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Preface

This is the sequel to my book Functions of One Complez Variable I, and
probably a good opportunity to express my appreciation to the mathemat-
ical community for its reception of that work. In retrospect, writing that
book was a crazy venture.

As a graduate student I had had one of the worst learning experiences
of my career when I took complex analysis; a truly bad teacher. As a
non-tenured assistant professor, the department allowed me to teach the
graduate course in complex analysis. They thought I knew the material; I
wanted to learn it. I adopted a standard text and shortly after beginning
to prepare my lectures I became dissatisfied. All the books in print had
virtues; but I was educated as a modern analyst, not a classical one, and
they failed to satisfy me.

This set a pattern for me in learning new mathematics after I had become
a mathematician. Some topics I found satisfactorily treated in some sources;
some I read in many books and then recast in my own style. There is also the
matter of philosophy and point of view. Going from a certain mathematical
vantage point to another is thought by many as being independent of the
path; certainly true if your only objective is getting there. But getting there
is often half the fun and often there is twice the value in the journey if the
path is properly chosen.

One thing led to another and I started to put notes together that formed
chapters and these evolved into a book. This now impresses me as crazy
partly because I would never advise any non-tenured faculty member to
begin such a project; 1 have, in fact, discouraged some from doing it. On
the other hand writing that book gave me immense satisfaction and its re-
ception, which has exceeded my grandest expectations, makes that decision
to write a book seem like the wisest I ever made. Perhaps I lucked out by
being born when I was and finding myself without tenure in a time (and
possibly a place) when junior faculty were given a lot of leeway and allowed
to develop at a slower pace—something that someone with my background
and temperament needed. It saddens me that such opportunities to develop
are not so abundant today.

The topics in this volume are some of the parts of analytic function
theory that I have found either useful for my work in operator theory or
enjoyable in themselves; usually both. Many also fall into the category of
topics that I have found difficult to dig out of the literature.

I bave some difficulties with the presentation of certain topics in the
literature. This last statement may reveal more about me than about the
state of the literature, but certain notions have always disturbed me even
though experts in classical function theory take them in stride. The best
example of this is the concept of a multiple-valued function. I know there
are ways to make the idea rigorous, but I usually find that with a little
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work it isn’t necessary to even bring it up. Also the term multiple-valued
function violates primordial instincts acquired in childhood where I was
sternly taught that functions, by definition, cannot be multiple-valued.

The first volume was not written with the prospect of a second volume
to follow. The reader will discover some topics that are redone here with
more generality and originally could have been done at the same level of
sophistication if the second volume had been envisioned at that time. But
I have always thought that introductions should be kept unsophisticated.
The first white wine would best be a Vouvray rather than a Chassagne-
Montrachet.

This volume is divided into two parts. The first part, consisting of Chap-
ters 13 through 17, requires only what was learned in the first twelve chap-
ters that make up Volume I. The reader of this material will notice, how-
ever, that this is not strictly true. Some basic parts of analysis, such as
the Cauchy-Schwarz Inequality, are used without apology. Sometimes re-
sults whose proofs require more sophisticated analysis are stated and their
proofs are postponed to the second half. Occasionally a proof is given that
requires a bit more than Volume I and its advanced calculus prerequisite.
The rest of the book assumes a complete understanding of measure and
integration theory and a rather strong background in functional analysis.

Chapter 13 gathers together a few ideas that are needed later. Chapter
14, “Conformal Equivalence for Simply Connected Regions,” begins with a
study of prime ends and uses this to discuss boundary values of Riemann
maps from the disk to a simply connected region. There are more direct
ways to get to boundary values, but I find the theory of prime ends rich in
mathematics. The chapter concludes with the Area Theorem and a study
of the set S of schlicht functions.

Chapter 15 studies conformal equivalence for finitely connected regions.
I have avoided the usual extremal arguments and relied instead on the
method of finding the mapping functions by solving systems of linear equa-
tions. Chapter 16 treats analytic covering maps. This is an elegant topic
that deserves wider understanding. It is also important for a study of Hardy
spaces of arbitrary regions, a topic I originally intended to include in this
volume but one that will have to await the advent of an additional volume.

Chapter 17, the last in the first part, gives a relatively self contained
treatment of de Branges’s proof of the Bieberbach conjecture. I follow the
approach given by Fitzgerald and Pommerenke [1985]. It is self contained
except for some facts about Legendre polynomials, which are stated and
explained but not proved. Special thanks are owed to Steve Wright and
Dov Aharonov for sharing their unpublished notes on de Branges's proof
of the Bieberbach conjecture. .

Chapter 18 begins the material that assumes a knowledge of measure
theory and functional analysis. More information about Banach spaces is
used here than the reader usually sees in a course that supplements the
standard measure and integration course given in the first year of graduate
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study in an American university. When necessary, a reference will be given
to Conway [1990]. This chapter covers a variety of topics that are used in
the remainder of the book. It starts with the basics of Bergman spaces, some
material about distributions, and a discourse on the Cauchy transform and
an application of this to get another proof of Runge’s Theorem. It concludes
with an introduction to Fourier series.

Chapter 19 contains a rather complete exposition of harmonic functions
on the plane. It covers about all you can do without discussing capacity,
which is taken up in Chapter 21. The material on harmonic functions from
Chapter 10 in Volume I is assumed, though there is a built-in review.

Chapter 20 is a rather standard treatment of Hardy spaces on the disk,
though there are a few surprising nuggets here even for some experts.

Chapter 21 discusses some topics from potential theory in the plane. It
explores logarithmic capacity and its relationship with harmonic measure
and removable singularities for various spaces of harmonic and analytic
functions. The fine topology and thinness are discussed and Wiener’s cri-
terion for regularity of boundary points in the solution of the Dirichlet
problem is proved.

This book has taken a long time to write. I've received a lot of assistance
along the way. Parts of this book were first presented in a pubescent stage
to a seminar I presented at Indiana University in 1981-82. In the sem-
inar were Greg Adams, Kevin Clancey, Sandy Grabiner, Paul McGuire,
Marc Raphael, and Bhushan Wadhwa, who made many suggestions as the
year progressed. With such an audience, how could the material help but
improve. Parts were also used in a course and a summer seminar at the
University of Tennessee in 1992, where Jim Dudziak, Michael Gilbert, Beth
Long, Jeff Nichols, and Jeff vanEeuwen pointed out several corrections and
improvements. Nathan Feldman was also part of that seminar and besides
corrections gave me several good exercises. Toward the end of the writing
process I mailed the penultimate draft to some friends who read several
chapters.. Here Paul McGuire, Bill Ross, and Liming Yang were of great
help. Finally, special thanks go to David Minda for a very careful read-
ing of several chapters with many suggestions for additional references and
exercises.

On the technical side, Stephanie Stacy and Shona Wolfenbarger worked
diligently to convert the manuscript to TEX. Jinshui Qin drew the figures in
the book. My son, Bligh, gave me help with the index and the bibliography.

In the final analysis the responsibility for the book is mine.

A list of corrections is also available from my WWW page (http: //
www.math.utk.edu/~conway/).

Thanks to R. B. Burckel.

I would appreciate any further corrections or comments you
wish to make.

John B Conway
University of Tennessee
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Chapter 13

Return to Basics

In this chapter a few results of a somewhat elementary nature are collected.
These will be used quite often in the remainder of this volume.

§1 Regions and Curves

In this first section a few definitions and facts about regions and curves in
the plane are given. Some of these may be familiar to the reader. Indeed,
some will be recollections from the first volume.

Begin by recalling that a region is an open connected set and a simply
connected region is one for which every closed curve 1s contractible to a
point (see 4.6.14). In Theorem 8.2.2 numerous statements equivalent to
simple connectedness were given. We begin by recalling one of these equiv-
alent statements and giving another. Do not forget that C., denotes the
extended complex numbers and 3,,G denotes the boundary of the set G in
Cw- That is, 0cG = 3G when G is bounded and 8,,G = 3G U {00} when
G is unbounded.

It is often convenient to give results about subsets of the extended plane
rather than about C. If something was proved in the first volume for a
subset of C. but it holds for subsets of C, with littie change in the proof,
we will not hesitate to quote the appropriate reference from the first twelve
chapters as though the result for C,, was proved there.

1.1 Proposition. If G is a region in Co, the following statements are
equivalent.

(a) G is simply connected.
(b) Co \ G is connected
(¢) BoG is connected.

Proof. The equivalence of (a) and (b) has already been established in
(8.2.2). In fact, the equivalence of (a) and (b) was established without
assuming that G is connected. That is, it was only assumed that G was
a simply connected open set; an open set with every component simply
connected. The reader must also pay attention to the fact that the con-
nectedness of G will not be used when it is shown that (c) implies (b). This
will be used when it is shown that (b) implies (c).
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So assume (c) and let us prove (b). Let F be a component of C \ G; 50
F is closed. It follows that FNcl G # @ (cl denotes the closure operation in
C while cly, denotes the closure in the extended plane.) Indeed, if it were
the case that FNcl G = 0, then for every z in F there is an £ > 0 such that
B(z;€)NG = 0. Thus FU B(z;¢) C Cx \ G. But FU B(z;¢) is connected.
Since F is a component of Co, \ G, B(z;¢) C F. Since z was an arbitrary
point, this implies that F is an open set, giving a contradiction. Therefore
Fncd G#0.

Let zg € FNcl G; 0 29 € 3G By (c) 805G is connected, so F U 8,,G
is a connected set that is disjoint from G. Therefore 0,,G C F since F is a
component of Co, \ G. What we have just shown is that every component
of Co \ G must contain 9,,G. Hence there can be only one component and
s0 C \ G is connected.

. Now assume that condition (b) holds. So far we have not used the fact

that G is connected; now we will. Let U = C \ clooG. Now Coe \ U =
clooG and cly,G is connected. Since we already have that (a) and (b) are
equivalent (even for non-connected open sets), U is simply connected. Thus
Cox \ 9G = GUU is the union of two disjoint simply connected sets and
hence must be simply connected. Since (a) implies (b), 0,G = Co \(GUU)
is connected. O

1.2 Corollary. If G is a region in C, then the map F — F N3G defines
a bijection between the components of Co, \ G and the components of 3,,G.

Proof. If F is a component of C, \ G, then an argument that appeared in
the preceding proof shows that F N 3,G # 0. Also, since 3G C Cs \ G,
" any component C of 3G that meets F must be contained in F. It must
be shown that two distinct components of 8,,G cannot be contained in F.

To, this end, let Gy = C \ F. Since G, is the union of G and the
components of C, \ G that are distinct from F, G, is connected. Since
Cw \ Gi = F, a connected set. G, is simply connected. By the preceding
proposition, 9,,G) is connected. Now 8,,G) C 8G. In fact for any point 2
in 3G\, 0 # B(2;6)N(Coo \G1) € B(2;€)N(Coo \G)- Also if B(z;6)NG =
@, then B(z;€) C Coo \ G and B(z;¢)NF # @; thus z € int F, contradicting
the fact that z € 9G)1. Thus 3G\ C 8xG. Therefore any component of
055G that meets F must contain d,G). Hence there can be only one such
component of 3G. That is, F N 3G is a component of 85G.

This establishes that the map F — F N §,,G defines a map from the
components of Co, \ G to the components of 8,,G. The proof that this
correspondence is a bijection is left to the reader. O

Recall that a simple closed curve in C is a path v : [,b] — C such that
¥(t) = v(s) if and only if t = 3 or |8 ~ t| = b — a. Equivalently, a simple
closed curve is the homeomorphic image of dD. Another term for a simple
closed curve is a Jordan curve. The Jordan Curve Theorem is given here,
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but a proof is beyond the purpose of this book. See Why'bum [1964].

1.3 Jordan Curve Theorem. If v is a simple closed curve in C, then
C \ v has two components, each of which has v as its boundary.

Clearly one of the two components of C \ v is bounded and the other is
unbounded. Call the bounded component of C \ v the inside of ¥ and call
the unbounded component of C \ vy the outside of v. Denote these two sets
by ins v and out v, respectively.

Note that if 4 is a rectifiable Jordan curve, so that the winding number
n(~; a) is defined for all a in C\ v, then n(y;a) = %1 for a in ins y while
n(y;a) = 0 for a in out v. Say v is positively oriented if n(vy;a) = 1 for all
a in ins 7. A curve v is smooth if v is a continuously differentiable function
and v/(t) # O for all t. Say that v is a loop if v is a positively oriented
smooth Jordan curve.

Here is a corollary of the Jordan Curve Theorem

1.4 Corollary. If vy is a Jordan curve, ins vy and (outy) U {oo} are simply
connected regions.

Proof. In fact, Cx \ ins ¥ = cle(out v) and this is connected by the
Jordan Curve Theorem. Thus ins v is simply connected by Proposition 1.1.
Similarly, out «y U {00} is simply connected. O

A positive Jordan system is a collection I' = {7),...,1m} of pairwise
disjoint rectifiable Jordan curves such that for all points a not on any v;,
n(T;a) = Y72, n(vj:8) =0or 1. Let out T = {a € C: n(T;a) = 0} = the
outside of " and let ins I' = {a € C: n([';a) = 1} = the inside of I'. Thus
C\T = out F'Vins I'. Say that I' is smooth if each curve +; in I' is smooth.

Note that it is not assumed that ins I' is connected and if I' has more
than one curve, out I' is never connected. The boundary of an annulus is
an example of a positive Jordan system if the curves on the boundary are
given appropriate orientation. The boundary of the union of two disjoint
closed annuli is also a positive Jordan system, as is the boundary of the
union of two disjoint closed disks.

If X is any set in the plane and A and B are two non-empty sets, say that
X separates A from B if A and B are contained in distinct components of
the complement of X. The proof of the next result can be found on page
34 of Whyburn [1964].

1.3 Separation Theorem. If K is a compact subset of the open set U,
a€ K, andb € C, \U, then there is a Jordan curve v in U such that v is
disjoint from K and vy separates a from b.

In the preceding theorem it is not possible to get that the point a lies
in ins 7. Consider the situation where U is the open annulus ann(0; 1, 3),
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K ={z]2=3/2},a=3/2,and b= 0.

1.6 Corollary. The curve 7 in the Separation Theorem can be chosen to
be smooth.

Proof. Let Q = ins v and for the moment assume that a € §. The other
case is left to the reader. Let Ko = K N{. Since yN K = 0, it follows that
Ko is a compact subset of 2 that contains a. Since {2 is simply connected,
there is a Riemann map 7 : D — ). By a compactness argument there is
a radius 7, 0 < r < 1, such that 7(rD) 2 Kj. Since U is open and v C U,
r can be chosen so that 7(rdD) C U. Let o be a parameterization of the
circle @D and consider the curve 7 o g. Clearly 7o o separates a from b, is
disjoint from K, and lies inside U. O

Note that the proof of the preceding corollary actually shows that v can
be chosen to be an analytic curve. That is, v can be chosen such that
it is the image of the unit circle under a mapping that is analytic in a
neighborhood of the circle. (See §4 below.)

1.7 Proposition. If K 1s a compart connected subset of the open set U
and b is a pownt in the complement of U, then there is a loop v in U that
separates K and b.

Proof. Let a € K and use (1.6) to get a loop v that separates a and b.
Let © be the component of the complement of v that contains a. Since
KnQ#0. KN~ =0, and K is connected, it must be that K C 2. O

The next result is used often. A proof of this proposition can be given
starting from Proposition 8.1.1. Actually Proposition 8.1.1 was not com-
pletely proved there since the statement that the line segments obtained in
the proof form a finite number of closed polygons was never proved in de-
tail. The details of this argument are combinatorially complicated. Basing
the argument on the Separation Theorem obviates these complications.

1.8 Proposition. [f E is a compact subset of an open set G, then there
is a smooth positively oriented Jordan system I' contained in G such that
ECinsT CG.

Proof. Now G can be written as the increasing union on open sets G,
such that each G, is bounded and C \ G, has only a finite number of
components (7.1.2). Thus it suffices to assume that G is bounded and C\G
has only a finite number of components, say Kq, K1,..., K, where Kj is
the unbounded component.

It is also sufficient to assume that G is connected. In fact if U,,Us,...
are the components of G, then {Un} is an open cover of E. Hence there
is a finite subcover. Thus for some integer m there are compact subsets
Ei of Uy, 1 < k < m, such that E = |J[" E;. If the proposition is proved



13.1. Regions and Curves 5

under the additional assumption that G is connected, this implies there
is a smooth positively oriented Jordan system Iy in Uy such that E; C
ins ' C Uy; let T' = 7" T'x. Note that since cl (ins I'y) = 'y Uins Ty C Uy,
cl (ins Tx) Ncl (ins T;) = @ for k # i. Thus I is also a positively oriented
smooth Jordan system in G and E Cins T =J{" ins Tx C G.

Let ¢ > 0 such that for 0 < j < n, (Kj). = {z : dist(z,K;) < ¢}
is disjoint from E as well as the remainder of these inflated sets. Also
pick a point a9 in intKp. By Proposition 1.7 for 1 < j < n there is a
smooth Jordan curve 7; in {z : dist(z, K;) < €} that separates aq from Kj.
Note that ag belongs to the unbounded component of the complement of
{z : dist(z, K;) < €}. Thus K C ins v; and ao € out 7;. Give 7; a negative
orientation so that n(y; : z) = -1 for all z in K.

Note that U = C\ K is a simply connected region since its complement
in the extended plane, Ky, is connected. Let 7 : D — U be a Riemann map.
For some r,0 <r <1,V = r(rD) contains EU|J} K, and 8V C int(Kp)..
Let 7o = 8V with positive orientation. Clearly E U |J] K; C ins ¥ and
ag € out ;.

It is not difficult to see that I' = {7, 7,--.,7} is a smooth Jordan
system contained in G. If z € K for 1 < j < n, then n(T, z) = n(y,,2) +
n(y0,2) = —1+1=0. Now ag € out T; but the fact that I' C G and Kj is
connected implies that Ko C out I. It follows that ins I’ € G.

- On the other hand, if z € E, then z € out 7, for 1 < j < n and z € ins 7.
Thus ECins. O

1.9 Corollary. Suppose G s a bounded region and Ko, ..., K, are the
components of Co, \ G with 0o in Ky. If € > 0, then there is a smooth
Jordan system T = {vq,...,v,} in G such that:

(a) for1 <j<n, K; Cinsy;;
(b) Ko C outvy;
(c) for0<j < n, v C{2:dist(z, K;) < ¢€}.

Proof. Exercise. O

1.10 Proposition. An open set G in C is simply connected if and only if
for every Jordan curve v contained in G, insy C G.

Proof. Assume that G is simply connected and 7 is a Jordan curve in G.
So Co \ G is connected, contains oo, and is contained in Cy, \ 7. Therefore
the Jordan Curve Theorem implies that C\ G C out +. Hence, cl (ins v) =
C\out yCG.

Now assume that G contains the inside of any Jordan curve that lies in
G. Let o be any closed curve in G; it must be shown that ¢ is homotopic
to 0 in G. Let € > 0 be chosen so that (¢), C G and pick a point b in the
unbounded component of the complement of (¢),. By Proposition 1.7 there
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is a Jordan curve v in {z : dist(z,0) < €} that separates the compact set
o and the point b. The unbounded component of the complement of (o),
must be contained in the outside of vy so that b € out «v; thus o C ins 4.
But ins v is simply connected (1.4) so that ¢ is homotopic to 0 in ins 7.
But by assumption G contains ins vy so that o is homotopic to 0 in G and
G is simply connected. O

1.11 Corollary. If v and o are Jordan curves with o C cl(insy), then
ins o C ins «.

A good reference for the particular properties of planar sets is Newman
[1964].

Exercises

1. Give a direct proof of Corollary 1.11 that does not depend on Propo-
sition 1.10.

2. For any compact set E, show that E, has a finite number of compo-
nents. If E is connected, show that E, is connected.

3. Show that a region G is simply connected if and only if every Jordan
curve in G is homotopic to 0.

4. Prove Corollary 1.9.

5. This exercise seems appropriate at this point, even though it does
not use the results from this section. The proof of this is similar to
the proof of the Laurent expansion of a function with an isolated

- singularity. Using the notation of Corollary 1.9, show that if f is
analytic in G, then f = fo + fi +--- + fn, where f; is analytic on
Coo \ K; (0 < j < n)and fj(00) = 0 for 1 < j < n. Show that the
functions are unique. Also show that if f is a bounded function, then
each f, is bounded.

§2 Derivatives and Other Recollections

In this section some notation is introduced that will be used in this book
and some facts about derivatives and other matters will be recalled.

For any metric space X, let C(X) denote the algebra of continuous
functions from X into C. If n is a natural number and G is an open
subset of C, let C™(G) denote the functions f : G — C such that f
has continuous partial derivatives up to and including the n-th order.
C%G) = C(G) and C™(G) = the infinitely differentiable functions on
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G.If0 < n < 00, C*(G) denotes those functions f in C™(G) with suppf =
support of f =cl {z € G : f(z) # 0} compact.

