably best here to avoid the variety of possible minor jokes that
such a title affords.)

13.14 Theorem. If E is any set and Z = (a E E: E is thin at E}, then
2 is a polar set.
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Proof. Cover E by a sequence of open disks each having radius less
than 1/2 and let Z = Zn

a is be assumed that E ç D, an open
disk of radius < 1/2. Let be the restriction of area measure to D and
put u = So u is a negative subharmonic function on D. if a E Z, let
r > 0 such that r) c D, put p' = r) and = \ B(a; r)],
and let u3 = —La,, 3 1,2. Clearly u = UI + U2 and both u1 and u2 are
negative subharmonic functions on D. By (13.12) —ni peaks at a and so by
the preceding proposition (a) > u(a). Thus (a) � (a) + (a) >
u(a) = since a e E. Thus Z ç {z : > a
polar set by Corollary 12.10. 0

13.15 Corollary. A set Z is polar if and only if it is thin at each of its
points.

Proof. The proof of one direction of the corollary is immediate from the
theorem. The proof of the other direction was already done in (13.4). 0

In Theorem 13.14 let us emphasize that the polar set Z is contained in
E. Clearly the set of all points at which E is thin is not polar since it is
thin at each point of C \ ci E. But not even the set of points in ci E at
which E is thin is necessarily a polar set. For example, if E is the set of all
points in C with rational real and imaginary points, then £ is countable
and hence polar and hence thin at every point.

13.16 Theorem. JIG is a hyperbolic open set and a E then a is a
regular point of C if and only if C is thick at a.

Proof. Put E = \ C. If E is thick at a, the argument given just after
the definition of thickness shows that a is a regular point for C.

For the converse, assume that a is a regular point of C. By (19.10.1) there
is a non-constant negative subharmonic function u on D \ E = G(a; r)
such that (D \ E) — u(z) = 0. Also assume that E is thin at
a and let's work toward a contradiction. According to Proposition 13.10
there is a bounded subharmonic function on D such that 0(a) > E —
limsupz_aO(z). By changing scale it may be assumed that 1 and
E — limsupz..aO(z) < —1. Choose 5, 0 < 5 < 1, so that D1 = B(a;5)
satisfies cI D1 C D and 0(z) < —1 for all z in (cl D1) fl (E \ {a}). The
contradiction to the assumption that E is thin at a will be obtained by
showing that there is a positive scalar t such that 4' � u on D1 \ E.
Indeed once this is shown it follows that (D1 \ E) — lim 4'(z) �
(D1 \ E) = 0. But E — Inn 4'(z) < —1, so we
get that 1 = 4'(a) = 4'(z) � 0, a contradiction.

It will be shown that there is a positive scalar t such that for any E > 0

13.17 (D1 \ E) — + t + e — all � 0
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for all z in O(D1 \ E) = (0 D1 \ E) U (OE fl ci L)1). If this is shown to
bold, then the Maximum Principle implies that, for every e> 0, 4) + t u +

— aI 0 on \E. Letting e —'0 shows that 4) —t u, as desired.
From the properties of 4) there is an open set W containing 8 D1 fl E

such that 4) < 0 on W. Thus no matter how the positive number t is

chosen, (13.17) holds for all z in W fl (0D1 \ E). Also 4) is bounded and u
is negative and usc, so t > 0 can be chosen with 4) + t u < 0 on 8 D1 \ W;
fix this choice of t. Combining this with the preceding observation shows
that (13.17) holds for all z in 0D1 \ E. if z OE fl ci D1 and z a,

then 0(z) —1 and so 4)(() <0 in a neighborhood of z. Thus (D1 \ E) —
+ t u(() + dogl( — all eloglz — aI elogö < 0, so

(13.17) holds for z in OEflcl D1 and z a. If z = a, then (13.17) also
holds, since the left hand side is —00. 0

Remarks. The fine topology is fully studied in the literature. In addi-
tion to Brelot [1959] and Helms [1975), cited in the introduction of this
section, the following sources are useful: Hedberg [1972b], Hedberg [1993],
and Landkof [1972].

Exercises

1.

1(z) — f(w)I <Iz — and 1(a) — f(z)l = Ia — zp for all z,w inC.
Show that f(E) is thin at a.

2. Is there a set E such that both E and C \ E are thin at a?

§14 Wiener's Criterion for Regular Points

In this section Wiener's Criterion for the regularity of a boundary point will
be stated and proved. This statement is in terms of logarithmic capacity.

14.1 Definition. For any subset E in C, define the outer capacity of E as
the number

c*(E) = inf{c(U) : U is open and contains E}.

It is clear that
c(E) = exp(—?(E)),

where
v(E) = sup{v(U) : U is open and contains E}.