It is convenient to think of functions f defined on C as functions of the
complex variables z and Z rather than the real variables z and y. These
two sets of variables are related by the formulas

z =z+iy Z =z-iy
_z+Z _z+Z
-2 V=5
Thus for a differentiable function f on an open set G, it is possible to
discuss the derivatives of f with respect to z and Z. Namely, define

or = U-L(L-2)

T

9z 2\0z &y
_ O _1(8f 0f
Ef = E—E(az*-t )‘

These formulas can be justified by an application of the chain rule. A
derivation of the formulas can be obtained by considering dz = dz + idy
and d% = dx — idy as a module basis for the complex differentials on G,
expanding the differential of f, df, in terms of the basis, and obeerving that
the formulas for 3f and 8f given above are the coefficients of dz and dz,
respectively.

The origin of this notation is the theory of functions of several complex
variables, but it i8 very convenient even here. In particular, as an easy
consequence of the Cauchy-Riemann equations, or rather a reformulation
of the result that a function is analytic if and only if its real and imaginary
parts satisfy the Cauchy-Riemann equations, we have the following.

2.1 Proposition. A function f : G — C is analytic if and only if 3f = 0.

So the preceding proposition says that a function is analytic precisely
when it is a function of z alone and not of Z.

With some effort (not to be done here) it can be shown that all the
laws for calculating derivatives apply to 8 and 8 as well. In particular, the
rules for differentiating sums, products, and quotients as well as the chain
rule are valid. The last is explicitly stated here and the proof is left to the
reader.

2.2 Chain Rule. Let G be an open subset of C andletfeC‘(G). IfQis
an open subset of C such that f(G) C QN and g € C'(R), thengof € C\(G)
and

((89) o f18f + [(Bg) o £] 6F

[(39) o £131 + ((3g) o £] 57

d(go f)
dgof)
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So if a formula for a function f can be written 1n terms of elementary
functions of z and Z, then the rules of calculus can be applied to calculate
the derivatives of f to any order. The next result contains such a calcula-

tion.
2.3 Proposition.

(a) 8(log|z|) = 1{2z} and 3 (log|z|) = 1 {2z}.

(b) 8f =8F.
2 2 2
(c) If A is the Laplacian, 561—25 + % = (g;) + ((%) , then A =
460 = 490.

Proof. For part (a), write log|z| = %loglzl2 = %log(z’z‘) and apply the
chain rule. The remaining parts are left to the reader. O

Hence a function u : G — C is harmonic if and only if 88u = 0 on G.
Therefore, u is harmonic if and only if du is analytic. (Note that we are
considering complex valued functions to be harmonic; in the first volume
only real-valued functions were harmonic.)

For any function u defined on an open set, the n-th order derivatives of
u are all the derivatives of the form & 8%u, where j + k = n.

A polynomial in z and Z is a function p(z,%) of the form Y a;x2?z*,
where a;x is a8 complex number and the summation is over some finite set
of non-negative integers. The n-th degree term of p(z,z) is the sum of all
the terms a,x2’2* with j + k = n. The polynomial p(z,Z) has degree n if
it has no terms of degree larger that n.

It is advantageous to rewrite several results from advanced calculus with
this new notation.

2.4 Taylor’s Formula. If f € C"(G), n > 1, and B(a; R) C G, then there
is a unique polynomial p(2,%) in z and Z of degree < n — 1 and there is a
function g in C™(G) such that the following hold:

(8) f=p+g;
(b) each derivative of g of order < n — 1 vanishes at a;

(c) for each z in B(a; R) there is an s, 0 < s < 1, (s depends on z) such
that

o) = LY (5] @+ sz - a)) (- )* (- a)'.

n:
k+j=n
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Thus for each z in B(a; R)

9@ < Z2 Y max |05 1) jw - al < |2 - al}.

!
n!
k+i=n

2.5 Green’s Theorem. If [ is a smooth positive Jordan system with
G=ins T, ue€ C(cl G), u € C(G), and Ju is integrable over G, then

/ru=2i//05u.

While here, let us note that integrals with respect to area measure on C
will be denoted in a variety of ways. [ is one way (if the variable of inte-
gration can be suppressed) and [; fdA = [ f(z)dA(z) is another. Which
form of expression is used will depend on the context and »ur purpose at
the time. The notation [ f dA will mean that integration is to be taken
over all of C. Finally, xx denotes the characteristic function of the set K;
the function whose value at points in K is 1 and whose value is 0 at points
of the complement of K.

Using Green’s Theorem, a version of Cauchy’s Theorem that is valid for
non-analytic functions can be obtained. But first a lemma is needed. This
lemma will also be used later in this book. As stated, the proof of this lemma
requires knowledge of the Lebesgue integral in the plane, a violation of the
ground rules established in the Preface. This can be overcome by replacing
the compact set K below by a bounded rectangle. This modified version
only uses the Riemann integral, can be proved with the same techniques
as the proof given, and will suffice in the proof of the succeeding theorem.

2.6 Lemma. [f K is a compact subset of C, then for every z

/ |2 ~ (|7 dA(C) < oo.
K

Proof. 1If A(¢) = |¢|~!, then using a change of variables shows that

/ xxc(Qh(z = ()dA(Q)
= /XK(Z - ()h«)dA«)
/ h(¢)AA(C).

z—-K

/K l2 = ¢I'2AQ)
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If R is sufficiently large that z — K C B(0; R), then

/ 2= ¢ dAQ) < / I~ dA)
K (0;

=//d9dr

(]

2.7 The Cauchy-Green Formula. If " is a smooth positive Jordan sys-
tem, G =ins T, u € C(cl G), u € C(G), and Bu is integrable on G, then
for every z in G

w) = g [u¢ -7 = 2 [ (¢ 97Bu ()

Proof Fix w in G and choose € > 0 such that B(w;e) C G. Put B, =
B(w;e) and G, = G \ cl B,. Now apply Green’s Theorem to the function
(z = w)~'u(z) and the open set G,. (Note that 3G, = I'UJB, and, with
proper orientation, 3G, becomes a positive Jordan system.) On G,,

9[(z-w)'u] = (z - w)"'Bu

since (z — w)~! is an analytic function on G.. Hence

2.8' Ll(fldz~[9 u(2) —=dz —2z/a ;—j—agu dA(z).

z—w B Z—W
But 2
. u(z . ;
lim —(-)--dz = limi / u(w + ee*®)dd
¢~0Jsp, 2 - W =0 Jo
= 2miu(w).

Because (z — w)~! is locally integrable (Lemma 2.6) and bounded away
from w and Ju is bounded near w and integrable away from w, the limit
of the right hand side of (2.8) exists. So letting ¢ — 0 in (2.8) gives

/; -?-(-{)Edz - 2riu(w) = 24 /o ;:1-';314 dA(2).

z—-
0

Note that if, in the preceding theorem, u is an analytic function, then
du = 0 and this become Cauchy’s Integral Formula.
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2.9 Corollary. If u € C}(C) and w € C, then

w(w) = -%/ - 1 —Bu dA(2).

There are results analogous to the preceding ones where the Laplacian
replaces 3.

2.10 Lemma. If K is a compact subset of the plane, then

/ Jlog |z]| dA(z) < oo.
K

~

Proof. If polar coordinates are used, then it is left to the reader to show
that for any R > 1

/ |log |2|| dA(2) = 7R? (logR - -.) +
jzi<R

This proves the lemma. O

2.11 Theorem. If u € C? on the plane and w € C, then

u(w) = 511}- /loglz - w|Au dA(2).

Proof. Let R be positive such that supp(u) C B(w:R) and for € > 0
let Ge = {z:6<|z~w| <R} and ¥, = {z: |z — w| = ¢} with suitable
orientation. Green’s Theorem implies

dulog|z ~w|dz = 2i/ 5[log|z—w|6u]d;A(z)
Ve G,
= 2% / (8514) log |z - w|dA(z)
+2z/ 2(_ 6ud.A(z)
-5/ (80 log = ~ uldA(2)

+i / TRy
G. zZ—wW

Now I f,,‘ (Bu)log |z - wldz| < Meloge for some constant M independent

of €. Hence the integral converges to 0 as ¢ — 0. Since (Z — @)~ is locally
integrable and Ju has compact support, [[; [0u/(Z - W)] converges as
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e — 0. By Corollary 2.9 and Proposition 2.3(b) this limit must be —~x%(w).
Since Au is continuous and has compact support, combining this latest
information with the above equations, the theorem follows. O

We end this section with some results that connect areas with analytic
functions. The first result is a consequence of the change of variables for-
mula for double integrals and the fact that if f is an analytic function, then
the Jacobian of f considered as a mapping from R? into R? is |f'|? (see
Exercise 2).

2.12 Theorem. If f is a conformal equivalence between the open sets G
and Q, then
area@) = [ [ 112
G

2.13 Corollary. IfQ is a simply connected region, 7 : D — § is a Riemann
map, and 7(z) = Y__ anz" in D, then

Area() = // I7)? = nZn;a,.lz.
D n

Proof. The first equality is a restatement of the preceding theorem for
this special case. For the second equality, note that 7(z) = ¥__nan2""!.
Soforr <1,

[ (re)|*

(Z nanrn-lei(n— l)O) (Y mamrm—lei(m—l)a)
n m

— mnmanrm+n-2ei(n-m)0

m,n

and this series converges uniformly in 8. Using polar coordinates to calcu-
late ff,|7'|? and the fact that j: " e'n"=m)¥dh = ( for n # m, we get

1
n2  _ 2, |2 2n-1
//DITI = X ‘2”’/0’ dr
(21) 3 nlanl? s

n
wananlz.
n

a

If f fails to be a conformal equivalence, a version of this result remains
valid. Namely, [ |f’|? is the area of f(G) “counting multiplicities.” This
is made specific in the next theorem. The proof of this result uses some
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measure theory; in particular, the reader must know the Vitali Covering
Theorem.

2.14 Theorem. If f : G — Q is a surjective analytic function and for each
¢ in Q,n(C) is the number of points in f~1(C), then

[ irraa= [ naae).

Proof. Since f is analytic, {z : f’(z) = 0} is countable and its complement
in G is an open set with the same measure. Thus without loss of generality
we may assume that f’ never vanishes; that is, f is locally one-to-one.
Thus for each z in G there are arbitraily small disks centered at z on
which f is one-to-one. The collection of all such disks forms a Vitali cover
of G. By the Vitali Covering Theorem there are a countable number of
pairwise disjoint open disks {D,} such that f is one-to-one on each D,
and Area(G \ UnD,) =0.

Put A = Upf(Dn) = f(UnD,). The set G \ U, D, can be written as
the countable union of compact sets U; K; (Why?). Since f is analytic, it
is locally Lipschitz. Thus Area f(K;) = 0 for each j > 1. Thus Area(f2)
= Area(A). For 1 < k < 00, let Ax = {{ € A : n({) = k}; so Area(A) =
S-cArea(Ag). If Gk = f~(A), then Theorem 2.12 implies

'2dA = °°/ I2dA
1] ; Dmlfl

D _ Area(f(Da) N Ay)
n=1

= kArea(A;,)

G

since f is one-to-one on each D,. Thus
/ 1}!|2M Z / U-:‘sz
G 1<k<oo0 7 G

= Z k Area(Ax)

1<k<o0

/ n(¢) dA(C).
Q

Exercises

1. Show that if K and L are compact subsets of C, then there is a
constant M > 0 such that [, |z —¢|"'dA(¢) < M for all z in L.
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2. Show that if f : G — C is an analytic function and we consider f as
a function from the region G in R? into R?, then the Jacobian of f

is |f'|2.
3. Let f be defined on D by f(z) = exp((z + 1) /(z — 1) )} and show that
I |£(2))* = oo. Discuss.

4. If G is a region and u is a real-valued harmonic function on G such
that {z : u(z) = 0} has positive area, then u is identically 0.

§3 Harmonic Conjugates and Primitives

In Theorem 8.2.2 it was shown that a region G in the plane has the property
that every harmonic function on G has a harmonic conjugate if and only
if G is simply connected. It was also shown that the simple connectivity
of G is equivalent to the property that every analytic function on G has a
primitive. '

The above mentioned results neglect the question of when an individual
harmonic function has a conjugate or an individual analytic function has
a primitive. In this section these questions will be answered and it will be
seen that even on an individual basis these properties are related.

We begin with an elementary result that has been used in the first volume
without being made explicit. The proof is left to the reader.

3.1 Proposition. If f : G — C is an analytic function, then f has a
primitive if and only if f,, f =0 for every closed rectifiable curve v in G.

Another result, an easy exercise in the use of the Cauchy-Riemann equa-
tions, is the following.

3.2 Proposition. If u: G — C is a C? function, then u is a harmonic
function on G if and only if f = (u, - iuy)/ 2 = Ou is an analytic function
onG.

It turns out that there is a close relation between the harmonic function u
and the analytic function f = du. Indeed, one function often can be studied

with the help of the other. A key to this is the following computation. If ~
is any closed rectifiable curve in G, then

3.3 / du=t / (uady — uydz).
v 2J5
In fact, [, f = } [ (u —iu,)(dz +idy) = § [ (u;dz +uydy) + ; [ (u-dy-

uydz) and | , (uzdz + uydy) = 0 since this is the integral of an exact differ-
ential.
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We are now ready to present a direct relation between the existence of a
harmonic conjugate and the existence of a primitive.

8.4 Theorem. IfG is a region in C and u : G — R is a harmonic function,
then the following statements are equivalent.

(a) The function u has a harmonic conjugate.
(b) The analytic function f = Ou has a primitive in G.
(c) For every closed rectifiable curve v in G, L(u,dy - uydz) =0.

Proof. By Proposition 3.1, (3.3) shows that (b) and (c) are equivalent.

(a) implies (b). If g is an analytic function on G such that g = u + iv,
then the fact that the Cauchy-Riemann equations hold implies that ¢’ =
Ug +1U; = Ug — tuy, = 2f.

(b) implies (a). Suppose g is an analytic function on G such that ¢’ = 2f
and let U and V be the real and imaginary parts of g. Thus ¢ = U, +iV; =
2f = u; —iu,. It is now an easy computation to show that v and V satisfy
the Cauchy-Riemann equations, and so V is a harmonic conjugate of u. O

For a function u the differential u.dy—u,dz is called the conjugate differ-
ential of u and is denoted *du. Why? Suppose u is a harmonic function with
a harmonic conjugate v. Using the Cauchy-Riemann equations the differ-
ential of v is dv := v;dz + vydy = —u,dz + u.dy = *du. So Theorem 3.4(c)
says that a harmonic function u has a harmonic conjugate if and only if its
conjugate differential *du is exact. (See any book on differential forms for
the definition of an exact form.)

The reader might question whether Theorem 3.4 actually characterizes
the harmonic functions that have a conjugate, since it merely states that
this problem is equivalent to another problem of equal difficulty: whether
a given analytic function has a primitive. There is some validity in this
criticism, though this does not diminish the value of (3.4); it is a criticism
of the result as it relates to the originally stated objective rather than any
internal defect.

Condition (c) of the theorem says that to check whether a function has
a conjugate you must still check an infinite number of conditions. In §15.1
below the reader will see that in the case of a finitely connected region this
can be reduced to checking a finite number of conditions.

Here is a fact concerning the conjugate differential that will be used in
the sequel. Recall that du /On denotes the normal derivative of u with
respect to the outwardly pointed normal to a given curve «.

3.5 Proposition. If u is a continuously differentiable function on the re-
gion G and v is a closed rectifiable curve in G, then

1 1 [, 1 [08u
”—’. 78!4-5;[y du-;‘[,gldzl.
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Proof. The first equality is a rephrasing of (3.3) using the latest edition
of the notation. The proof of the second equality is a matter of using the
definitions of the relevant terms. This will not be used here and so the
details are left to the reader. O

Exercises

1. If G is a region and u : G — R is a continuous function, then u is
harmonic if and only if for every a in G there is an § > 0 such that
u(a) = (27)~! fu(a + re'®)dd for r < 4. (A slight weakening of the
fact that functions with the Mean Value Property are harmonic.)

2. If v is a real-valued function_on G, show that u dz = Bu dz =
3(du + i*du). Hence 8u dz + Ou dz = du + i"du.

3. Prove that a region G is simply connected if and only if every complex
valued harmonic function u : G — C can be written as u = g + h for
analytic functions g and h on G.

4. Let G be a region and f : G — C an analytic function that never
vanishes. Show that the following statements are equivalent. (a) There
is an analytic branch of log f(z) on G (that is, an analytic function
g : G — C such that exp[g(z)] = f(z) for all z in G). (b) The
function f’/ f has a primitive. (c) For every closed rectifiable path v

inG, [. f/f=0.

5. Let r = p/q be a rational function, where p and q are polynomials
without a common divisor. Let a,,....a, be the distinct zeros of p
with multiplicities a;,,...,a, and let b,,.. ., b, be the distinct zeros
of ¢ with multiplicities §;,...,08m. If G is an open set in C that
contains none of the points a,,....apn, b;,...,bn, show that there is
an analytic branch of log r(z) if and only if for every closed rectifiable
path v in G.

0= Z a;n(y;a;) — Z[J,-n(‘y : ;).
i=1

i=1

§4 Analytic Arcs and the Reflection Principle

If  is a region and f : D — Q is an analytic function, under what circum-
stances can f be analytically continued to a neighborhood of cl D? This
question is addressed in this section. But first, recall the Schwarz Reflection
Principle (9.1.1) where an analytic function is extended across the real line
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provided it is real-valued on the line. It is probably no surprise that this
can be generalized by extending functions across a circle; the details are
given below. In this section more extensive formulations of the Reflection
Principle are formulated. The relevant concept is that of an analytic arc.
Before addressing this issue, we will concentrate on circles.

Suppose G is any region that does not include 0. If G* = {1/z: z € G},
then G# is the reflection of G across the unit circle dD. If f is an analytic

function on G, then f#(¢) = f (Z‘—‘) defines an analytic function on G¥*.
Similarly if G is any region and a is a point not in G, then for some radius
r>0

r2 2
4.1 G#={a+_ °2€G}={(:a+_ eG}

Z~a C-d

is the reflection of G across the circle 3B(a;r). Note that ¢ ¢ G#* and
G*# = G.If f is an analytic function on G and G* is as above, then

2
4.2 Q) =f (a + = _)
(~a
is analytic on G¥. Here is one extension of the Reflection Principle.

4.3 Proposition. If G 1s a region inC,a ¢ G, and G = G#, let G, =
G N B(a;r), Go = GNIB(a;r), and G- = GN[C\ B(a;r)]. If f : G, U
Go — C is a continuous function that is analytic on G, f(Go) C R, and
f* : G — C is defined by letting f#(z) = f(2) for z in G4 UG, and letting
f*(2) be defined as in (4.2) for z in G_, then f* is an analytic function on
G. If f 15 one-to-one and Im f has constant sign, then f* is a conformal
equivalence.

Proof. Exercise O

The restraint in the preceding proposition that f is real-valued on G,
can also be relaxed.

4.4 Proposition. IfG isa region inC, a ¢ G, andG = G#, let G, G,
Go be as in the preceding proposition. If f : G, UGy — C is a continuous
function that is analytic on G, and there is a point a not in f(G,) and
a p > 0 such that f(Go) C dB(a;p) less one point and if f* : G — C is
defined by letting f#(z) = f(z) on G+ UGy and

p?

/(a+__r2_) -
Z-a

for z in G_. then f# is analytic. If f is one-to-one and f(G4) is contained
entirely in either the inside or the outside of B(a; p), then f* isa conformal
equivalence.

fA@)=a+

Q4
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Proof. Let T be a Mobius transformation that maps 3B(a; p) onto R U
{oo} and takes the missing point to co; so T o f satisfies the hypothesis of
the preceding proposition. The rest of the proof is an exercise. O

Let D, ={z2€D:Imz>0}.

4.5 Definition. If Q is a region and L is a connected subset of 912, then L is
a free analytic boundary arc of Q if for every w in L there is a neighborhood
A of w and a conformal equivalence h : D — A such that:

(a) A(0) =w;
(b) A(~1,1) = LN A;
(c) h(Ds) = QN A.

Note that the above definition implies that 2N A is a simply connected
region. The first result about free analytic boundary arcs is that every arc
in D is a free analytic boundary arc of D, a welcome relief. Most of the
proof is left to the reader. The symbol H., is used to denote the upper half
plane, {z:Imz > 0}.

4.6 Lemma. If w € D and € > 0, then there is a neighborhood V of w
such that V C B(w;e) and there is conformal equivalence h : D — V such
that h(0) = w, h(-1,1) =V NAD, and h(D,) =V ND. :

Proof. It may be assumed that w = 1. Choose a on 8D such that Ima > 0
and the circle orthogonal to 8D that passes through a and @ lies inside
B(1;€). Let h be the Mobius transformation that takes 0 to 1, 1 to a,
and oo to —1. It is not hard to see that h(Ry) = 8D and h(H,) = D. If
h(0D) = C and V is the inside circle C, then these fulfill the properties
stated in the conclusion of the lemma. The details are left to the reader.
a

The next lemma is useful, though its proof is elementary. It says that
about each point in a free analytic boundary arc there is a neighborhood
basis consisting of sets such as appear in the definition.

4.7 Lemma. If L is a free boundary arc of Q, w € L, and U is any
neighborhood of w, then there is a neighborhood A of w with A CU and a
conformal equivalence h : D — A such that:

(a) h(0) =w;

(b) A(-1,1)=LNA;

(c) h(D4+) =QNA,

Proof. According to the definition there is a neighborhood A of w and a
conformal equivalence k : B — A with k(0) = w, k(-1,1) = AN L, and
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k(D,) = QN A. The continuity of k implies the existence of 7, 0 <7 < 1,
such that k(rD) C U. Let A = k(rD) and defineh : D — A by h(z) k(rz).
It is left to the reader to check that h and A have the desired properties.

o

4.8 Theorem. Let G and Q be regions and let J and L be free analytic
boundary arcs in 8G and 9, respectively. If f is a continuous function
on GU J that is analytic on G, f(G) C Q, and f(J) C L, then for any
compact set K contained in J, f has an analytic continuation to an open
set containing GU K.

Proof. Let z € J and put w = f(2); so w € L. By definition there is a
neighborhood A, of w aind a conformal equivalence h,, : D — A, such that
h,(0) = w, h,(-1,1) = A,NL, and h,(D,) = Q2NA,. By continuity, there
is a neighborhood U, about z such that f(U.Ncl G) = f (U, N(GUJ)) C
A,Ncl Q2 =A,N(QUL). Since J is a free analytic boundary arc, the
preceding lemma implies this neighborhood can be chosen so that there is
a conformal equivalence k, : D — U, with k,(0) = z, k.(-1,1) = U, N J,
and k(D) =U.NG.

Thus g, = h;! o f ok, is a continuous function on D, U (-1, 1) that is
- analytic on D, and real valued on (-1,1). In fact, g.(-1,1) € (-1,1) and
gz (]D.,.) C D,. According to Proposition 4.3, g; has an analytic contmuatlon

# to D. From the formula for g# we have that g#(D) C D. Thus f# =

gz #ok;! is a well defined analytic function on U, that extends f|(U. N G)
Extend f to a function f on GUU, by letting f = f on G and f = f¥* on
U:. It is easy to see that these two definitions of f agree on the overlap so
that f is an analytic function on GUU,.

Now consider the compact subset K of J and from the open cover {U, :
z € K} extract a finite subcover {U; : 1 < j < n} with corresponding
analytic functions f; : GUU; — C such that f; extends f. Write K as the
union K, U---UK,, where each K; is a compact subset of U;. (The easiest
way to do this is to consider a partition of unity {¢;} on K subordinate to
{U;} (see Proposition 18.2.4 below) and put K; = {z € K : ¢;(z) > 1/n}.)
Note that if it occurs that U;nU; # @ but U.ﬂU iNG =0, then K;NK; = 0.
Indeed, if there is a point z in K; ﬂK 7» then z belongs to the open set U;NU;
and so U;NU; NG # 0. Thus replacing U; and U; by smaller open sets that
still contain the corresponding compact sets K and K, we may assume
that whenever U; N U; # 0 we have that U; N U; NG # 0.

Soif UyNU; # 0, f; and f; agree on U; NU; NG with f; thus the two
extensions must agree on U; N U;. Thus we can obtain an extension f# of
f to GUUj_, Uj, which is an open set containing GU K. O

We close this section with a reflection principle for harmonic functions.
First we attack the disk.

4.9 Lemma. Let u be a continuous real-valued function on clD that is
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harmonic on D. If there is an open arc J in D such that u is constant on
J, then there is a region W containing DU J and a harmonic function u,
on W such that uy =u on DU J.

Proof. It suffices to assume that ¥ = 0 on J. Suppose J = {e* :a <t <
B}, where - < a < 8 < =. By using the Poisson kernel we know that

w(z) = .2‘; / " B.(6 - t)u(e)dt

- = {7_: + /ﬁ '} P.(0 - tyu(e®)dt

for z = re'® in D (10.2.9). Moreover on D, u = Re f where f is the analytic
function on W = C\ [8D \ J] defined by

f(z)‘-{/_' /}e +zu(e‘t)dt

Thus u; = Re f is the sought for harmonic extension. O

4.10 Theorem. Suppose G is a region and J is a free analytic boundary
arc of G. If u: GUJ — R is a continuous function that is harmonic in G
and constant on J, then for any compact subset K of J, u has a harmonic
eztension u; on a region W that contains GU K.

Proof. The proof is similar to that of Theorem 4.8; the details are left to
the reader. O

Here is a special type of finitely connected region.

4.11 Definition. A region G is a Jordan region or Jordan domain if it
is bounded and the boundary of G consists of a finite number of pairwise
disjoint closed Jordan curves. If there are n + 1 curves ¥, 71,-..,7n that
make up the boundary of G, then G is called an n-Jordan region.

Since G is assumed connected, it follows that one of these curves forms
the boundary of the polynomial convex hull of cl G; denote this curve by
and refer to it as the outer boundary of G. It then follows that the insides of
the remaining curves are pairwise disjoint. Thus the curves can be suitably
oriented so that ' = {y,...,7a} is a positive Jordan system.

4.12 Definition. Say that a Jordan curve v is an analytic curve if there
is a function f analytic in a neighborhood of D such that v = f(8D).
Say that a Jordan region is an analytic Jordan region if each of the curves
forming the boundary of G is an analytic curve.

It is easy to see that for an analytic Jordan region every arc in its bound-
ary is a free analytic boundary arc. An application of Theorem 4.10 (and
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Proposition 1.8) proves the following two results. The details are left to the
reader.

4.13 Corollary. Let G be an analytic Jordan region with boundary curves
0,71, --+»Tn- If u is a continuous real-valued function on G U-y; that is
harmonic on G and u is a constant on vy;, then there is an analytic Jordan
region G, containing GUv; and a harmonic function u, on G, such that
uy=uonG.

4.14 Corollary. If G is an analytic Jordan region andu: clG - R isa
continuous function that is harmonic on G and constant on each component
of the boundary of G, then u has a harmonic ertension to an analytic
Jordan region containing clG.

As was pointed out above, if G is an analytic Jordan region and z € 9G,
then there is a neighborhood U of z such that U N 3G is a free analytic
boundary arc. The converse is also true. If G is a Jordan region and every
point of the boundary has a neighborhood that intersects 8G in an analytic
Jordan boundary arc, then G is an analytic Jordan region. This is another
of those results about subsets of the plane that seem obvious but require a
surprising amount of work to properly prove. See Minda [1977] and Jenkins
(1991].

Exercises

1. Let G, A, and Q be simply connected regions and let f : G — A be a
conformal equivalence satisfying the following: (a) G O D and G # D;
(b) A2 Qand A # Q; (c) f(D) = Q. If J is any open arc of GN D,
then f(J) is a free analytic boundary arc of Q.

2. Prove Theorem 4.10.
3. Give the details of the proof of Corollaries 4.13 and 4.14.

§5 Boundary Values for Bounded Analytic Functions

In this section we will state three theorems about bounded analytic func-
tions on D whose proofs will be postponed. Both the statements and the
proofs of these results involve measure theory, though the statements only
require a knowledge of a set of measure 0, which will be explained here.

Let U be a (relatively) open subset of the unit circle, 3D. Hence U is
the union of a countable number of pairwise disjoint open arcs {Ji}. Let
Ji = {€¥ : ar < 6 < b}, 0 < b — ai < 27. Define the length of Ji by

«qU) =Y t(Jr).
k
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5.1 Definition. A subset E of 9D has measure zero if for every £ > 0 there
is an open set U containing E with £(U) < e.

There are some exercises at the end of this section designed to help the
neophyte feel more comfortable with the concept of a set of measure 0. In
particular you are asked to show that countable sets have measure 0. There
are, however, some uncountable sets with measure 0. For example, if C is
the usual Cantor ternary set in [0,1] and E = {¢3™** : t € C}, then E is an
uncountable closed perfect set having measure 0.

A statement will be said to hold almost everywhere on 8D if it holds
for all a in a subeet X of D and 9D \ X has measure 0; alternately, it
is said that the statement holds for almost every a in 8D. For example, if
f : 8D — C is some function, then the statement that f is differentiable
almost everywhere means that there is a subset X of D such that 6D\ X
has measure 0 and f'(a) exists for all a in X; alternately, f'(a) exists for
almost every a in D. The words “almost everywhere” are abbreviated by
ae.

If f : D — C is any function and e* € 8D, then f has a radial limit at
e if, as r — 1—, the limit of f(re®) exists and is finite. The next three
theorems will be proved later in this book. Immediately after the statement
of each result the location of the proof will be given.

5.2 Theorem. If f : D — C is a bounded analytic function, then f has
radial limits almost everywhere on 9D.

This is a special case of Theorem 19.2.12 below.
If f is a bounded analytic function defined on D, then the values of the
radial limits of f, when they exist, will also be denoted by f(e*) unless it is
felt that it is necessary to make a distinction between the analytic function
defined on D and its radial limits. Notice that f becomes a function defined

a.e.on 9D.

5.3 Theorem. If f : D — C is a bounded analytic function and the radial
limits of f exist and are zero on a set of positive measure, then f = 0.

This result is true for a class of analytic functions that is larger than the
bounded ones. This more general result is stated and proved in Corollary
20.2.12.

So, in particular, the preceding theorem says that it is impossible for
an non-constant analytic function f defined on D to have a continuous
extension f : cl D — C such that f vanishes on some arc of 8D. This
special case will be used in some of the proofs preceding §20.2, so it is
worth noting that this is a direct consequence of the Schwarz Reflection
Principle. It turns out that such a function that is continuous on cl D and
analytic inside can have more than a countable set of zeros without being
constantly 0. That, however, is another story.
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We now consider a more general type of convergence for a function as the
variable approaches a boundary point. Fix 8, 0 < 8 < 2, and oonalder the
portion of the open unit disk D contained in an angle with vertex e =gq,
symmetric about the radius z =re, 0 < r < 1, and having opening 2a,
where 0 < a < §. See Figure 13.1.

Callsuchareg;onaStolzanglewlthvertexaandopemnga The variable
z is said to approach a non-tangentially if z — a through some Stolz angle.

This will be abbreviated z — a (n.t.). Say that f has a non-tangential
limit at a if there is a complex number ¢ such that f(z) - (a8 z — a
through any Stolz angle with vertex a.

5.4 Theorem. Let v : [0,1] — C be an arc with ¥([0,1)) C D and suppose
v ends at the point (1) = a in D. If f : D — C is a bounded analytic
function such that f((t)) — a ast — 1—, then f has non-tangential limit
a at a.

5.5 Corollary. If a bounded analytic function f has radial limit ( at a in
8D, then f has non-tangential limit ¢ at a.

Theorem 5.4 will be proved here, but two results (Exercises 6 and 7) are
needed that have not yet been proved. These will be proved later in more
generality, but the special cases needed are within the grasp of the reader
using the methods of the first volume. For the proof a lemma is needed. In
this lemma and the proof of (5.4), the Stolz angle at z = 1 of opening 26
is denoted by S;.

5.6 Lemma. Suppose 0 <r <1, B=B(l;r), =BND,and I ={z €
90 : Imz < 0 and |z] = 1}. If w is the solution of the Dirichlet problem
with boundary values x;, then for everye > 0, thereisap, 0 < p <r, such
that if |z - 1| < p, 0 < 6 < 7/2, and z € S;, then w(z) > (1/2) - 6/x — €.

Proof. For win R, let ¢(w) € (0,1) such that x¢(w) is the angle from the
vertical line Rez = 1 counterclockwise to the line passing through 1 and
w. It can be verified that ¢(w) = #~! arg(—i(w — 1)). Thus ¢ is harmonic
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for Rew < 1 and continuous on cl D\ {1}. Let ¢ be the end point of the
arc I different from 1. '

Claim. If we define (¢ —w)(1) = 0, then (¢ —w) : c1 Q2 — R is continuous
except at ¢.

Since (¢—w) is harmonic on € and is the solution of the Dirichlet problem
for its boundary values, we need only verify that (¢ —w) : 9D — R is
continuous except for the point (; by Exercise 6 the only point in doubt
here is w = 1. Suppose w ~ 1 with Imw < 0. Here ¢(w) — 1 and w(w)
is constantly 1. Now suppose w — 1 with Imw > 0. Here ¢(w) — 0 and
w(w) is constantly 0. Thus the claim.

To finish the proof of the lemma, let p > 0 such that |w(2) - ¢(2)| < ¢
for z in cl @ and |z — 1] < p. If z € S, then ¢(2) > (1/2) — 6/n. Thus
w(z) =w(z) — ¢(z) + ¢(z) 2 (1/2) - §/m —e. O

Proof of Theorem 5.4. Without loss of generality we may assume that
a=1a=0, and |f(z)| <1 for |z] < 1. f 0 < r < 1 there is 8 number
t, < 1 such that |y(t) - 1] <rfort. <t < 1and |y(t,) — 1| =r. Let 9
denote the curve v restricted to [t,,1]. If ¢ > 0, then r can be chosen so
that | f(~v(t))| < € for t, < t < 1. Fix this value of r and let @ = DN B(1; ).
As in the preceding lemma, let I = {z € 2 : Imz < 0 and |z] = 1} and
I ={z€3Q:Imz > 0and |z| = 1}. For k = 1,2 let wx be the solution
of the Dirichlet problem with boundary values x;, ; so by Exercise 6, wy is
continuous on cl 2 except at the end points of the arc Ii.

Claim. For z in Q, —log|f(z)| 2 —(loge) min{w, (z),w2(2)}.

Once this claim is proved, the theorem follows. Indeed, the preceding
lemma implies that there isa p, 0 < p < r, such that if ]z -~ 1{ < p, 0 <
§ < /2, and z € Ss, then for k = 1, 2, wi(z) > (1/2) —6/m — €. (Observe
that wa(w) = wi(w).) Hence —log|f(z)] > —(loge){(1/2) ~ §/m — €] for
|z—1| < p and z € S5. Therefore for such z, | f(z)| < € exp[(1/2) —6/7 —¢],
which can be made arbitrarily small.

To prove the claim, let v(z) = (log|f(z)])/loge; so v is a superharmonic
function on Q, v(z) > 0 for all z in Q, and v(y(t)) > 1fort, <t < 1. So
if z € yNQ, then v(z) > 1 > wi(z). Suppose that z € N\ v and let U
be the component of 2 \ 7y that contains z. Let {x be the end point of the
arc I different from 1. Let o, be the path that starts at 1, goes along 0D
in the positive direction to the point (2, then continues along @B until it
meets y(t,). Similarly let o2 be the path that starts at y(t,), goes along
OB in the positive direction to the point (;, then continues along 9D in
the positive direction to the point 1. Note that o; and o together form
the entirety of the boundary of Q. Let I') = 0, + 9, and I'2 = o2 — 7. So
n([y; 2) + n(Fz; 2) = n(99Q;2) = 1. Thus n(y%; z) # 0 for at least one value
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of k=12

Suppose n(T'1;z) # 0. We now show that U C T'. In fact, general
topology says that U C 8(R\¥,) = % Uo1Uoz = ' Uz, But if W is the
unbounded component of C \ I';, the assumption that n(I'y; z) # 0 implies
that UNW = 0. Also o2\ {1,7(t,)} € W. Thus 8U CT'.

This enables us to show that v > w; on U, and so, in particular, v(z) >
wy(2). Indeed to show this we need only show that limsup,,_,[wi(w) -
v(w)] < 0 for all but a finite number of points on U (Exercise 7). Suppose
a € 8U and a # 1 or 7(t,). By the preceding paragraph this implies
that.a € 7, ora € 0. If a € v, and @ # 1 or ¥(t,), then a € D and
v(a) > 1 2 wi(a). f a € 0y and a # 1 or 7(t,), then w, is continuous at a
and 80w (w) — 0 as w — a. Since v(w) > 0, lim sup,, _, , [w1 (w) -v(w)] > 0.

In a similar way, if n(T';;z) # 0, then v(z) > wy(z). This covers all the
cases and so the claim is verified and the theorem is proved. O

Theorem 5.4 is called by some the Sectorial Limit Theorem.

Be careful not to think that this last theorem says more than it does. In
particular, it does not say that the converse is true. The existence of a radial
limit does not imply the existence of the limit along any arc approaching
the same point of dD. For example, if f(z) = exp[(z + 1) /(z — 1)], then
f is analytic, |f(z)] < 1for all zin D, and f(t) — 0 as t — 1~. So the
radial limit of f at z = 1 is 0. There are several ways of approaching 1 by
a sequence of points (not along an arc) such that the values of f on this
sequence approach any point in cl D.

We wish now to extend this notation of a non-tangential limit to regions
other than the disk. To avoid being tedious, in the discussion below most of
the details are missing and can be easily provided by the interested reader.
For example if g : D, — C is a bounded analytic function, it is clear what
is meant by non-tangential limits at points in (—1,1); and that the results
about the disk given earlier can be generalized to conclude that g has non-
tangential limit a.e. on (—1,1) and that if these limits are zero a.e. on a
proper interval in (—1,1), then ¢ = 0 on D, '

If J is a free analytic boundary arc of G and f : G — C is a bounded
analytic function, it is possible to discuss the non-tangential limits of f(z)
as z approaches a point of J. Indeed, it is possible to do this under less
stringent requirements than analyticity for J, but this is all we require
and the discussion becomes somewhat simplified with this restriction. Re-
call (4.5) that if a € J, there is a neighborhood U of a and a confor-
mal equivalence h : D — U such that A(0) = a, h(-1,1) = UNJ, and
h(D4y) =GNU.For0 < a < /2 and t in (—1,1), let C be the partial
cone {z € D, : /2 — a < arg(z — t) < 7/2 + a} with vertex t. Since ana-
lytic functions preserve angles, h(C) is a subset of U bounded by two arcs
that approach h(t) on the arc J at an angle with the tangent to J at h(t).
Say that z — h(t) non-tangentially if z converges to h(t) while remaining
in h(C) for some angle a.
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Since the Mobius transformation (z - ¢)(1 — @z) maps D to D, D, to
D, and a to 0, it is not hard to see that the definition of non-tangential
convergence to a point on J is independent of the choice of neighborhood
U and conformal equivalence h. The details are left to the reader.

When we talk about subsets of the arc J having measure zero and the
corresponding notion of almost everywhere occurrence, this refers to the
arc length measure on J.

5.7 Theorem. Let G be a region with J a free analytic boundary arc of G
and let f : G — C de a bounded analytic function.

(a) The function f has a non-tangential limit at a.e. point of J.

(b) If the non-tangential limit of f is 0 a.e. on a subarc of J, then f =0
onG.

Proof. Let U and h be as in the discussion of the definition of non-
tangential convergence above. Thus f o h is a bounded analytic function
on D, and thus has non-tangential limits a.e. on (—1,1). Clearly this im-
plies that f has non-tangential limits a.e. on J NU. By covering U with a
countable number of such neighborhoods, we have a proof of part (a). The
proof of (b) is similar. O

5.8 Corollary. If G is a analytic Jordan region and f : G —» C is a
bounded analytic function, then f has non-tangential limits a.e. on 6G.

Exercises

1. If E is a closed subset of D having measure 0, then 9D \ F is an
open set having length 2r.

2. If {E¢} is a countable number of subsets of D having measure 0,
then | J, £x has measure 0.

3. Every countable subset of 3D has measure 0.

4. Let f: D — C be defined by f(z) = exp{(z + 1) /(2 — 1)). Show that
f is analytic, |f(z)] < 1forall zin D, and f(t) - 0ast — 1-. If
[¢| <1, find a sequence {z,} in D such that z, — 1 and f(zn) — (.

5. Let f, and f, be bounded analytic functions on D and suppose f;
has a radial limit at each point of E;, where 9D \ E; has measure 0.
Show (by example) that f, + f, and f) f; may have radial limits at a
set of points that properly contains E, N E,.

6. (See Proposition 19.10.4) Let T be a rectifiable Jordan curve and let
Q be its inside. If u : I' — R is a bounded function that is continuous
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except for a finite number of points, then there is a function @ : cl Q —
R that is harmonic on §2 and continuous at every point of I at which
the boundary function u is continuous.

7. (See Theorem 21.5.1.b) Let I be a rectifiable Jordan curve and let
Q be its inside. (Maximum Principle) If « : 2 — R is a subhar-
monic function that is bounded above and M is a constant such that
lim sup, _,, 4(z) < M for all but a finite number of points a in I', then
u<MonQ.