It is a standard fact about capacities that c'(E) c(E) for a collection of
sets that includes the Borel sets. This is not proved in this book. but we
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have seen that this is the case when E is compact (Corollary 7.16). The
reader interested in this fact can see Carleson [1967].

14.2 Wiener's Criterion. Let E be a set, a E C, and 0 < I < 1/2; for
each n � 1, let E vs thick at
a if and only if

oc

14.3 °°

First a few observations and corollaries. Note that the condition (14.3)
is equivalent to

14.4 =

The reason for the restriction ) < 1/2 is to guarantee that diazn < I
for all n � 1 and thus that < 1 for all n. Thus the series does not
diverge by virtue of having one of its terms equal to cc. This also assures
that each term in the series is positive.

To dispose of the trivialities, observe that a is not a limit point if and
only if = 0 for all n larger than some n0. In this case = 0 for
n n0 and the series in (14.3) is convergent. The same holds of course if

is polar for all large n.
Originally Wiener stated his criterion as a necessary and sufficient con-

dition for a point to be a regular point for the solution of the Dirichiet
problem. The following corollary is immediate from Wieners Criterion and
Theorem 13.16. All the corollaries below will be stated for finite boundary
points of the hyperbolic open set C. The condition for the regularity of the
point at co iS obtained by inversion.

14.5 Corollary. JIG is a hyperbolic open set, a E OG, 0 <1 < 1/2, and
{z C\G: � Iz —al A'1}, thena is a regular point if and

only if

=00.

14.6 Corollary. With the notation of the preceding corollary, if is the
equilibrium measure for then a is a regular point of C if and only if

—

L_ —00.

Proof. Put = For z in K1,, Iz — at
A' n [log n + 1
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and so the two series and simultaneously converge
or diverge. 0

Now observe that the function z log z1 is increasing for 0 < z < e1.
Adopting the notation of the preceding corollary, {z 1

— A'} and so c(A,,,) = (10.6). So if
c,, log c;' � A

'. Thus the following corollary
follows from Corollary 14.5.

14.7 Corollary. With the notation of Corollanj 14.5, if =
00, thenaisaregularpointofG.

14.8 Corollary. If C is a hyperbolic open set, a E OG, and, for r > 0,

a a regular point of C.

Proof. Assume that a = 0 and put Er = and v(r) =
log c(r)1. Fix A, 0 < A < 1/2, and let and be as in Corollary
14.6 above. Put log so = v;' q.e. on

Suppose a is not a regular point of C and let > 0; it will be shown
that the urn sup in this corollary is less than this arbitrary e. According to
Corollary 14.6, <00. Thus there is an integer N such that

L,,,jO) E

forallm�N.Fixr<ANandletmbesuchthatAm+1
be the positive measure supported on Er such that = 1 q.e. on Er

and ?i(Er) = v(r)'. For each n let 'K log jz — w1'di,(z) and

= Note that with = (C \ C) fl {z: <)"}

log

f
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So <
Now q.e. on K, and hence =

1 q.e. on E,. and log tz—wh � Oon E,, so for 1Uft almost

all z in K,,, 1 = = fE log jz — � Therefore

for all n and so

= flogIzl_1d11(z)

< (n + i)(logA')i1(K,,)

<

<

Combining this with previous inequalities we get

L,1(O) �

=

2

n=m
< 6.

But basic inequalities show that � v(r)' and so we have
that v(r)1 logr' —' 0 as r —, 0. 0

14.9 Corollary. With the notation of Corollary 14.5, if ic,, = Area(K,,)
and = oc, then a is a regular point.

Proof. According to Proposition 7.8, c,, c(K,,) � k,,/ire]"2. Since
K,, ç B(a; A") we also have that ,c,, <7rA2". Hence

— A" — v V e

Thus a is a regular point by Corollary 14.7. 0

Now to begin the proof of Wiener's Criterion.

14.10 Lemma. If U iio bounded open set, then there is a positive measure
supported on OU such that = 1/v(U) and = 1 on U.