Chapter 14

Conformal Equivalence for
Simply Connected Regions

In this chapter a number of results on conformal equivalence for simply
connected regions are presented. The first section discusses elementary in-
formation and examples. The next three sections present the basics of the
theory of prime ends for the study of the boundary behavior of Riemann
maps. This will be used in §5 to show that the Riemann map from the unit
disk onto the inside of a Jordan curve can be extended to a homeomorphism
on the closure of the disk. The chapter then closes with a discussion of the
family of all functions that are one-to-one on a simply connected region.

§1 Elementary Properties and Examples

Recali that a conformal equivalence between two regions G and  in the
complex plane is a one-to-one analytic function f defined on G with f(G) =
Q. From the first volume we know that this implies that f/(z) # 0 for
all zin G. If f : G — C is an analytic function whose derivative never
vanishes, then we know that f is not necessarily a conformal equivalence
(the exponential function being the prime example). If f'(z) # 0 on G, it
does follow, however, that f is locally one-to-one and f is conformal.

In this section the conformal equivalences of some of the standard regions
will be characterized and some particular examples will be examined. A
slightly weaker version of the first result appeared as Exercise 12.4.2.

1.1 Proposition. If f is a conformal eguivalence from C onto a subset
of C, then f(z) = az + b with a # 0. In particular, the only conformal
equivalences of C onto itself are the Mobius transformations of the form
f(z) =az+b witha #0.

Proof. Clearly every such Mébius transformation is a conformal equiva-
lence of C onto itself. So assume that f : C — C is a conformal equivalence -
onto f(C). Since f(C) is simply connected, f(C) = C. First it will be shown
that f(z) — oo as z — co. Note that this says that f has a pole at infinity
and hence f must be a polynomial (Exercise 5.1.13). Since f is a conformal
equivalence, it follows that f has degree 1 and thus has the desired form.
If either lim,_.o f(2) does not exist or if the limit exists and is finite,
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then there is a sequence {z,} in C such that z, — oo and f(z,) — @, an
element of C. But f~! : C — C is continuous and so z, = f~! (f (za)) —
f~Y(a) # o, a contradiction. O

To say that a function is analytic in @ neighborhood of infinity means
that there is an R > 0 such that f is analytic in {2 : |z] > R}. For such
a function f, f(z~!) has an isolated singularity at 0. Thus the nature of
the singularity of f at oo can be discussed in terms of the nature of the
singularity of f(z7!) at 0. In particular, f has a removable singularity at
oo if f is bounded near co and f(00) = lim,_.o f(2). If f has a removable
singularity at infinity, we will say that f is analytic at co. Similarly f has
a pole at 0o if lim,_.o, f(z) = 00. In the case of a pole we might say that
f(00) = 0o and think of f as a mapping of a neighborhood of co in the
extended plane to a neighborhood of co. The order of a pole at oo is the
same as the order of the pole of f(z~!) at 0.

1.2 Corollary. If f : Coo — Co is a homeomorphism that is analytic on
Coo \ {f1(c0)}, then f is a Mabius transformation.

Proof. If f(0o) = oo, then this result is immediate from the preceding
proposition. If f(co) = a # oo, then g(z) = (f(z) ~a)~' is a homeo-
morphism of C., onto itself and g(oco) = co. Thus the corollary follows.
o

1.3 Example. If @ = C\ (~o0, ~r] for some r > 0, then
4rz
&) =g

(1-2)?

is a conformal equivalence of Donto §Q, f(0) = 0, and f/(0) = 4r. Thus f
is the unique conformal equivalence having these properties.

The uniqueness is, of course, a consequence of the uniqueness statement
in the Riemann Mapping Theorem. To show that f has the stated mapping
properties, let’s go through the process of finding the Riemann map.

Note that the Mobius transformation f,(z) = (1 + z)(1 — z)~! maps D
onto ) = {2:Rez>0}, £1(0) = 1, fi(1) = oo, and f;(—1) = 0. Now
f2(2) = 2* maps , onto @ = C\ (~00,0}; f3(z) = r(z - 1) maps Q; onto
). The map f above is the composition of these three maps.

Note that the function f in Example 1.3 has a pole of order 2 at z = 1
and f has a removable singularity at infinity. In fact f(oco) = 0. Moreover,
J'(00) = lim, 0 2f(2) = 4r > 0. Since f'(z) = 0 if and only if z = —1, we
see that f is conformal on C\ {%1}.

The next example is more than that.
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1.4 Example. For |a] = 1 define
z
&) = T=aay

for z in D. To facilitate the discussion, denote this map by f, to emphasize
its dependence on the parameter a. The function f; is a special case of the
preceding example and thus maps D onto C\ (—o0, —1/4]. For an arbitrary
a, f is the composition of the rotation of the disk by a, followed by
fi, followed by a rotation of C by @. Explicitly, fa(2) = @fi(az). Thus
fa(B) =C\ {—t&/4:0 < t < o0}

The power series representation of this function is given by

- -]
=z+2a2° +3a%2° +--- =Zna""z".

2
(1-az)? =

This will be of significance when we discuss the Bieberbach Conjecture in
Chapter 17. Also see (7.5) in this chapter.

The function in Example 1.4 for a = 1 is called the Koebe function and
the other functions for arbitrary a are called the rotations of the Koebe
function.

The next example was first seen as Exercise 3.3.13. The details are left
to the reader.

1.5 Example. If 2 = C \ [-2,2),

1
f(2)=z+-

is a conformal equivalence of D onto 2 with f(0) = oo. If g is any other
such mapping, then g(z) = f(e*z) for some real constant 6.

Also note that f(z) = f(z™!) so that f maps the exterior (in Co) of the
closed disk onto €.

The next collection of concepts and results applies to arbitrary regions,
not just those that are simply connected. They are gathered here because
they will be used in this chapter, but they will resurface in later chapters
as well.

1.6 Definition. If G is an open subset of C and f : G — C is any function,
then for every point a in 9,,G the cluster set of f at a is defined by '

Clu(f;a) =N{cl o [f (B(a;€) NG)] : € > 0} .
1.7 Proposition. For every function f, Clu(f; a) is a non-empty compact’

subset of Coo. If f is a bounded function, Clu(f;a) is a compact subset of
C.
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Proof. In fact, the sets cl  [f (B(a;€) N G)] form a decreasing collection
of compact subsets of C,. and must have non-empty intersection. The
statement about bounded functions is clear. O

1.8 Proposition. If a € 3,,G such that there is a p > 0 for which GN
B(a;r) is connected for all r < p and f is continuous, then Clu(f;a) is a
compact connected subset of C.

Proof. In this situation the sets clo, [f (B(a;€) N G)] form a decreasing
collection of compact connected subsets of C when ¢ < p. The result is now
immediate from an elementary result of point set topology. O

The proof of the next proposition is left to the reader (Exercise 5).

1.9 Proposition. If a € 3,,G, then ¢ € Clu(f;a) if and only if there is a
sequence {a,} in G such that an, — a and f(a,) — C.

1.10 Corollary. If a € 3,,G, then the limit of f(z) ezists as z — a with z
in G if and only if Clu(f;a) is a single point.

1.11 Proposition. If f : G — Q is a homeomorphism and a € 0,,G, then
Clu(f;a) C 3:,00.

Proof. If ¢ € Clu(f;a), let {a,} be a sequence in G such that a, — a
and f(an) — ¢. Clearly ¢ € cl R and if ¢ € Q, then the fact that f~! is
continuous at { implies that @ = lim,, a, = lim, f~! (f(as)) = f~!({) € G,
a contradiction. O

We end this section with some widely used terminology.

1.12 Definition. A function on an open set is univalent if it is analytic
and one-to-one.

Exercises

. In Example 1.3, what is f(C\D)? f(Co \ {£1})?

Discuss the image of D under the map f(2) = z 4+ z~'.

- Find a conformal equivalence of Co \ [-2, 2] onto D.

Give the details of the proof of Proposition 1.8.

Prove Proposition 1.9.

. What is the cluster set of f(z) = exp{(z +1)/(z - 1)} at 1?

I R



14.2. Crosscuts 33

7. Characterize the conformal equivalences of the upper half plane H =
{z : Im z > 0} onto itself.

8. Characterize the conformal equivalences of the punctured disk onto
itself.

9. Characterize the conformal equivalences of the punctured plane onto
itself.

§2 Crosscuts

With this section we begin the study of the boundary behavior of a con-
formal equivalence 7 : D — . Much of the discussion here is based on the
book of Pommerenke (1975], which has additional material.

We will limit ourselves to the case of a bounded region (or bounded
Riemann map) as this facilitates the proofs. The reader can consult the
literature for the general case.

2.1 Definition. If G is a bounded simply connected region in C, and C,
is a closed Jordan arc whose end points lie on 3G and such that C = C,
with its end points deleted lies in G, then C is called a crosscut of G.

Usually no distinction will be made between a crosscut C as a curve or
its trace. In other words, C may be considered as a set of points or as
a parameterized curve C : (0,1) — G. Recall that C is a Jordan arc if
C(s) # C(t) for 0 < s < t < 1. It is possible, however, that C,(0) = C,(1)
so that C) is a Jordan curve. At the risk of confusing the reader, we will
not make a distinction between a crosscut C and the corresponding closed
Jordan arc C;. This will have some notational advantages that the reader
may notice in the exposition.

Note that if C is a crosscut of G and f : G — C is a continuous function,
then cly, [f(C)] \ f(C) € Clu(f;a1) U Clu(f;az), where a; and a3 are the
end points of C.

2.2 Lemma. If G is a bounded simply connected region in C and C is
a crosscut of G, then G\ C has two components and the portion of the
boundary of each of these components that lies in G is C.

Proof. If ¢ : G — D is a Riemann map, then f(z) = ¢(z)/(1 - |¢(2)})
is a homeomorphism of G onto C. Hence f(C) is a Jordan arc in C. By
Proposition 1.11, Clu(f; @) € 8xC = {00} for every point a in 3G. Hence,
by the remark preceding this proposition, cle f(C) is a Jordan curve in Coo
passing through oo. If 2, awd 23 are the components of C \ cl f(C) =
C\ f(C), then f~1(;) and f~1(f;) are the components of G\ C. O
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It is now necessary to choose a distinguished point in G. In the following
definitions and results, this distinguished point is lurking in the background
as part of the scenery and we must forever be aware of its existence. Indeed,
the definitions depend on the choice of some distinguished point. It seems
wise, however, not to make this point part of the foreground by including it
in the notation. We do this by always assuming that 0 € G. The assumption
that G is bounded will also cease to be made explicit.

The preceding lemma justifies the next definition.

2.3 Definition. If G is a simply connected region containing 0, then for
any crosscut C of G that does not pass through 0, let out C denote the com-
ponent of G\ C that contains 0 and let ins C denote the other component.
Call out C the outside of C and ins C the inside of C.

This definition and notation is, of course, in conflict with previous con-
cepts concerning Jordan curves (§13.1). We'll try to maintain peace here by
reserving small Greek. letters, like o and v, for Jordan curves, and capital
Roman letters, like X and C, for crosscuts.

From how on we will only consider crosscuts of G that do not pass

through the distinguished point 0.

2.4 Definition. A zero-chain (or O-chain) of G is a sequence of crosscuts
of G, {Ca}, having the following properties: ’

(a) in8 Cpyy € ins Ca; )
(b) ddCoNcl Cp =0 for n # m;
(c) diam Cp — 0 a8 n ~— oo.

. Note that the condition in the definition of a O-chain {C,,} that cl C,, N
cd Caa =0mdimC,.+1§insC,. precludeathepouibilitythatch,.ﬂbG
isasiujepoint.ltismehardtooomtmctamchain{a.}mchthat
infa [diam(ins C,,)] > 0. See the examples below.

Why make this definition? Let 2 be a bounded simply connected re-
gion and let 7 : D — Q be a conformal equivalence, with 7(0) = 0.
We are interested in studying the behavior of (z) as z approaches a
pointof&b.Letaebl)andcomtructao-chain{x,.}inl)mchthat
Nncl (ins X,) = {a}. Clearly 7(X,) is an open Jordan arc in 2. By Propo-
sition 1.11 [cl 7(X,)] \T(Xa) C 69. Unfortunately it is not necessarily true
that C, = 7(X,,) is a crosscut in Q sinceé cl C,, \ C,, may be an infinite set.
chanandwill,hawm,dwouetheo-chain{)(,.}inl)sothatmtonly
is each C, a crosecut in €2, but {Cy,} is actually a O-chain in Q.

In this way we associate with each point a of 3D a O-chain {C,,} in Q. In
fact,wewiﬂseeinthenextaecﬁonthataﬁerninhodueemequivﬂenoe
relation on the set of O-chains, there is a way of topologizing §}, the set Q
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D

Figure 14.1

together with these equivalence classes, so that 7 extends to a homeomor-
phism 7 of cl D onto €. This will pave the way for us to study the boundary
behavior of 7 in future sections when more stringent restrictions are placed
on 9.

The following are some examples of 0-chains. Figure 14.1 has {2 = D and
shows an example of a 0-chain. Some special 0-chains of this type will be
constructed below (see Proposition 2.9).

In Figure 14.2, Q is a slit disk and the sequence of crosscuts is not a
0O-chain since it fails to satisfy property (a) of the definition. Again for Q a
slit disk, Figure 14.3 illustrates a 0-chain.

In Figures 14.4, 14.5, and 14.6, Q is an open rectangle less an infinite
sequence of vertical slits of the same height that converge to the segment
[2,2 + i]. The sequence of crosscuts {C,} in Figure 14.4 is not a 0-chain
since it violates part (a) of the definition; the crosscuts in Figure 14.5 do
not form a 0-chain since their diameters do not converge to 0. The crosscuts
in Figure 14.6 do form a O-chain.

Figures 14.7, 14.8, and 14.9 illustrate examples of 0-chains.

We begin with a resuit on 0-chains of D that may seem intuitively obvi-
ous, but which requires proof. It might be pointed out that the sequence of
crosscuts in Figure 14.6 does not satisfy the conclusion of the next propo-
sition.

fa\
N

Figure 14.2 Figure 14.3
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242 : 242
Gy C2(Cs
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0 2 0 2
Figure 14.4 Figure 14.5
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Figure 14.6 Figure 14.7
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2.5 Proposition. If {X,} is a sequence of crosscuts of D with ins Xp4) C
ins X,, and diam X,, — 0, then diam (ins X,) — 0.

Proof. Since cl [ins Xp41] C cl [ins X,] for every n, K =, cl [ins X,]
is a non-empty compact connected subset of cl D. Since X, is a crosscut,
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dfins X,] = Xn U~n for the closed arc in D, ¥, = cl [ins X,] N AD. In
fact, Yn41 = cl [ins Xpn41)NOD C v, and 50 ¥ =), ¥n is a closed arc in
dD. It is easy to see that 7 = K NAD. Also, since X, and v, have the same
end points, diam ¥, — 0. Therefore, v, and hence X, is a single point 2,
in 8D. A straightforward argument now finishes the proof. O

The remainder of this section i8 devoted to the construction of 0-chains
{Xn} in D such that {r(Xp,)} is a O-chain in §. The process involves the
proof of a sequence of lemmas. The first of these necessitates a return to
the notion of a set of measure 0. The proof will not be given of the complete
statement, but only of the statement that can be obtained by the deletion
of any reference to a set of measure 0. The proof of the general statement
can be easily obtained from this proof and is left to the reader.

2.6 Lemma. Let T be a bounded univalent function defined on D with
|7l € M on D. If E is a subset of OD having measure 0, 1/2 < p < 1, and
0 < a < 8 < 2, then there is a 0 with a < 6 < B such that e'® ¢ E and

1 -
/ |7 (re'®)| dr < M\/21r‘/ 1 P
4 B-a

Proof. In fact an application of the Cauchy-Schwarz Inequality shows that
81 ol ] 2 . 1 o,
/ [ |‘r'(re‘°)|dr] / [/ dr] [/ |7'(re'®)| dr]do
a Up a Up ,
2% 1 012
(1-p) [ / I+ (re®)| dr]do
2x pl 2
21 - p) / / | (re)[? rdrds
o Ji2

since, with p > 1/2, we have 1 < 2r for p < r. But by Theorem 13.2.12
this last integral equals Area(7({z € D: 1/2 < |z| < 1})) < *M?2. But

1 ) 2 y] 1 2
(ﬂ-—a)inf{ [/ |7 (re®)| dr] ta<l< ﬂ} < / [ |‘r’(rc‘°)|dr] do
) a LJ/p
Hence there is at least one value of 6 with

[_/ | (re®)| d,] 2= P)’I’M""

whence the lemma. O

IA

IA

A

Note that the preceding lemma gives a value 6 such that r — 7(re'),
p <7< 1, is a half open rectifiable Jordan are ‘and also gives an estimate
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on the length of this curve). But a rectifiable open arc cannot wiggle too
much, and so the next result is quite intuitive.

2.7 Proposition. If v : [0,1) — G is a half open rectifiable arc and f :
G — C is an analytic function such that f o+ is also a rectifiable arc, then
lim_1— f(7(t)) exists and is finite.

Proof. Let L = the length of f o~. Since the shortest distance between
two points is a straight line, it follows that {f oy} € B(f(7(1/2));L). In
particular, there is a constant M such that |f(y(t))| < M for0 <t < 1.
If lim,_.;— f (7(t)) does not exist, then there are sequences {r,} and {s,}
in (0,1) such that r, < 84 < Tp41, Tn — 1 and 8, = 1, f(7(rn)) — p and
f(v(8a)) = 0,and p # 0. If 0 < 36 < |p— g, then there is an ng such
that |f (7(ra)) — £ (7(sn))] > & for all n > ng. But the length of the path
{f (7(8)) : ra < t < 50} is greater than or equal to |f (7(ra)) ~ f (7(sa))[ 2
6. This contradicts the rectifiability of foy. O

A combination of the last two results can be used to give a proof that the
set of points in D at which a bounded conformal equivalence 7 has radial
limits is dense in 3D. Unfortunately this will not suffice for our purposes
and we need more.

2.8 Lemma. If 7 : D — C is a bounded univalent function, then (1 —
r)max {}7’(z)|:}zl =r} — 0 as r — 1. Hence (1 - |z|)|7'(z)] — O as
|]z| = 1.

Proof. Let7(z) = Y, anz™; hence, using the fact that |z + y|® < 2 (|z|2 +

[yI°), we get that
2

m-1 o
Z naqa™! + Z napz""!

-2 = (1 -|2))?

n=1 n=m
m-1 2 L 2
<2(1-[z))? Z nanz""!| +2(1-Jz))? Z na,z""!
n=1 n=m

Applying the Cauchy-Schwartz Inequality to the second sum gives

S e = |3 (vian) (A

n=m - In=m

[z nlon| ] 2 nnzl"‘"}

n=m n=m

iN

But
oo

$onkf? < 3onls?
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= (1-|z|’)-2. '

Combining these inequalities gives

m-—1 2

Y nlanl o™

n=1

Q-1 @1 < 20 -)20)?

+2(1- el [Z T
n=m J (l - |2 )

m-1

Y nlaal o

n=1

2 0
Yarae [Z n|a..|’] '

2(1 - |z))?

But if |z| > 1/2, then

m-—1 2

" nlan] 2™

n=1

Q0
+2 [Z nlan)?| .

n=m

Q-l2)? 17 @2 < 2(1-)2))?

By Corollary 13.2.13, m can be chosen such that the last summand is
smaller than €2/2. Thus for 1 — |2| sufficiently small, (1 — |2])? |7 (z)[? can
be made arbitrarily small. O

2.9 Proposition. Let  be a bounded simply connected region and let
7:D — Q be the Riemann map with (0) = 0 and 7/(0) > 0. [f0 <6 < 2n
and {ry} is a sequence of positive numbers that converges monotonically to
1, then for every n there are a, and (3, with a, < 0 < fB,, a, — 0, and
Bn — 0 such that if Y, = the crosscut of D defined by

Yn = (e‘an’rneian] u {’.neit :Qp S t S ﬂn} 9] [rneiﬁn,eiﬂ.) ,
then {7 (Ya)} is a O-chain in Q.

Froof. Let M be an upper bound for |r|. By Lemma 2.8, positive numbers
{en} can be chosen such that ¢, — 0 and

2.10 1-r,) max |7 (rae®*)| < €3.

Now apply Lemma 2.6 witha = 0-2(1 —r,,) /e2 and 8 = 4(1 ~ra)/es
to obtain an a, with - 2(1 - r,) /2 < @, <0-(1-r,) /e and
l-r,

‘/r: IT' (feia")ldf < M\/2_1I’ (I_:T/E,z, = E,.M\/i;.
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.

Similarly, there is a 8, with § < 8, and
1
/ |7 (re‘a")] dr < en,MV2m.

Actually we want to modify the choice of the points a,, and (3, so that the
values of 7 (¢**~) and 7 (e'#), the radial limits of 7 at the designated points,

are all different. This is done as follows. Suppose a;,...,@n—1, B1,.-.,0n-1
have been chosen and let E = {a: 0-2(1 - r,) /e2 <a < 6—(1-r,) e}
and 7 (e'*) exists and equals one of 7 ('), ..., 7 (&' ®Phan-1) 7 (¢ih1),

. 7 (¢*¥»-1)}. By Theorem 13.5.3, E has measure 0. By Lemma 2.6, ap,
can be chosen in the prescribed interval with a, ¢ E. By Proposition
2.7, 7 (¢'*) exists and differs from 7 (e'*!),...,7 (e'*-1), 7 (e*?), ...,
7 (e¥f~-1). Similarly choose fn.

Define Y, as in the statement of the proposition. Clearly {Y,} is a 0-
chain in D. Let C, = 7(Y,,). Since C, is rectifiable, each C,, is a crosscut
of Q. Since ins Y 4, G ins Y,, for every n, ins Cp4; C ins C, for every n.
Since the values 7 (e'!), 7 (e'22), .. .; 7 (e'0), 7 (¢'%2), ... are all distinct
and cl Y, Ncl Yoy =0, ¢l CpoNel Cpyy = 0. It remains to prove that
diam C,, — 0. ,

Now (2.10) implies that ff: |7 (ra€'*)|dt < (Bn — an) 7=2- and 8, -
@n < 4(1 ~ry) /e2. Hence [P~ |7 (rne™*)|dt < 4e,. This, combined with
the preceding estimates, implies that the length of 7 (Y,,) < 46, +2¢, M (27r)*
and thus converges to 0. It is left as an exercise to show that a,, and 3,, — @
asn—oo O

Exercise

1. If {X,} is a O-chain in D, show that [, cl (ins X,,) is a single point
in dD.

§3 Prime Ends

Maintain the notion of the preceding section. Let 2 be a bounded simply
connected region and let 7 : D — Q be the conformal equivalence with
7(0) =0 and 7(0) > 0.

3.1 Definition. If {C,} and {C}} are two zero-chains in 2, say that they
are equivalent if for every n there is an m such that ins C,,, C ins C’, and,
conversely, for every i there is a j with ins C’ C ins C;.

It is easy to see that this concept of equivalence for zero-chains in
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is indeed an equivalence relation. A prime end is an equivalence class of
zero-chains.

An examination of the O-chain in Figure 14.1 will easily produce other
0O-chains that are equivalent to the one given. In Figure 14.2 if the crosscuts
that are above the slit constitute one O-chain and the crosscuts below the
slit constitute another, then these two O-chains belong to different prime
ends. It can also be seen that the (-chains appearing in Figures 14.7 and
14.8 are equivalent. The reader is invited to examine the O-chains appearing
in the figures in §2 and to find equivalent ones.

Let Q denote Q together with the collection of prime ends. We now
want to put a topology on Q. (Apologies to the reader for this notation,
which is rather standard but opens up the possibility of confusion with the
polynomially convex hull.)

3.2 Definition. Say that a subset U of Q is open if U N Q is open in Q
and for every p in U \ Q there exists a zero-chain {C,} in p such that there
is an integer n with ins C, CUNN. .

Note that from the definition of equivalence and the definition of a 0-
chain, if U is an open subset of Q2 and p € U, then for every {C,} in p,
ins Cp, C U NQ for all sufficiently large n.

The proof of the next proposition is an exercise.

3.3 Proposition. The collection of open subsets of ) is a topology.

The main result of the section is the following.

3.4 Theorem. IfQ is a bounded simply connected region in C and 7 : D —
§2 is a conformal equivalence, then T extends to a homeomorphism of el D
onto S,

Actually, we will want to make specific the definition of #(z) for every
z in OD as well as spell out the meaning of the statement that # is a
homeomorphism. If z € 3D, then Proposition 2.9 implies there is a 0-chain
{Ya} in D such that (), cl (ins Y,) = {z} and {r (Y,)} is a O-chain in Q. We
will define 7(z) to be the equivalence class of { (Y,,)}. We must show that #
is well defined. Thus if { X, } is a second O-chain in D with Nacl (ins X,) =
{z} and {r(X,)} a O-chain in 2, we must show that {7 (Xn)} and {7 (Y,)}
are equivalent. This is not difficult. Fix n; we want to show that ins 7 (Ym) C
ins 7(X,) for some m. But just examine ins X,: d(ins X,) = X, U,
where 7, is an arc 9D with z as an interior point. Thus there isa 6 > 0
such that DN B(z;6) C ins X,. Since diam (ins Y,,) — 0 (why?), there is
an m with ins ¥;,, C DN B(2;6) C ins X,; thus ins T(Ym) =7(ins Y;p) C
7 (ins X,) = ins 7 (X,,). Similarly, for every j there is an ¢ with ins 7 (X:) €
ins 7 (Y;).

The proof that 7 is well defined also reveals a little something about
the disk. Namely, the prime ends of D are in one-to-one correspondence
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with the points of @D (something that better be true if the theorem is
true). In fact, if {X,} is a O-chain in D, then Proposition 2.5 implies that
diam (c! (ins X,)) — 0. By Cantor’s Theorem, (), ¢l (ins X,) = {z} for
some point zp in cl D. It follows that z € @D (why?). The preceding
paragraph shows that whenever {X,} and {Y,} are equivalent O-chains in
D, N, cl (ins X,) =, cl (ins Yy,).

We now proceed to the proof that  is a homeomorphism. Some prepara-
tory work is required.

3.5 Lemma. If vy :[0,1) —» D is an arc such that |y(t)] = 1 ast — 1,
then the set Z = {z : there ezists ty — 1 with y(tx) — z} is a closed arc in
OD. If f : D — C is a bounded analytic function and lim,_., f (y(t)) ezists,
then either Z is a single point or f is constant.

Proof. Observe that the set Z = Clu(v;1) (1.6). Thus Z is a closed con-
nected subset of D (1.7 and 1.8); that is, Z is a closed arc.

Now assume that f : D — C is a bounded analytic function such that
lim¢—) f (7(t)) = w exists and Z is not a single point. It will be shown
that f must be constant. In fact, let z be an interior point of Z such that
the radial limit of f exists at z. It is easy to see (draw a picture) that the
radial segment [0, z) must meet the curve 7 infinitely often. Hence there is a
sequence {t;} in [0, 1) such that t, — 1, 7(tx) — z, and arg (v(tx)) = arg z
for all k. Thus lim,_.; f(rz) = limg—oo f (¥(tk)) = w. By Theorem 13.5.3,
f=w. 0O

3.6 Lemma. Let 7: D — Q be a conformal equivalence with 7(0) = 0. If
C is a crosscut of Q, then X = 771(C) is a crosscut of D.

Proof. Let C : (0,1) — Q be a parameterization of C and, for ¢ = 0 or
1, let ag = lim, ., C(t). So a; € 9. Clearly X(t) = 7~} (C(t)) is an open
Jordan arc and |X(t)] = 1ast — 0 or 1. For ¢ =0, 1, let Z, = {z: there
exists ty — ¢ with X (&) — z}. But lim,,7(X(t)) = g, and 7 is not
constant. By Lemma 3.5, Z, is a single point and so X is a crosscut. O

Now suppose {C,} is a O-chain in Q and let X, = 7=}(C,). So each X,
is a crosscut of D by the preceding proposition. We will see that it is almost
true that {X,} is a O-chain in D. The part of the definition of a O-chain
that will not be fulfilled is that clX, N clX,4) need not be empty.

" Begin by noting that 7(ins X,,) = ins Ch,; hence'ins Xn4+1 Cins X,.

3.7 Proposition. If  : D — Q is a conformal egquivalence with 7(0)=0
and {X,} is a sequence of crosscuts of D such that C, = 7(X,) defines a
0-chain of crosscuts in 2, then diam X, — 0.

Proof. First assume that there is an r, 0 < r < 1, such that X, N {z :
|z| = r} # @ for an infinite number of values of n. Let z; € Xn, with
|z} = r such that 7(zx) — Go; 80 (o € 7({2:|2| =r}) C Q. But if 6 > 0
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such that B (¢o; 8) C Q, there is a ko such that |7(zk) — (ol < & for k > ko.
But 7(zx) € Cn, N B({p;6) and diam C, — 0. Hence there is a k; > ko
such that C,, C B((o;6) for k > k;. This implies that cl C,, NN = 0.
Since C,, is a crosscut, this is a contradiction. Thus for every r < 1,
XnN{z:|z| =r} =0 for all but a finite number of indices n.

Let 7, = inf{|z| : z € X, }; by the preceding paragraph, r, — 1. Since
X, is a crosscut, dfins X,] = Xn Uy, for some closed arc vy, of aD. It
follows that K = [, cl [ins X,] is a non-empty closed connected subset
of D and hence is a closed arc in D. Moreover, K = [, 7» (why?). It
suffices to show that K is a single point.

Suppose K is a proper closed arc in 8D. Then by Theorem 13.5.2 there
are distinct interior points z and w of the arc K such that the radial limits
of T exist at both z and w; denote these radial limits by #(z) and 7(w).
Since 0 belongs to the outside of each X, for each n there are points z,
and w, on X, that lie on the rays through z and w, respectively. Thus
7(2n) — 7(2) and T(w,) — #(w). But 7(z,) and 7(w,) € 7(X,) = C, and
diam C, — 0. Hence 7(z) = 7(w). Since z and w were arbitrary interior
points of K, Theorem 13.5.3 implies that 7 is constant, a contradiction.
Therefore it must be that K is a single point and so diam X,, —» 0. O

3.8 Lemma. If r: D — Q is a conformal equivalence with 7(0) = 0, {C,}
i8 @ O-chain in Q, and X,, = the crosscut 7=1(C,), then there is a point
29 on 9D and there are positive numbers §, and €, with 0 < §,, < €, and
€n — 0 such that

3.9 (el (ins Xn) = {20}
and
3.10 D N B(2p;6n) C ins X, C DN B(z;€n).

Proof. By Propositions 3.7 and 2.5, diam|cl (ins X,)] — 0. Therefore
there is a zo in cl D such that (3.9) holds. By Proposition 1.11, z € 8D.

It is clear that since diam X, — 0, the number ¢, can be found. Suppose
the number 6, cannot be found. That is, suppose there is an n (which will
remain fixed) such that for every § > 0, D N B(z;6) is not contained
in ins X,. Thus for every § > 0 there are points in D N B(z;6) that
belong to both ins X,, and out X,; by connectedness, this implies that
XnNB(z;6) # @ for every § > 0. Hence z € cl X, Since ins X,,, C ins X,
for m > n, the same argument implies that 2y € cl X,,, for m > n.

Now construct crosscuts {Y;} as in Proposition 2.9 so that [, cl (ins Y;) =
{20}, diam Y; — 0, and {7(Y;)} is a O-chain of Q. It is claimed that
XnNY; # 0 for all sufficiently large values of j. In fact, if this were not
the case, then, by connectedness and the fact that zg € cl X, X, C ins Y,
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for all j. But diam[ins Y;] — 0 and so this implies that X, is a single-
ton, a contradiction. Hence there must be a jo such that XaNY; #0 for
§ > jo. Similarly, jo can be chosen so that we also have Xny; NY; # @ for
j > jo. But this implies that C, N 7(Y;) # @ # Cn+1 N 7(Y;) for j 2 jo.
Therefore, dist(Cp,Cn+1) < diam 7(Y;), and this converges to 0. Thus
cl CaNcl Cnya # 0, contradicting the definition of a 0-chain. This implies
that (3.10) holds. O

Proof of Theorem 3.4. Define # : cl D — 2 by letting #(z) = (z) for
|z| < 1and #(2) = the prime end of Q corresponding to the O-chain {(Y;)},
where {Y;} is any O-chain in D such that ();cl (ins ;) = {z} and {7(Y;)}
is a O-chain in Q. We have already seen that 7 is well defined.

To show that 7 is subjective, let p € 2\ and let {C,} be a O-chain in p.
If X, = 7-1(C,), then (3.10) and Proposition 2.9 imply we can construct
a O-chain {Y;} in D with (; cl (ins ¥;) = {2}, {7(Y;)} a O-chain in ©, and
ins Y, C ins X, for every n. Moreover, for each n, the form of Y,, (3.9),
and che fact that diam(ins X,,| — 0 imply that ins X, C Y, for sufficiently
large m. This implies that {r(Y;)} and {C,} are equivalent O-chains in Q
and so 7(z) = p.

The proof that 7 is one-to-one is left to the reader (Exercise 2).

It remains to show that 7 is a homeomorphism. Let U be an open subset
of §; it must be shown that 7 !(U) is (relatively) open in cl D. Clearly
F=HU)ND =" (UNN), and so this set is open. If zo € #~1(U)NID, it
must be shown that there is a § > 0 with DN B(z;6) € 7 "}(U) ND. Put
p = 7(20); so p € U\ . Let {Cn} € p; by definition, there is an integer
n such that ins C, CUNQ. If X, = 7-}(C,), then X, is a crosscut and
ins X, = 7~!(ins C,) C #~1(U) N D. By (3.10), there is a § > 0 with
D N B(z9;6) C ins X,, and so 7 is continuous.

Finally, to show that 7 is an open map it suffices to fix a 29 in 9D
and a2 § > 0 and show that #(c! D N B(zp;4)) contains an open neigh-
borhood of p = #(z9). Construct a O-chain {Y,} as in Proposition 2.9
with (), cl [ins Y;] = {20} and cl (ins Y] C B(zp;6) for all n. Thus
{r(Ya)} € p and ins 7(Y,) = 7(ins Y,) C QN 7#(cl DN B(z;6)). By
definition, 7(cl DN B(z9; 6)) is a neighborhood of p. O

Some additional material on prime ends will appear in the following two
sections. Additional results can be found in Ccliingwood and Lohwater
(1966] and Ohtsuka (1967].

Exercises
1. Prove that the collection of open sets in € forms a topology on €.

2. Supply the details of the proof that the map 7 is one-to-one.
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3. Can you give a direct proof (that is, without using Theorem 3.4) that
Q is compact?

4. If Q is the slit disk, describe the topology on .

§4 Impressions of a Prime End

We already have seen in §1 the definition of the cluster set of a function
f : G = C at a point a in 3G. Here we specialize to a bounded function
f : D = C and define the radial cluster set of f at a point a in OD.
The preliminary results as well as their proofs are similar to the analogous
results about the cluster set of a function.

4.1 Definition. If f : D — C is a bounded function and a € 9D, the radial
cluster set of f at a is the set

Clu,(f;a) = ncl {flra):1-e<r<1}.

>0

The following results are clear.

4.2 Proposition.

(a) If f: D — C 15 a bounded function and a € 9D, then £ € Clu.(f;a) if
and only if there is a sequence {r,} increasing to 1 such that f(rna) —
¢.

(b) If f is continuous, then Clu.(f;a) s a non-empty compact connected
set.

(c) If f is a homeomorphism of D onto its image, then Clu,.(f;a) is a
subset of Af (D).

4.3 Proposition. If f : D — C is a bounded function and a € 3D, then f
has a radial limit at a equal to  if and only if Clu,.(f;a) = {¢}.

Now let’s introduce another pair of sets associated with a prime end of
a bounded simply connected region 2 containing 0. The connection with
the cluster sets will be discussed shortly.

4.4 Definition. If p is a prime end of a bounded simply connected region
01, the impression of p is the set

[~

I(p) = () cl [ins Cy]

n=1

where {Cp} € p.
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It is routine to show that the definition of the impression does not depend
on the choice of the 0-chain {C,} in p so that I(p) is well defined.

4.5 Proposition. For each prime end p of 2, the impression I(p) is a
non-empty compact connected subset of Q.

4.6 Definition. If p is a prime end of (2, a complex number ( is called a
principal point of p if there is a {C,} in p such that C,, — ( in the sense
that for every € > 0 there is an integer ng such that dist({,C,) < ¢ for all
n 2 ng. Let II(p) denote the set of principal points of p.

It might be expected that at this point it would be demonstrated that
II(p) is a non-empty compact and possibly even connected subset of 9.
This will in fact follow from the next theorem, so we content ourselves with
the observation that I1(p) C I(p).

4.7 Theorem. If 7 : D — Q is the Riemann map with 7(0) = 0 and
7/(0) > 0, a € 3D, and p is the prime end for Q corresponding to a (that
is, p = 7(a)), then

Clu(r;a) = I(p) and Clu.(7;a) = (p).

Proof. Let ¢ € Clu(7;a) and let {2} be a sequence in D such that 7(z;) —
¢. Let {Cn} € p. By Lemma 3.8 there are positive numbers ¢, and &, such
that D N B(a;6,) C ins 71(C,) C D N B(a;e,) for all n. This implies
that for every n > 1 there is an integer k, such that z; € ins 7=!(C,) for
k > kn. Thus 7(2x) € ins C, for k > k, and so ¢ € cl (ins C,). Therefore
¢ € I(p).

Now assume that ¢ € I(p). If {C,} € p, then ¢ € cl (ins C,) for all
n > 1. Hence for each n > 1 there is a point z, in ins 7-!(C,) with
I7(2n) = ¢| < 1/n. But an application of Lemma 3.8 shows that z, — a
and so ¢ € Clu(r;a).

Let ( € Clu,(r;a) and let r, T 1 such that 7(r,a) — (; define the
crosscuts {Y,} as in Proposition 2.9 so that {r(Y,)} is a O-chain in Q
and 7(raa) € 7(Y,) for each n. Note that of necessity {7(Y,)} € p. Thus
¢ € N(p).

Finally assume that ¢ € II(p) and let {C,} be a O-chain in p such that
Ca — (. An application of Lemma 3.8 implies that { € Clu,(r;a). The
details are left to the reader. O

An immediate corollary of the preceding theorem can be obtained by
assuming that the two cluster sets are singletons. Before stating this ex-
plicitly, an additional type of prime end is introduced that is equivalent to
such an assumption. Say that a prime end p of Q is accessible if there is a
Jordan arc v : [0,1] — cl 2 with y(¢) in Q for 0 < t < 1 and (1) in 89
such that for some {C,} in p, y N C, # @ for all sufficiently large n. Note
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that if p is an accessible prime end, then for every {Cn} in p, YN Cn # 0
for sufficiently large n.

4.8 Corollary. Let 7 : D — Q be the Riemann map with 7(0) = 0 and
7(0) > 0 and let a € D with p = 7(a). )

(8) lim;—q 7(z) ezists if and only if I(p) is a singleton.

(b) The following statements are equivalent.

(i) lim,_) 7(ra) exists.
(ii) II(p) is a singleton.
(iii) p is an accessible prime end.

Proof. The proof of (a) is clear in light of the theorem and Proposition 4.3.
(b) The equivalence of (i) and (ii) is also immediate from the theorem
and Proposition 4.3. Assume (i) and let { = lim,_.) 7(ra). So ( € 9 and
v(r) = 7(ra) is the requisite arc to demonstrate that p is an accessible
prime end. This proves (iii).

Now assume that (iii) holds and let v : {0,1) — C be the Jordan arc
as in the definition of an accessible prime end; let ¢ = 4(1). Thus o(t) =
7-1((t)) for 0 < t < 1 is a Jordan arc in D. Let {C,} € p and put
Xn = 77YC,). According to Lemma 3.8 there are sequences of pasitive
numbers {€,} and {6,} that converge to 0 such that for every n > 1,
DN B(a;é,) C ins X, C DN B(a;€,), where

[ 2]

{a} = n cl [ins X,).

n=1
If ¢ > 0 is arbitrary, choose ng such that ¢, < € and YN C, # 0 for
n > ng. Fix n > ng and let ¢y be such that y(t) € ins C, for o < t < 1.
Thus o(t) € ins X, and hence |o(t) — a] < € when ty < t. This says that
o(t) — a as t — 1; define o(1) = a. By Theorem 13.5.4, 7 has a radial limit
ata. O

Exercises

1. Prove that the definition of I(p) (4.4) does not depend on the choice
of O-chain {C,}.

2. Let K be a non-empty compact connected subset of C such that K
has no interior and C \ K is connected. Show that there is a simply
connected region €2 for which K = I(p) for some prime end p of Q2.
(The converse of this is not true as the next exercise shows.)

3. Let 4(t) = ="'+ for 0 < t < ¢ and put 2 = D\ {7}. Show that
Q has a prime end p such that I(p) = dD.
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§5 Boundary Values of Riemann Maps

In this section we address the problem of continuously extending a Riemann
map 7 from D onto a simply connected region £ to a continuous map from
the closure of D to the closure of Q. First note that Proposition 1.11 implies
that if 7 : D — Q has a continuous extension, 7 : cl D — cl Q, then
7(8D) C 89Q. Thus T maps cl D onto cl @ and so 7(dD) = Q. This also
shows that 8 is a curve. If T extends to a homeomorphism, then 9Q is a
Jordan curve. The principal results of this section state that the converse
of these observations is also true. If €2 is a curve, 7 has a continuous
extension to cl D; if 9 is a Jordan curve, T extends to a homeomorphism
of cl D onto cl .