Proof. Write U as the union of a sequence of compact sets {K,,} with
K,, So c(K,,) I c(U) and = j v(U) v. Let ii,, be the
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equilibrium measure for and put = v;'v1,,. Now = =
v;' < cc. So is a uniformly bounded sequence of positive
measures in M(cl U); by passing to a subsequence if needed, it can be
assumed that there is a positive measure j.i on ci U such that ii,, p weak'.
Because supp p,, ç supp OU. Also v;' =
p(cl U); thus p(OU) = v'. Finally, fl.x a z in U and pick m with z in mt
Km. By (10.1) I for all n � m. But it is easy to use Tiezte's
Extension Theorem to show that p, p weak' in M(cl U \ mt Km). Since
w log Iz

— is continuous there, (z) —' 0

14.11 Lemma. If 0 < A < 1/2, there is a constant C = C(A) such
that for n � 1, if A" and w satisfies either � or� � 1/2, then — <Clog

Proof. Put L = A' and draw circles centered at 0 with radii
A", and A"'; fix z with Izi � A". First, suppose IwI � and
examine the picture to see that 1w — zI � — = — 1). Thus

— — l)' < — 1)'. Thus

<

log(L — 1)_i
< 1+
— (n+2)logL
<
— 2iogL

Now suppose A"' � 1/2. Another examination of the picture
showsthatlw—zl�A'—A"=A"'(1—A)andso(w_z(—' <L"'(1—

1w1'(l — A)'. Thus

logfw—zJ' <
—

<
— log2

0

Proof of Wiener's Criterion. By translation it can be assumed that the
point a = 0. Also recall (13.8) that a set E is thick at 0 if and only if for
every r >0, E fl rD is thick at 0. Thus in this proof it suffices to assume

winE.Aspointedout
in the discussion following the statement of (14.2), it can be assumed that

> 0 for all n. We will prove the contrapositive of (14.2).
Assume that the series (14.3) converges and choose an arbitrary sequence

of positive numbers such that >.,, ne,, <cc. Now for each n choose
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an open set U,, that contains E,, such that ci fl{z: = 0 and

1 1 1

v(E,,) v(U,,) < v'(E,,)
+E,,.

By Lemma 14.10 for each n there is a positive measure p,, supported on
0(1,, with v(U,,)' and 1 for all z in U,,. For each
n define the subharmonic function 4k,, — Note that 4',, is

negative on
Note that for any land z in OUkjzI� and so

= f logIzI'd,.Lk(z)
out'

<

1

S I1V

Since both Ek k/v(Ek) and converge, this implies there is an ii
such that 4',,(0) > —1; fix this value of n. If k � n and z E Ek, which is

contained in (4, then 1. Since each is non-negative on E,
this shows that 4',, � —1 on

UEk = Efl{z :0< IzI :S

Hence £ — —1 <4',,(0). By (13.10), E is thin at 0.
Now suppose that E is thin at 0; it can be assumed that 0 is a limit

point of E. So (13.8) there is a positive measure with compact support
contained in buch that <E = +co. Put a,, =

z E E,,}; so a,, —' 00. Let 5 be an arbitrary positwe number;
since is Isc, {z : > a, — is an open set containing E,,. Put
(J,, = {z : LM(z) > a,, —S}fl(z < Izi � SoU,, is aBorel set
that contains E,,; it suffices to show that <oo.

Let be a sequence of positive numbers such that tie,, < oo
and for each n choose a compact subset K,, of U,, such that v(K,,)' >

— €,,. It is therefore sufficient to show that

00

<°°•

Breaking this sum into 6 separate sums, we see that it suffices to show that
00

6n + j

for j = 0, 1,. . . , 5. This will be shown for j = 0. (By only considering
the series consisting of every sixth term, this will separate the sets K6,,÷,
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sufficiently that estimates such as m Lemma 14.11 can be applied.) Note
that {z : <Izi }.

Claim. '(SIC fl 0 for k n.

To see this, first assume that k > n; so k = n+p, p � 1. Thus ASIC

and so K6k fl = 0. Now assume that k < n; so k =
n —p, p � 1. Thus > This proves the claim. In
particular, the sets are pairwise disjoint.

Now K = {0} U is a compact subset of and u = is a
negative subharmonic function there. = then Proposition 12.2 says
there is a positive measure v supported on K such that = —C,, = —L,, +h
for some harmonic function h on Because —oo <u(0) � and h is
harmonic, L,,(0) <co. Thus &'({O}) 0. Write

L1,(z)
= f — w11dv(tv) + f —

Ken JCek

According to Lemma 14.11 there is a constant C depending only on A such
that for z in and win logjw — zf1 Thus
for all z in

f — w1'dp(w) �

Thus

14.12 L1,(z) +f log — w1'dv(w).

By (12.10) there is a polar set Z contained in K such that —L,, + h =
= u = on K \ Z. Let Ihi S M on K. Therefore on \ Z, L,, =

So
if C1 is any number with C1 — CU&'fl � c> 0, there is an integer m such
that L,,(z) � C, on \ Z.

Hence if ii � m and z Ks,, (14.12) implies

f logz — w1'dv(w) � L,,(z) — CHvII �
Thus v(Ks,,)' � by Theorem 10.2. But for z in
Izi so that � log (6n+ Therefore

00 00

clog A-' IKe,.
log
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1
=

clog A'
< 00.

0
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