This is a remarkable result and makes heavy use of the fact that 7 is
analytic. It is not difficult to show that ¢(z) = z exp(i/(1 —|z])) is a home-
omorphism of D onto itself. However each radial segment in D is mapped
onto a spiral and so Clu(¢;a) = D for every a in D. So ¢ cannot be
continuously extended to any point of the circle.

Why suspect that conformal equivalences behave differently from home-
omorphisms? Of course we have seen that the conformal equivalences of D
onto itself have homeomorphic extensions to the closure. Also imagine the
curves 7,(8) = 7(re*), r > 0; the images of the circles of radius r. 7 maps
the radial segments onto Jordan arcs that are orthogonal to this family of
curves. If 3Q is a Jordan curve, then the curves {r, : 7 > 0} approach 8Q
in some sense. You might be led to believe that T has a nice radial limit at
each point of 8D.

We begin with some topological considerations.

5.1 Definition. A compact metric space X is locally connected if for every
€ > 0 there is a § > 0 such that whenever z and y are points in X with
|z — y| < 6, there is a connected subset A of X containing z and y and
satisfying diam A < ¢.

The proofs of the following topology facts concerning local connectedness
are left to the reader. An alternative is to consult Hocking and Young [1961].

5.2 Proposition. If X is a compact metric space, the following statements
are equivalent.

(a) X is locally connected.

(b) For every € > 0 there are compact connected sets A,,...,Am with
diam Aj < € for 1 < j < m and such that X = A, U...U A,.

(c) For every € > 0 and for every = in X, there is a connected open set
U such that z € U C B(z;¢).
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Part (c) of the preceding proposition is the usual definition of local con-
nectedness. Indeed it can be easily extended to a definition that can be
made for arbitrary topological spaces. Definition 5.1 was chosen for the
definition here because it is the property that will be used most often in
subsequent proofs.

The next topological fact is easier to prove.

5.3 Proposition. If X and Y are compact metric spaces, f : X = Y
is a continuous surjection, and X is locally connected, then Y is locally
connected.

Note that as a result of this proposition it follows that every path is
locally connected. We need one final topological lemma that will be used
in the proof of the main results of this section.

5.4 Lemma. If A, and A, are compact connected subsets of C with A,NA;
connected and non-empty and x and y are points such that neither A, nor
A separates T from y, then A U A2 does not separate = and y.

Proof. Without loss of generality it can be assumed that z = 0 and y = oo.
For j = 1,2 let v; : [0,1] — Cq \ A, be a path with v;(0) = 0 and
vj(1) = 0o. Since A; N A; is a connected subset of C\ (v Uy2) there is a
component G of C\ (71 U~2) containing A4; N A2. Thus 4, \ G and 4;\G
are disjoint compact subsets of C\y; and C\ v2; therefore there are disjoint
open sets V; and V; such that for j =1,2,4,\GCV; CC\1,.

Let U = GUV, UV, so that A, U A, C U. Proposition 13.1.7 implies
there is a smooth Jordan curve o in U that separates A, U A, from oo;
thus A; U A, C ins o. It will be shown that 0 is in the outside of o so that
A, U A3 does not separate 0 from oo.

Note that each component C\; is simply connected and does not contain
0. Thus there is a branch of the logarithm f : C\ 7; — C. Moreover these
functions can be chosen so that f;(z) = f2(z) on G. Therefore

fi(2) ifze 'V,

f(2) =14 faA2) ifze Vs
fi(z) = fa(2) ifzeG

is a well defined branch of the logarithm on U. Since f/(z) = z™! on U, the
winding number of ¢ about 0 is 0. Therefore 0 is in the outside of 0. O

Pommerenke [1975] calls the preceding lemma Janiszewski’s Theorem.
Now for one of the main theorems in this section.

5.5 Theorem. Let Q be a bounded simply connected region and let T :
D — Q be the Riemann map with 7(0) = 0 and 7/(0) > 0. The following
statements are equivalent.
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(a) T has a continuous eztension to the closure of D.
(b) 89 is a continuous path.

(c) 80 is locally connected.

(d) Coo \ 2 is locally connected.

Proof. It has already been pointed out that (a) implies (b) implies (c).
Assume that (c) holds. To prove (d), let € > 0 and choose § > 0 so that
for z and y in 9 and |z — y| < § there is a connected subset B of 92 that
contains z and y and satisfies diam B < /3. Choose § so that § < €/3. It
suffices to show that if z and w € X = C\ Q such that |z — w| < §, then
there is a connected subset A of C\ € that contains z and w and satisfies
diam Z < . (Why?) Examine [z, w] N 8Q and let z and y be the points in
this set that are nearest z and w, respectively; thus |z — y| < 8. Let B be
the subset of 9 as above and put 4 = [z,Zz] UB U [y, w]. So diam' A < ¢
and z, w € A.

Now assume that (d) holds. To prove (a) it suffices to show that for every
prime end p of  the impression I(p) is a singleton. Fix the prime end p
and let {C,} € p. Let 0 < € < dist(0,89) and let § > 0 be chosen as
in the definition of locally connected; also choose § < ¢. Find an integer
no such that diam C, < § for n > ng. Thus if a, and b, are the end
points of Cy, |an — bn| < 8. Since X = C\ Q is locally connected there is
a compact connected subset B, of X that contains a, and b, and satisfies
diam B, < €. Observe that B, U C, is a connected subset of B(ay;¢).

Thus if |{ — a,| > ¢, then 0 and ¢ are not separated by B, U Cy. If in
addition ¢ € Q, then 0 and ¢ are not separated by X. But (B,UC,)NX =
B, is connected. Thus the preceding lemma implies that for { in Q with
IC —an| > €, 0 and ¢ are not separated by (B, UCn)UX = C,UX. That is,
both 0 and ¢ belong to the same component of C\ (C,UX) = Q\C,. Hence
¢ € out Cy if ( € G and | — an| > €. But this says that ins Cn C B(an;€)
and so diam C,, < ¢ for n > ng. Thus I(p) is a singleton. O

It is now a rather easy matter to characterize those Riemann maps that
extend to a homeomorphism on cl D,

5.6 Theorem. If Q is a bounded simply connected region and 7 : B — Q
is the Riemann map with 7(0) = 0 and 7/(0) > 0, then T extends to be a
homeomorphism of cID onto clQ if and only if I is a Jordan curve.

Proof. If T extends to a homeomorphism of cl D onto cl 2, then, as men-
tioned before, 7(3 D) = 9 and so 952 is a Jordan curve. Conversely, assume
that 99 is a Jordan curve. By Theorem 5.5, T has a continuous extension
to T :cl D — cl Q. It remains to prove that T is one-to-one on 9f2.
Suppose wy, wy € D and T(wy) = 7(wy); let o; = {r(rw;) : 0 < r < 1}.
So o, and o2 are two Jordan arcs with end points 7(0) = 0 and wp =
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7(w1) = 7(w2) that lie inside Q except for the final point. Taken together,
these arcs form a (closed) Jordan curve o; let A = ins o. (In fact, o is
a crosscut.) By Corollary 13.1.11, A C Q. Put A, = (out o) N A, is
connected (verify). Also AUA; U (0 NQ) = . Observe that (cl A)noQNis
the singleton {wp}.

Let V and V; be the two components of D\ {rw; : 0<r <1, i = 1,2}.
Since 7(V UV;) = AU A,, a connectedness argument shows that either
7(V) = A or 7(V) = A,. Assume that 7(V) = A; hence (V1) = A,.

The proof now proceeds to show that if w belongs to the arc 4D N v,
then 7(w) = wp. Fix w in this arc; s0 A = {r(rw) : 0 < r < 1} is a path in
A except for the points 0 and 7(w). But 7(w) € (cl A) NN = {wo}. Since
w was an arbitrary point in the arc 3D N3V, this shows that the bounded
analytic function 7 is constant along an arc of 3D. By Theorem 13.5.3, 7

is a constant function, a contradiction. O

A simple Jordan region is a simply connected region whose boundary is
a Jordan curve.

5.7 Corollary. If G and Q are two simple Jordan regions and f : G — Q
is a conformal equivalence, then f has an eztension to a homeomorphism

of cl G onto clQ.

Recall that a curve v : 8D — C is rectifiable if § — 7(e*’) is a function
of bounded variation and the length of the curve v is given by [ d}y|(e*’) =
V(7), the total variation of . If the boundary of a simply connected region
Q is a rectifiable curve, Theorem 5.5 can be refined.

In Chapter 20 the class of analytic functions H! will be investigated.
Here this class will be used only as a notational device though one result
from the future will have to be used. In fact H! consists of those analytic

functions f on D such that

sup{‘/o'ztlf(re"a)ldﬂzo<r<l} < 00.

Note that if f is an analytic function on D and 0 < r < 1, then 7,(f) =
f(re*®) defines a rectifiable curve. The length of this curve is given by

2 .
r/ |f'(re®)| dé.
0
Thus the condition that f’ € H! is precisely the condition that the curves
{7} have uniformly bounded lengths. This leads to the next result.

5.8 Theorem. Assume that Q is a simple Jordan region and let 7 : D — Q
be the Riemann map with 7(0) = 0 and 7(0) > 0. The following statements
are equivalent.

(a) 99 is a rectifiable Jordan curve.
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(b) ' € H'.
(c) The function 8 — 7(e*®) is a function of bounded variation.
(d) The function 8 — 7(e*) is absolutely continuous.

Proof. Using Theorem 5.6, extend 7 to a homeomorphism of cl D onto cl Q.
Assume that 7 is a rectifiable parameterization of 30 and let a(6) = 7(e*).
Since both a and « are one-to-one, there is a homeomorphism ¢ : [0, 27| —
[0,27] such that a(@) = y(c(8)) for all 8. So o is either increasing or de-
creasing. f 0 = 0y < 6; < --- < 0, = 2m, then }_|a(6x) — a(k-1)| =
17 (o(8x)) = 7 (a(8k-1))| < V(v) since {a(f),..-,(0,)} is also a parti-
tion of [0, 27]. Thus a is a bounded variation. This shows that (a) implies
(c). Clearly (c) implies (a).

Now let’s show that (b) implies (c). Assume that 7/ € H! and let 0 <
r<l1.If0=6y < - -- <0, =2n,then

n n 6.
er(r‘ef)—r(reioi")l = Z / ’ r7'(re®®)ie®d
Jj=1 j=11Y0i-1
2% )
< / |7 (re®)| d8
0
< ¢

-—

where C is the constant whose existence is guaranteed by the assumption
that 7/ belongs to H'. Letting r — 1 we get that

n
Y I - (e ) < C
=1
and so T is a function of bounded variation of dD.

The fact that (c) and (d) are equivalent and imply (b) will be shown in
Theorem 20.4.8 below. O

Now for an application of Theorem 5.6 to a characterization of the simply
connected regions whose boundaries are Jordan curves.

5.9 Definition. For any region Q a boundary point w is a simple boundary
point if whenever {w,} is a sequence in Q converging to w there is a path
a: [0,1] = C having the following properties:
(a) a(t)eftfor0<t<];
(b) a(l) =w;
(c) there is a sequence {t,} in [0, 1) such that ¢, — 1 and a(t,) = wy, for
alln>1.



14.5. Boundary Values of Riemann Maps 53

It is not hard to see that each point of 3D is a simple boundary point
(Exercise 4). The region in Figure 14.4 furnishes examples of boundary
points of a simply connected region that are not simple boundary points.
Exercise 4 also states that not every point in the boundary of a slit disk is
a simple boundary point. Here is one way of getting some examples and a
precursor of the main result to come.

5.10 Proposition. If Q is a ssmply connected region, g : @ — D is a
conformal equivalence, and w € Q) such that g has an extension to a
continuous map from QU {w} onto DU {a} for some a in ID, thenw is a

simple boundary point of Q.

Proof. Exercise. O

5.11 Corollary. If Q is a simple Jordan region, then every point of I is
a simple boundary point.

The preceding corollary is a geometric fact that was derived from a the-
orem of analysis (5.6). Giving a purely geometric proof seems quite hard.

5.12 Theorem.

(a) Let Q be a bounded simply connected region and let g: Q@ — D be a
conformal eguivalence. If w is a simple boundary point of Q, then g
has a continuous extension to QU {w}.

(b) If R is the collection of simple boundary points of , then g has a
continuous one-to-one extension to QU R.

Proof. (a) If g does not have such an extension, then there is a sequence
{wn} in Q that converges to w such that g(wzn) — w2, g(wans1) — wy,
and w) # w;. It is easy to see that w, and w, belong to D (1.11). Let
a:[0,1] = QU{w} be a path such that a(1) = w, a(t,) = wa, and t, — 1.
Put p(t) = g(a(t)). It follows that |p(t)] — 1 as ¢t — 1 (why?). Let J, and
J2 be the two open arcs in 3D with end points wy and w. By drawing
a picture it can be seen that one of these arcs, say J,, has the property
that for every w on J; and for 0 < s < 1, there is a t with s < ¢t < 1 and
p(t) lying on the radius [0, w)] (exercise). If 7 = ¢! : D — Q, then 7 is a
bounded analytic function since Q2 is bounded. So for almost every w in J,
lim,_., 7(rw) exists; temporarily fix such a w. But the property of J, Jjust
discussed implies there is a sequence {s,} in (0,1) such that s, — 1 and
P(sn) — w radially. Thus 7 (p(sn)) — 7(w). But 7 (p(3,)) = a(sn) — w; so
7(w) = w for every point of J; at which 7 has a radial limit. By Theorem
13.5.3, T is constant, a contradiction.

(b) Let g denote its own extension to 2 U R. Suppose w; and w, are
distinct points in R and g(w)) = g(w;); we may assume that g(w;) =
g(w2) = —1. Since w; and w, are simple boundary points, for j = 1,2 there
is a path a, : [0,1] — QU {w;} such that a;(1) = w; and a;(t) € Q for
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t < 1. Put p;(t) = g(e;(t)); %0 p; ([0,1)) C D and p;(1) = —1. Let & <11
such that for ¢ < s,t <1

1
5.18 |y (s) = az(t)| > 3 fun — wel.
Choose § > 0 sufficiently small that

p; ([0,t0]) N B(-1;6) =9

for j = 1,2 and put A; = DN B(-1;6). Since each of the curves p; termi-
nates at —1, whenever 0 < r < §, there is a t; > to so that pj(t;) = w;
satisfies |1 + w;| = r. Again letting 7 = g~! we have that (5.13) implies
that
1
glor—wal < Ir(wn) = 7(wn)]

< FI*r’(—l+re“)|rd0.
0

For each value of r, let 6, be the largest angle less than x/2 such that
~1+re® € D for |6| < 8. The above inequalities remain valid if the
integral is taken from —#6, to 6,. Do this and then apply the Cauchy-
Schwarz Inequality for integrals to get

wr — waf? "1 (=1 + rei®)[? -
ko —enf [[’| (<147 do] [/‘do]

xr’/a’ [”(-1 +re“)|2d0.

IN

IA

(S

Thus, performing the necessary algebraic manipulations and integrating
with respect to r from 0 to §, we get

- 2 0. .
Jwr = wal” /‘ lar /‘ r / |'(-1+ re"lz dbdr
a~ Jor o J-e

Area (7(As))
Area Q.

IA

A

Since Q is bounded, the right hand side of this inequality is finite. The
only way the left hand side can be finite is if w; = wq, contradicting the
assumption that they are distinct.

The proof that g is continuous on 1U R is left to the reader. O

8.14 Corollary. If Q is a bounded simply connected region in the plane
and every boundary point is a simple boundary point, then O is a Jordan
curve.
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Finally, the results of this section can be combined with the results on
reflection across an analytic arc.

5.15 Proposition. Let  be a simply connected region and let g : Q — D
be a conformal equivalence. If L is a free analytic boundary arc of Q and K
is a compact subset of L, then g has an analytic continuation to a region
A containing QU K.

Proof. Use Exercise 7 and Theorem 13.4.8. O

Note that even though the function g in Proposition 5.15 is one-to-one,
its extension need not be.

5.16 Example. Let 2 = D, and define g : 2 — D as the composition
of the function h(z) = z + z~! and the Mébius transformation T'(z) =
(z=-d)(z+19)

22—iz+1

2+iz+1

The function h maps D, onto the upper half plane and T maps this balf
plane onto D. The upper half circle L is a free analytic boundary arc of
so that g has an analytic continuation across L. In fact it is easy to see that
h*(z) = h(z) on  and so g#(z) = g(z). Thus even though g is univalent
on , g* is not.

The following question arises. If  is a simple Jordan region and the
curve that forms the boundary of Q has additional smoothness properties,
does the boundary function of the Riemann map 7 : D —  have similar
smoothness properties? If 3(2 is an analytic curve, we have that 7 has an
analytic continuation to a neighborhood of cl D by the Schwarz Reflection
Principle. But what if 9Q is just C*; or C'? A discussion of this question
is in Bell and Krantz {1987]. In particular, they show that if 3 is C,
then so is the boundary function of r.

9(z) =Toh(z) =

Exercises
1. Prove Proposition 5.2.

2. This exercise will obviate the need for Theorem 13.5.3 in the proof
of Theorem 5.6. Let 7 be a bounded analytic function on D and let
J be an open arc of dD. Show, without using Theorem 13.5.3, that
if 7 has a radial limit at each point of J and this limit is 0, then
7 = 0. (Hint: For a judicious choice of w,,...,w, in 8D, consider
the function k(2) = T(wyz)7T(wez)... r{wp2).)

3. Let G be a region and suppose that {; € 3G such that there is a
6 > 0 with the property that B(a;§) N G is simply connected and
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B(a;8) N OG is a Jordan arc 7. Let Q be a finitely connected region
whose boundary consists of pairwise disjoint Jordan curves. Show
that if f : G — Q is a conformal equivalence, then f has a continuous
one-to-one extension to G U 7.

4. Show that every point of D is a simple boundary point. If Q is the
slit disk D \ (~1,0], show that points of the interval (—1,0) are not
simple boundary points while all the remaining points are.

5. Show that if w is a simple boundary point of 2, then thereisa § > 0
such that B(w;6) N Q is connected.

6. Show that the conclusion of Theorem 5.12 remains valid if  is not
assumed to be bounded but C \ cl 2 has interior. Is the conclusion
always valid?

7. Show that if J is a free analytic boundary arc of 2, then every point
of J is a simple boundary point.

8. (a) If g: c1 D — C is a continuous function that is analytic in D, show
that there is a sequence of polynomials {p,} that converges uniformly
oncl D to g. (Hint: For 0 < r < 1, consider the function g, : cID — C
defined by g,(z) = g(rz).) (b) If 4 is a Jordan curve, Q is the inside
of 9, and f : cl Q — C is a continuous function that is analytic on
2, show that there is a sequence of polynomials {p,} that converges
uniformly on cl 2 to f.

9. If  is any bounded region in the plane and f : cl @ — C is a
continuous function that is analytic on {2 and if there is a sequence of
polynomials {p,} that converges uniformly on cl Q2 to f, show that f
has an analytic continuation to int [}, where Q is the polynomially
convex hull of Q.

10. Suppose that G and Q2 are simply connected Jordan regions and f
is a continuous function on cl G such that f is analytic on G and
f(G) € Q. Show that if f maps G homeomorphically onto 99,
then f is univalent on G and f(G) = Q.

§6 The Area Theorem

If f is analytic near infinity, then it is analytic on a set of the form G =
{z:|z] > R} = ann(0; R, 00), and thus f has a Laurent expansion in G

f(z)= Z anz";
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this series converges absolutely and uniformly on compact subsets of G.
With this notion, f has a pole at oo of order p if an = 0 for n > p. Note
that this is the opposite of the discussion of poles at finite points. The
residue of f at oo is the coefficient a; and f has a removable singularity at
oo if this expansion has the form

Qa Q2
f(z)=ao+7l+§+-~-

Here ag = f(00), a; = f'(00) = lim; .o z (f(2z) - ag), ...
Consider the collection U of functions f that are univalent in D* = {z:
|z] > 1} and have the form

6.1 f(z)=z+ao+9z—1+~--.
In other words, U consists of all univalent functions on D* with a simple pole

at oo and residue 1. This class of functions can be characterized without
reference to the Laurent expansion. The easy proof is left to the reader.

6.2 Proposition. A function f belongs to the class U if and only if f is
a univalent analytic function on D* such that f(co) = 0o and f ~ z has a
removable singularity at oo.

6.3 Area Theorem. If f € U and f has the ezpansion (6.1), then
Z”l0n|2 <L
n=1

Proof. For r > 1, let T, be the curve that is the image under f of the
circle |z| = r. Because f is univalent, I, is a smooth Jordan curve; let £,
be the inside of I',. Applying Green's Theorem to the function u = z we

get that
Area(,) = / / 8(z)
Q.

17

2 ). °

1 2x

%), L. (t)[Y(t)dt.
Since I';(t) = f(re'), this means that

2%
Area(Q,) = g Fret) ' (reit)edt.
0
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Using (6.1) we can calculate that

?'(_r;,"g;' = -it 4 5, Fo + Z an mt
n=1 n
. )
m=1

Using the fact that f: " e'ntdt = 0 unless n = 0, in which case the integral
is 2, the uniform convergence of the above series implies that

ad 2
0 < Area(2,) = 3 [21rr - Z m(%r)]

6.4

]

E

’

~

{

E
s
R
B

Therefore
"Ianl
1 > Z r2n+2
for all r > 1. If the lnequahty is not valid for r = 1, then there is an
mteger N such that 1 < z, nja,|. But since r > 1 this also gives that

1< Zl njan |?/r37+2, a contradiction. O

Part of the proof of the preceding theorem, namely Equation 6.4, in-
dicates why this result has its name. What happens to (6.4) when r is
allowed to approach 1? Technically we must appeal to measure theory but
the result is intuitively clear.

IfX,=f({z:|z| 2 7}) for r > 1, then Q, = C\ X;. Thus . R, =C\
U, Xr = C\({zlz| > 1}) = E, aclosed set. Asr — 1, Area(S2,) — Area(E).
Thus the following corollary.

6.5 Corollary. If f € U, f has the Laurent ezpansion (6.1), and E =
C\ f(D*), then

[o ]
Area(E)=m -7 Z nlaq)?.
n=1
Thus Area(E) = 0 if and only if equality occurs in the Area Theorem.
The next proposition provides a uniqueness statement about the map-

pings in the class U. Note that if f € U and f is considered as a mapping
on the extended plane C.,, then f(00) = 00

6.6 Proposition. If f € U and f(D*) = D*, then f(z) = z for all z.

Proof. If f is as in the statement of the proposition, then Corollary 6.5
implies that # = 7 — 7Y n|aa|?, so that a, = 0 for all n > 1. Thus
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f(2) = z+ap. On the other hand, the hypothesis on the mapping properties
of f also implies that |f(z)| — 1 as |z] — 1. Letting z — 1, this implies that
If(2)]? = |z+ao|? = |z|>+2Re (@0Z)+|ao|?> — 1+2Re (ag)+|ao|* = 1. Thus
Re (ag) +|ao|? = 0. Similarly, letting z — —1 show that —Re (ao) +laof®> =
0. We now conclude that ag =0 and so f(z) =z. O

The preceding proposition can also be proved using Schwarz’s Lemma
(Exercise 3).

6.7 Proposition. If f € U and f has the ezpansion (6.1), then |ay| < 1.
Moreover |ay| = 1 if and only if the set E = C\ f(D*) is a straight
line segment of length 4. In this case f(z) = z+ ap + ayz~! and E =
[=2X + o, 2) + ag), where A2 = a;.

Proof. Since |a;| is one of the terms in the sum appearing in the Area
Theorem, it is clear that [a;| < 1. If oy | = 1, then a, = 0 for n > 2. Thus
f(z) = z+ ap + a1z~ 1. It can be seen by using Exercise 2 that in this case
E = [-2) + ag, 2) + ag), where A2 = a;. In particular, E is a straight line
segment of length 4.

Conversely assume that E is a straight line segment of length 4; so E has
the form E = [—2u + B, 2p + Bo), where By and p are complex numbers
and Ju| = 1. If g(z) = z+Bo+u?z"!, then g € U and g(D*) = C\E = f(D*).
Therefore f o g~! € U and maps D* onto itself. By Proposition 6.6, f = ¢
and a; = u?, so that |oy| =1. O

The next proposition is a useful estimate of the derivative of a function
inlU.
6.8 Proposition. If f € U, then

. |22
[f'(2)| £ |—7-|_2_:_1

whenever |z| > 1. Equality occurs at some number a with |a| > 1 if and
only if f is given by the formula

- laf® -1
f(z)=z+ag 3@ 1)
P’Wf. Since f’(z) =1- 013‘2 - 023’3 _—e=1- znmnz-n-l, an

application of the Cauchy-Schwarz Inequality as well as the Area Theorem
shows that

S (vAas) (VA1)

n=1

[i n|a,.|’} : [i n|z|-2"-2] :

n=1 n=1

ifz) -1 =

IA
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[2 "‘z|—z.._,] :
-2 [}Zn (|7-I“2)u_l] *

1
1-

IA

= |77

1
l2[? -1

It now follows that |f'(2)| < |f'(z) = 1| +1 < (|22 - 1)~ +1
= |z[%(|21* - 1)~

Now suppose that there is a complex number a, |a| > 1, such that the
inequality becomes an equality when z = a. Thus |f'(a)] < |f'(a)-1|+1 <
laf2(Ja]? = 1)=! = |f’(a)|- This implies that the two inequalities in the
above display become equalities when z = a. The fact that the first of
these becomes an equality means there is equality in the Cauchy-Schwarz
Inequality. Therefore there is a complex number b such that a, = ba—"""!
for all n > 1. The fact that the second inequality becomes an equality

means that
(> <)
Z n‘an'z
n=1

0

= |67 3 nia| 72

n=1

1

b2 o —rs5

(la? - 1)*

Thus {b] = |a|2 — 1. Substituting these relations in the Laurent expansion
for f gives

—
]

f(z) = z+cuo-i-iban—l

n=1 z"
bes/1\"
= z+ag+ = (_—)
a az
n=1

e b1
B a0 @alaz-1]"
Now use this formula for f(z) to compute f'(a):

fl@) = 1-2@-1"
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1- b(|a|2 -1)7?

(la> —1)* - b
(laf? - a)?
~b

i
gl

°'|| I‘ gll

By assumption

ror = (o)

I

Equating the two expressions for | f/(a)|? we get that Re b = Re b = —|b|.
It follows that b = —|b| = 1 — |a|? and so f has the desired form.

If f is given by the stated formula it is routine to check that equality
occurs when z =a. O

Exercises

1. Show that for r and 3 any complex numbers, f(z) = 4r8z(8 — z)~2
is the composition f = f3 o f, o f}, where fi(z) = (8 + 2)/(8 - 2),
‘ f2(2z) = 22, and f3(z) = r(z—1). Use this to show that f is a conformal
equivalence of {z : )z| < |B|} as well as {z : |z| > |8|} onto the split
plane C\ {z = -rt:t > 1}.

2. For a complex number )\, show that f(z) = z + A22~! is the compo-
sition f2 0 fi, where f1(z) = z(A — z)~2 and f,(2) = (1+2)Az)/z. Use
this to show that f is a conformal equivalence of both {z : |z| < |A|}
and {z : |z| > |Al} onto C\ [~2A,2)).

3. Prove Proposition 6.6 using Schwarz’s Lemma.

§7 Disk Mappings: The Class S

In this section attention is focused on a class of univalent functions on
the open unit disk, D. Since each simply connected region is the image
of D under a conformal equivalence, the study of univalent functions on
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D is equivalent to the study of univalent functions on arbitrary simply
connected regions. If 0o is adjoined to the region D, the resulting region
(also denoted by D*) is also simply connected, so that it is equivalent
to consider univalent functions on D*. After suitable normalization this
amounts to a consideration of functions in the class U/. The class of univalent
functions S on D defined below is in one-to-one correspondence with a
subset of the class U. The study of S is classical and whether to study S or
U depends on your perspective, though one class sometimes offers certain
technical advantages over the other.

7.1 Definition. The class S consists of all univalent functions f on D such
that f(0) =0 and f'(0) = 1.

The reason for the use of the letter S to denote this class of functions is
that they are called Schlicht functions.

If h is any univalent function on D, then f = [h — h(0)] /h’(0) belongs
to S, so that information about the functions in S gives information about
all univalent functions on D. If f € S, then the power series expansion of
[ about zero has the form

7.2 f(2)=z+a2% +a32® +---.

As mentioned the class S and the class U from the preceding section are
related. This relation is given in the next proposition.

7.3 Proposition.

(a) If g € U and g never vanishes, then f(z) = [g(z")rl € S and, con-
versely, if f € S, then g(z) = [f(z")]“l € U and g never vanishes.

(b) , If f € S with power series given by (7.2) and [f(w™")] ™ = g(w) =
w™' + Y 0" anz™" for w in D*, then ag = —aj.

Proof. (a) Suppose g € U and f(z) = [g(z“')] ! for z in D. Since g(o0) =
09, it is clear that f is univalent on D and f(0) = 0. Moreover g(z)/z — 1
as z — 0o and so it follows that f'(0) = lim,o f(z)/z=1and f € S. The
proof of the converse is similar.

(b) Just use the fact that for |z| < 1, g(z~!)f(z) = 1, perform the
required multiplication of the corresponding series, and set equal to 0 all
the coefficients of the non-constant terms. O

7.4 Proposition.

(8) If f € S and n is any positive integer, then there is a unigque function
g in S such that g(2)" = f(z™). For such a function g, g(wz) = wy(z)
for any n-th root of unity w and all z in D. Conversely, ifg € S and
9(wz) = wy(z) for any n-th root of unity w and all z in D, then there
i3 a function f in S such that g(2)" = f(z").
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(b) Similarly, if f € U, then there is a unique function g in U such that
g(2)* = f(z"). For such a function g, g(wz) = wg(z) for any n-
th root of unity w and all z in D. Conversely, if g € U such that
9(wz) = wg(z) for any n-th root of unity w and all z in D, then there
is a function f in U such that g(2)" = f(z").

Proof. (a) Assume that f € S and let h(z) = f(2") for |z| < 1. The
only zero of h in D is the one at z = 0 and this has order n. Thus h(2) =
z"h,(z) and h, is analytic on D and does not vanish. Moreover the fact that
f/(0) = 1 implies that h;(0) = 1. Thus there is a unique analytic function
g1 on D such that g} = h; and ¢,(0) = 1. Put g(z) = zg,(z); clearly
9(z)" = f(z"), 9(0) = 0, and ¢'(0) = lim; 0 g(z)/z = 91(0) = 1. Notice
that these properfies uniquely determine g. Indeed, if k is any analytic
function on D such that k(z)" = f(z") and k’(0) = 1, then [g/k]™ = 1 and
g/k is analytic, whence the conclusion that k = g.

If the power series of f is given by (7.2), then a calculation shows that
hi(z) = 1+ a2z™ + a3z®™ + ---, s0 that h(wz) = h(z) whenever w™ = 1.
Thus for an n-th root of unity w, k(z) = zg,(wz) has the property that
k(z)" = f(z") and ¥’(0) = 1. By the uniqueness statement above, k = g.
Thus gy(wz) = g1(z). From here it follows that g(wz) = wg(z) whenever
wt =1

To complete the proof that g € S it remains to show that g is univalent.
If g(z) = g(w), then f(2") = f(w™) and so 2" = w™; thus there is an n-th
root of unity such that w = wz. So g(z) = g(wz) = wg(z). Clearly we can
assume that z # 0 so that g(z) # 0 and hence w = 1; that is, w = z.

For the converse, if g € S and g(wz) = wg(z) for any n-th root of unity
w and all z in D, then g has a power series representation of the form

9(2) = 2+ bpyy 2™ + by 1 22 -

Thus
9(2)" =2"+cpaz® +-.-.

Let
f(z) =z +can2® +---.

The radius of convergence of this power series is at least 1, £(0) = 0, and
f'(0) =1.1If z and w € D and f(z) = f(w), let z; and w, be points in D
with zf' = z and w! = w. So g(z;)® = g(w,)". It is left to the reader to
show that this implies there is an n-th root of unity w such that z; = ww;.
Hence z = w and so f is univalent. That is, f € S.

(b) This proof is similar. O

The celebrated Bieberbach Conjecture concerns the class S. Precisely,
this says that if f € S and its power series is given by ( 7.2), then

7.5 lan| < n
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for all n > 2. Moreover, equality occurs if and only if f is the Koebe
function or one of its rotations (1.4).

We will prove the Bieberbach conjecture now for n = 2. The proof of
the general case is due to L deBranges [1985]. This material is presented
in Chapter 17. We start with a corresponding inequality for the class U,
which is stated separately.

7.6 Theorem. If g € U with Laurent series g(z) = z+ap+a1z” '+ - -, then
lao] < 2. Equality occurs if and only if g(2) = z+2XA+A2z7! = z71(24 )3,
where |A| = 1. In this case g maps D* onto C\ [0,4)].

Proof. Let h € U such that h(z)? = g(2?) for z in D* and let the expansion
of h be given by h(z) =z + By + B1z27! +---. Thus
h(z)? 22+ 285z + (B2 +261) + - -

9(2%) ,
22 +ag+ayz”+ -,

Hence By = 0 and ag = 2(3,. But according to Proposition 6.7, |6;] < 1
s0 |ag| < 2. The equality |ag| = 2 holds if and only if |3,] = 1, in which
case h(z) = z + Az~!, where A2 = ; (so [A| = 1). But in this case,
9(2%) = h(2)? = (z+A271)2 = 224+20+ 22272 so that g(z) = 242\ \2z7L.
The mapping properties of this function are left for the reader t: venfy
(See Exercise 6.2) O

7.7 Theorem. If f € S with power series given by (7.2), then |ay| < 2.
Equality occurs if and only if f is a rotation of the Koebe function.

Proof. Let g be the corresponding function in the class U : g(z) = [f(z})]
for z in D*. It follows that g has the Laurent series

9(z) =z—az+ (a2 ~a3z)z”' +

The fact that jaz| < 2 now follows the preceding theorem. Moreover equal-
ity occurs if and only if there is a A, |A| = 1, such that g(z) = z7!(z + A)2.
This is equivalent to having f be a rotation of the Koebe function. O

As an application this theorem is used to demonstrate the Koebe “1/4-
theorem.”

7.8 Theorem. If f € S, then f(D) 2 {¢ : [¢| < 1/4}.

Proof. Fix f in S and let (o be a complex number that does not belong
to f(D); it must be shown that [¢] > 1/4. Since 0 € f(D), (o # 0 and so
9(z) = f(z) [1 - (o“'f(z)] is an analytic function on D. In fact g € S. To
see this first observe that g(0) = 0 and ¢'(0) = lim,_¢ [9(z)/z] = f'(0) = 1.
Finally g is the composition of f and a Mébius transformation and hence
must be univalent.
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Since f(0) = 0, there is a small value of r such that {f(z)| < [Col for
|z] < r. In this neighborhood of 0 we get

(1-G f2)] =1+ f(2) + 2 f(2)* +

Substituting the power series expansion (7.2) of f and collecting terms we
get that for |z| < r

9(2) =2+ (' +a2) 22+

(In fact this power series converges throughout the unit disk.) By Theo-
rem 7.7 this implies that |¢;! + a2 < 2. But |ay| < 2 so that |¢5'] < 4, or
Il 2 1/4. O

Consideration of the Koebe function shows that the constant 1/4 is sharp.
The next result is often called the Koebe Distortion Theorem.

7.9 Theorem. If f € S and |z| < 1, then:

— Izl A+ie

(a) (1—+|;|—)§ <If'(2a)l € a-je)
|z |z]
(b) T+ <)l < A=

Equality holds for one of these four inequalities at some point z # 0 if and
only if f is a rotation of the Koebe function.

Proof. For each complex number a in D define the function
f( ) f(H-az) f(a)
al2) =
(1-lal®)f'(a) -

It is easy to see that f, is univalent on D since it is the composition of
univalent functions. Also f,(0) = 0 and a routine calculation shows that
f2(0) = 1. Therefore f, € S. Let f,(2) =2+ b22+---in D.

Another computation reveals that

"(0) = [(1 ) 281 - 2&] .

Since b; = f'(0)/2 and |b;| < 2 by Theorem 7.7, this shows that

2 f'(a)
!( - 1) Fgy ~ | <4
Thus
f”(a)_ 2a 4
flla)  1-la]2}] = 1—|af*
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Multiply both sides of this inequality by |a| and substitute z = a to get

£z) AP |4l
7.10 Pl T 1-1R S 1T

Now f’ does not vanish on D, so there is an analytic branch of log f'(z)
with log f'(0) = 0. Using the chain rule,

g— [log f'(re")] = % log f'(2)] gr_[z] + % [log f'(2)] %[7]

f"(re®®) £if
fi(re®) ™

Now for any function g, Re[8 g/81] = ORelg]/dT, so

9 Nog|f'(re®)|] = Re |12
7.11 i~ [log |f'(re)|] = Re [z f'(z)] .
Thus (7.10) implies
9 ' 2r? 4
"o [log |£'(re®)]] - 1-r2|= l_r,.z'

Dividing by r and performing some algebraic manipulation gives that

2r—-4 0 i0 2r+4
T S 5 [log|f(re)]] < T—
for all re® in . Thus, for p < 1,
: P 2r—-4 ) ' i0 ?2r+4
. S ar< | £ i
7.12 A 1—r2dr"‘/; ar[loglf(re )I]drs/o 1_'.2dr

or
1-p 1 ( o gi0 l1+p

o 117 5] < ol < o 1255

Now take the exponential of both sides of these inequalities to obtain the

inequality in (a) for z = pe'.

Suppose for some z = pe*® one of the inequalities in (a) is an equality; for
specificity, assume that equality occurs in the lower bound. It follows that
the first inequality in (7.12) is an equality. Thus the integrands are equal
for 0 < r < p. Using (7.11) for 0 < r < p and letting r — O we get that
~4 = Rele? f7(0)], so that |f(0)| > 4. By Theorem 7.7, |f”(0)| = 4 and
[ is a rotation of the Koebe function. The proof of the case for equality in
the upper bound is similar.

To prove part (b) note that |f(2)| = [fo,y S()| < fo £
Parameterize the line segment by { = t2,0 < t < 1, and use part (a) to get
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an upper estimate for |f/(¢)|. After performing the required calculations
this shows that 2
F4
2)| < 3
lf( )I (1 - |Z|)2

the right hand side of part (b).

To get the left hand side of part (b), first note that an elementary ar-
gument using calculus shows that ¢(1 +¢)? < 1/4for 0 < t < 1; so it
suffices to establish the inequality under the assumption that {f(z)| < 1/4.
But here Koebe’s 1/4-theorem implies that {¢ : |{| > 1/4} C f(D). So
fix z in D with |f(z)] < 1/4 and let « be the path in D from 0 to z such
that f o is the straight line segment [0, f(z)]. That is, f(y(t)) = tf(z)
for 0 < t < 1. Thus |f(z)| = | [, f'(w)dw| ='| fy f'(v(t))7(¢t)dt]. Now
/(1)) (¢) = [tf(2))' = f(2) for all t. Thus |f(z)| = [, |f'(w)||dw]. Using
the appropriate part of (a) we get that |f'(w)| > (1 — |w|)(1 + |w|)~3. On
the other hand if we take 0 > s <t > 1, |v(t) —¥(s)| 2 |[¥(t)! = |v(s)Il and
so (symbolically), |[dw| > d|w|. Combining these inequalities gives that

|2 -
1) 2 /o (—1‘:-)—4

l|
(1+12))*

This proves (b). It is left to the reader to show that f is a rotation of the
Koebe function if one of these two inequalities is an equality. O

Before giving an important corollary of this theorem, here is a lemma
that appeared as Exercise 7.2.10.

7.13 Lemma. If {f,} is a sequence of univalent functions on a region G
and fo — f in H(G), then either f is univalent or f is constant.

7.14 Corollary. The set S of univalent functions is compact in H(D).

Proof. By Montel’s Theorem (7.2.9) and Theorem 7.9, S is a normal fam-
ily. It remains to show that S is closed (8.1.15). But if {fo} C Sand fn — f
in H(D), then the preceding lemma implies that either f is univalent or f
is constant. But f,(0) = 1 for all n so that f'(0) = 1 and f is not constant.
Clearly f(0) =0andso f€S. O

The next result is almost a corollary of the preceding corollary, but it
requires a little more proof than one usually associates with such an ap-
pelation.

7.15 Proposition. If G is a region, a € G, and b is any complez number,
then S(G,a,b) = {f € H(G) : f is univalent, f(a) = b,jand f'(a) = 1} is
compact in H(G).
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Proof. By a simple translation argument it may be assumed that ¢ = b=
0; let S(G) = S(G,0,0). Let R > 0 such that B(0;R) C G. If f € S(G)
and fr(z) = R™'f(Rz) for z in D, then fr € S = S(D). Thus fr(D) 2 {(:
I¢| < 1/4} and so |fr(e*®)| > 1/4 for all 8 (7.8). Hence |f(Re®)| > R/4
for all ¢ and B(0; R/4) C f(B(0; R)). So f maps G \ B(G; R) into f(G) \
B(0; R/4); that is, | f| > R/4 for z in G\ B(0; R). Therefore ¢¢(z) = z/f(z)
is an analytic function on G, |¢s(2)| < 4 for |z| < R and |¢s(2)| < 4|z|[R™!
for z in G\ B(0; R). Thus & = {¢; : f € S(G)} is a locally bounded family
of analytic functions on G and hence must be normal.

By an argument similar to that used to prove Corollary 7.14, S(G) is
closed. So to prove the proposition, it suffices to show that S(G) is a normal
family. Let {f,} be a sequence in S(G) and let {@n} be the corresponding
sequence in ®. By passing to a subsequence if necessary, it may be assumed
that ¢, — ¢ for some analytic function ¢ on G. Clearly the functions ¢,
have no zero in G so either ¢ = 0 or ¢ does not vanish in G (7.2.6). Also
for each n, ¢,(0) = f.(0) = 1 and so ¢(0) = 1 and hence ¢ has no zeros
on G. Let f(z) = z/¢(z). Now f'(0) = 1, so f is not constant. Clearly
fn(z) = f(2) for,all z in G. If K is a compact subset of G, let £ > 0 such
that |¢| > 2¢ on K. It follows that |¢,| > € on K for all n sufficiently
large (see Exercise 4). This implies that { f,} is locally bounded on G and,
hence, a normal family. O

We close with an extension of the Distortion Theorem; you might call
this the Generalized Distortion Theorem.

7.16 Theorem. If K is a compact subset of the region G, then there is a
constant M (dependent on K ) such that for every univalent function f on
G and every pair of points z and w in K,

111G
M= () =M

Proof. By interchanging the roles of z and w, it suffices to prove the
second of these inequalities. Let 0 < 2d < dist(K,8G) and cover K by
a finite collection B of open disks of radius d/8. Suppose B, and B; are
two of the disks from B such that BN B, # 0. Let 2z, € B;, i = 1,2. So
|21 ~ 22| < d/2 and B(z;d) C G. Consider the function

_ fz1 +dz) = f(21)
9= =gy

This function belongs to the class S. According to Theorem 7.9,

()l < 2L

(1-12))
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for |z| < 1. Making the appropriate substitutions we get
f'(z +dz2) 1+ |z
fil@) |7 (=]2)¥
Take z = (21 — 22)/d so that |z] < 1/2 and we get that
f'(22) 1+ %
f'(z1) . 1)3
(1-3)
If z and w are arbitrary points of K, then there are points z; = 2, 23, ..., 2,
= w such that each consecutive pair of points is in a disk from B, n < N,

the total number of disks in B, and these disks are pairwise intersecting.
Therefore

= M.

FE| @[ £G)| (£ ent)|  ymt - powet
)| = [P | Fa) | | 7 l5M° My =M
(=]
Exercises

1. Let f and g be as in part (b) of Proposition 7.3 and show that a; =
3

a$ - a3. Show that az = —a4 + 2a2a3 — a3,

2. Let f be the function given in (1.4) and show that f € S and if the
power series of f is given by (7.2), then |aqs| = n for all n > 2. Show
that the image of D under f is the plane minus the radial slit from
‘A/4 to oo that does not pass through the origin.

3. Let fo(z) = z + nz? and show that even though f,(0) = 0 and
f1(0) =1 for all n > 1, {f,} is not a normal sequence.

4. Let {gn} be a normal sequence of analytic functions on a region G
such that each g, has no zeros in G and g, — g, where g is not
identically 0. Show that if K is a compact subset of G, then there is
an £ > 0 such that |g,| > con K foralln > 1.

5. Let G be a region and fix a point a in G. For a choice of positive con-
stants C, m, and M show that F = {f € H(G) : f is univalent, |f(a)]
< C, and m < |f'(a)| £ M} is a compact subset of H(G).

6. For the set U of univalent functions on D* = {0} U {z : |2| > 1},
show that &/ U {oo} is compact in the space C(D*,Cq).

7. Show that for each integer n > 2 there is a function f in S such that
if f has the power series expansion (7. 2), then |a,| > |9t™(0)!/n! for
allginS."
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Show that if K is a compact subset of a region G, then there is a
constant M such that for every pair of points z and w in K and for
every univalent function f on G, [f(z)| < |f(w)| + M|f'(w)l-

. If G is a simply connected region, a € G, and f : G — D is the

conformal equivalence with f(0) = a and f/(0) > 0, show that
[4 dist(a,8G))~! < f'(a) < [(dist(a,8G)]~".

Show that if 7 is a bounded univalent function on D with G = (D),
then |7'(2)| < 4(1 - |z|?)~'dist(7(z), 8 G). (Hint: Use Exercise 9 and
Schwarz’s Lemma.)



Chapter 15

Conformal Equivalence for
Finitely Connected Regions

In this chapter it will be shown that each finitely connected region is con-
formally equivalent to a variety of canonical regions. Subject to certain
normalizations, such conformal equivalences are unique. We begin with
some basic facts about complex analysis on finitely connected regions.

§1 Analysis on a Finitely Connected Region

Say that a region G in C is n-connected if C,,\G has n+1 components. Thus
a 0-connected region is simply connected. Say that G is a non-degenerate
n-connected region if it is an an n-connected region and no component of
its complement in Cq, i8 a singleton. A region G is finitely connected if it is
n-connected for some non-negative integer n. Note that if G is any region
in Co, and K is any component of C, \ G that does not contain oo, then
K must be a compact subset of C; in fact, such components of C., \ G are
precisely the bounded components of C\ G.

Throughout this section the following notation will be fixed: G is an
n-connected region in C and Kj,..., K, are the bounded components of
C\G; Kp will be the component of C., \ G that contains co. Note that for
any j, 1 <j<n, GUK; is an (n — 1)-connected region.

If E is any compact subset of G, then by Proposition 13.1.5 there is
a positive Jordan system I' = {y0,M,...,7,} in G having the following
properties:

() ECinsl CG;
11 (u) for 1 <j<n, Kj c i!IS‘Yj;
(iii) cl(ins ;) Ncl(ins ya) = @ for j # k.

The idea here is that for 1 < j < n and a in Kj, n(yj;a) = —1 while
n(y0;a) = 1.

A positive Jordan system I satisfying (1.1) with E = @ will be called a
curve generating system for G. In fact, the curves 7;,...,7, are a set of
generators for the first homology group of G as well as the fundamental
group of G.
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In the case of a finitely connected region the condition that a harmonic
function has a conjugate can be greatly simplified. In fact, the infinite
number of conditions in part (c) of Theorem 13.3.4 can be replaced by a

finite number of conditions.

1.2 Theorem. If G is an n-connected region and I' = {9, 11,..., T} is @
curve generating system for G, then a harmonic functionu: G — R has a

harmonic conjugate if and only if |. ,,(Uzdy —uydz) =0 for 1< j<n.

Proof. From Theorem 13.3.4 it is easy to see that it suffices to assume that
f% f=0for1 < j <n,where f = Qu, and prove that f has a primitive. Fix
a point @; in Kj for 1 < j < n. If v is any closed rectifiable curve in G, put
m; = n(v;a,). It follows that the system of curves {y, -mim,...,—~ma7n}
is homologous to 0 in G. By Cauchy’s Theorem,

0= / f - ij f
b Y5
But this implies that [ f = 0 by assumption. Hence f has a primitive. O

What is going on in the preceding theorem is that the first homology
group of G is a free abelian group on n generators and the curves {v;}
form a system of generators for this group. Morever, if I" is an element of
the first homology group, then I' corresponds to a system of closed curves
in G and the map ' — [ f is a homomorphism of this group into the
additive group C. Thus the condition of the preceding theorem is that this
homomorphism vanishes on the generators, and hence vanishes identically.

Let G be an n-connected region and let I' = {y9,71,...,7} be a curve
generating system in G. For a harmonic function u : G — R with conjugate
differential *du, the numbers

1
;o= *d:
cJ 2”/;,» U,

1 < j < n, are'called the periods of u. Note that the periods of u are real
numbers since u is real-valued. So a rephrasing of Theorem 1.2 is that a
real-valued harmonic function u on G has a harmonic conjugate if and only
if all its periods are 0.

Theorem 1.2 can be used to describe exactly how a harmonic function
differs from one that has a harmonic conjugate.

1.3 Theorem. Let G be an n-connected region with Ky, . .., K, the bounded
components of its complement; for 1 < j < n, leta; € K;. If u is a real-
valued harmonic function on G and ¢y, . ..,c, are its periods, then there is
an analytic function h on G such that

n
u=Reh+) c;log|z -aj].

=1
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Proof. Consider the harmonic function

U=u—2cj log |z — aj].
J

Now £(z) = log|z| is harmonic on the punctured plane Co =C\ {0} and
an elementary computation shows that £, - i€, = Z/[z|* = z~. Thus for
any closed rectifiable curve vy not passing through 0,

/(z, dy — ¢, dz) = —i/ 27 Vdz = 21 n(v;0).
v v

So if Li(z) = log|z — axl, f (Lxzdy — Leydz) = 27 if k = j and 0
otherwise. It is strmghtforward to see that the choice of c, gives that
f (Uz dy — Uy dz) = 0 for 1 < j < n. By Theorem 1.2, there is an analytic

functlon h on G such that U = Reh. O

This theorem has several interesting consequences. Here are a few.

1.4 Corollary. If u is a real-valued harmonic function in the punctured
disk Bo(a; R) = B(a; R) \ {a}, then there are real constants b and c such
that .

/ u(a+re)dd=blogr+c

-

Proof. By Theorem 1.3 there is a real constant b and an analytic function
k on By(a; R) such that u = Re h + blog |z —~ a|. Thus,

/ uw(a+re®)dd = b / loglre®|d8 + | Reh(a+re®)ds
= 2nblogr +/ Reh(a + re®)dd

But it is easy to see that /" Reh(a + re'®)dd is the imaginary part of the
integral

/h(z)(z ~a)7dz,

v

where (0) = a + re*®, and hence is a constant. O

The next result might have been expected.

1.5 Corollary. If u is a bounded harmonic function in the punctured disk
Bo(a; R), then u has a harmonic extension to B(a; R).

Proof. 1t suffices to assume that u is real-valued. Suppose |u| < M on
Bo(a; R). According to Theorem 1.3, there is a real constant b and an
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analytic function h on By(a; R) such that u = blog |z — a| + Re h(z). Also
there is a real constant c such that for r < R

/ u(a +r1e'®) df = 2xb logr + c.

-

On the other hand, Ju] < M so |2nb logr + c| < 2rM for r < R. But this
is impossible if b # 0 so it must be that b= 0.

Hence u = Re h in By(a; R). This implies that & is an analytic function
on By(a; R) whose real part is bounded. Consider g = exp(h); g is bounded
in By(a; R) since |g| = exp (Re h). Therefore a is a removable singularity
for g. This implies that a is a removable singularily for ¢’ = h g and thus
also for h = g’/g. This provides the required harmonic extension of u. O

Most of the preceding material is taken from Axler [1986].

1.6 Definition. If none of the components Ko, K,,...,Kn of Coo \G is a
point, then the harmonic basis for G is the collection of continuous functions
W1,W2, ... ,Wn 0N clooG that are harmonic on G and satisfy w;|0K; = 1 and
wj|0K; =0 for i # j.

Note that these functions exist since the hypothesis guarantees that we
can solve the Dirichlet problem for G (10.4.17). Also the function wq that
is 1 on 8Ky and 0 on the boundary of the bounded components is not
included here since this function can be obtained from the others by means
of the formulawp =1~ Y T w;.

In the literature these functions in the harmonic basis are often called
the harmonic measures for G. This terminology originated before the full
blossoming of measure theory. Later a harmonic measure for G will be in-
troduced that is indeed a measure. In order to avoid confusion, the classical
terminology has been abandoned.

The next lemma will be used in the proof of some conformal mapping
results for finitely connected regions.

1.7 Proposition. If G is a non-degenerate n-connected region, I’ = {7, ..,
Tn} i @ curve generating system for G, and for 1 < j, k<n
1

Cik=m— | ‘dw
ik o s k>

where {w),...,wn} is the harmonic basis for G, then the n x n matriz
[cjx] is invertible.

Proof. It suffices to show that this matrix is an injective linear transfor-
mation of R™ into R™. So suppose there are real scalars A;,..., A, such
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that
cndr+ 6222+ ...+ CinAp =0
CniA + 6222 +... + Candq = 0.
We want to show that \y =--- = A, =0.

Put u = "7 Acwy. So u is continuous on cleG and harmonic on G. Also
u= A ondK; for 1 < k<nandu=0ondKy. Moreover for 1 < j <n,

n n
/ *du = Zz\k‘/ ‘dwk = ZCjkl\k =0.
RS k=1 k=1

Vi

Therefore Theorem 1.2 implies there is an analytic function f on G such
that u = Re f.

Put Ao = 0 and let {o € C such that Re (o # Ao, A1,...,An- For 0 < k <
n, pick constants &, > 0 such that if @ = {¢( € C: |Re{ - A\x| < &x}, then
Co & Ur=o c1%. Now u = Ref is continuous on cly, G 50 {z € clG :
ju(z) — Ax| < €x} is a relatively open subset of clooG and contains 8Kj.
Therefore if Uy equals the union of K and the component of {z € cleoG :
Ju(2) — Akl < ex} that contains 8K, then Uy is open in C and contains K.
(The fact that some of the constants A\x may coincide forces some of this
awkward language. If it were the case that A\, # A; for k # j, then the &
could have been chosen so that the sets 2, have pairwise disjoint closures
and the language would be simpler.) By Proposition 13.1.5, for 1 <k <n
there is a Jordan curve o, contained in Uy such that K, C insoy and
n(ox; z) = ~1for all z in K. Similarly, there is a Jordan curve g in Up such
that Ko C out 09 and n(oyp; z) = +1 for all zin K,U---UK, U0 U---Ua,,.
Hence ¥ = {0¢,01,...,0,} is a Jordan system in G, in fact, T is a curve
generating system for G.

Now

o | = Yontr o okt

é%ﬂ’ o f—Co k=on ki S0
But f o oy is a rectifiable closed curve lying inside the vertical strip
and (o lies outside this strip. Thus n(f o o0x;{y) = 0 for 0 < k < n. By
the Argument Priniciple this implies that the equation f(z) = {o has no
solutions in ins . But f(Ux) C Q& and so f(z) = {o has no solution in
Ug=o Uk. Therefore (o ¢ f(G). Since {, was an arbitrary point with Re (o #
Agy Aty ..., An we get that f(G) C the union of the lines {¢ : Re¢{ = A}
for k =0,...,n. By the Open Mapping Theorem, f, and hence u, must be
constant. But u = 0 on Ko so u = 0. In particular \y =--- =\, =0. O
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Exercises

1. If G is an (n + 1)-connected region in C, Har(G) is the vector space
of harmonic functions on G, and Har.(G) is the subspace of Har(G)
consisting of all those harmonic functions with a harmonic conjugate,
then the quotient space Har(G)/Har.(G) is an n-dimensional vector
space over R. Find a basis for this space.

2. Find the harmonic basis for the annulus.

3. (The n + 1 Constants Theorem) Let G be an n-Jordan region with

boundary curves vp,M,...,7n and let Ag,A1,...,An be real con-
stants. Show that if u is a subharmonic function on G such that

forainvy;, 0<j<n,

lim sup u(z) < A;,
z—a

then

n
u(z) £ Y Awi(2),
j=0
where {w),...,ws} is the harmonic basis for G and wp =1 — (v, +
R wm)‘

4. Let G be an annulus and f : G — C an analytic function. Use the
preceeding exercise with u = | f| to deduce Hadamard’s Three Circles
Theorem (6.3.13).

§2 Conformal Equivalence with an Analytic Jordan Region

Recall the definition of an analytic Jordan region (13.4.11). The main result
of this section is the following.

2.1 Theorem. If G is a non-degenerate n-connected region, then G is
conformally egquivalent to an analytic n-Jordan region Q). Moreover, 2 can
be chosen so that its outer boundary is 3D and 0 ¢ Q.

Proof. The proof consists of an iterative applicatior. of the Riemann Map-
ping Theorem. Let Ky, K),..., K, be the compon.nts of Co, \ G with Ky
containing co. Consider Go = C\ Ky and note that Gy is simply con-
nected since its complement in C,, Ko, is connected. Let ¢y : Go — D be
a Riemann map and put Qg = ¢o(G)-

So y is a finitely connected region and Co, \p = (Coo \D)Udp (K, )U- - -U
do(Kpn) = KooUKog1U: - -UKpn. Now let G) = Co,\ K1; again G, is a simply
connected region in C,, containing oo and the region $3p. Let ¢, : G, = D
be the Riemann map with ¢;(oc) = 0 and put Q; = ¢1(). Again



15.2. Analytic Jordan Regions 77

is an n-connected region. The components of its complement in Co, are
Ki = Cx \D, Ky = 61{Kw), K12 = ¢1(Koz),..., Kin = 61(Kon)-
Note that the components of the boundary of @, are 3D, ¢,(9D) =
$1(0Koo), 0Ky, ...,0K)p.

So at this stage we have that G is conformally equivalent to a region Q,
contained in D, two of whose boundary components are analytic Jordan
curves, one of them being the unit circle. Continue the process to get that
G is conformal equivalent to an n-Jordan region Q,_; contained in D and
having 3D as its outer boundary. Now pick a in D\ cl Q,_,, let ¢, be the
Schwarz map (z - a)(1 - @z)~!, and put = ¢,(2,-;). O

The preceding proposition has value for problems that involve properties
that are invariant under conformal equivalence, but its value diminishes

when this is not the case.

The next result is the analogue of the classical Green Identities using the
conjugate differential and the 3-derivative. For the remainder of the section
it is assumed that G is an analytic Jordan region with oriented boundary
[ = {1,...,7m}, with yq as the outer boundary.

2.2 Proposition. Let G be an analytic Jordan region with oriented bound-
ary . (a) If u and v are functions that are C! on clG, then

/r(vdu-udv) - 4:'/L(5v8u—3u60)

2//6(11.,, Uz — UzVy).

(b) If u and v are functions that are C! on clG and C? on G, then

/r(v “du — u*dy) = 4/[3(03% — udB).

[l

Proof. (a) Using the definition of du and dv, applying Green's Theorem,
and then simplifying we get

/r(vdu—udv) = /r[(vu,—uv,)dz+(vu,,—uv,)dy]

= 2//;(%”: - uzvy).

Again using the definitions of the expressions and simplifying, we also have

//G@vau—éuav)=—§//G<u,v,-u,v,),
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proving part (a).
(b) Using Exercise 13.3.2 we have

/v‘du = -2i/03u+1'[vdu,
r r r
/u‘dv = —2i/u6v+i/udv.
r r r

Performing the required algebra yields
/(v‘du ~u'dy) = —2i/(v&u - udv) +i/(vdu —udv).
r r r

Now apply Green’s 'I;heorem to the first integral and part (a) to the second
in order to get

/P(v‘du—u‘dv) = -2 [2:‘//0 [3(vau—u3v)]]
+i(44) / /G (Bv Bu — Bu bv)
4//0(5@””5&(‘-5..3”-@0”]
-4/[G{E(vau-uav)]
4//G(v83u~uaév).

f

a

Recall (13.2.3) that the Laplacian of a function u is 408u.

2.3 Corollary. If u and v are functions that are C! on clG and harmonic
on G, then fLv°du= [ u’dv.

Recall (§10.5) that there is a Green function g(z,a) for G. If a is fixed,
ga(2) = —log |z — e| + R4(z), where R, is harmonic on G. Now g, is har-
monic on G\ {a} and identically 0 on I'. By Corullary 13.4.12, g, can be
extended to a harmonic function defined in a neighborhood of I'. We will
always assume that g, has been so extended. Since log |z — aj is also har-
monic in a neighborhood of T, it follows that the same holds for R,. In
particular it is legitimate to discuss the integrals of the functions g, and
R, as well as their derivatives and conjugate differentials on I'.

The first application of these notions is a formula for the solution of the
Dirichlet Problem, but first a lemma.
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2.4 Lemma. Let r > 0 such that B(a;r) C G and put B, = B(a;r). If u
is a C! function on cl G that is harmonic inside G, then

/ (9a *du ~ u"dg,) = 21 u(a) + n(r),
8B,
where n(r) = 0 asr — 0.

Proof. Put £({) = log |(—a|. Using the definition of *d¢ and parametrizing
the circle 8B, by ¥(8) = a + re'®, we get that *df = df on 8B,. Thus

2
/ u'dl = / u(a + re'?)dd = 27 u(a)
8B, °
by the Mean Value Property for harmonic functions. Also there is a constant

M such that lfw'u‘dR,I < Mr. Hence faB, u*dg, — ~2ru(a). On the
other hand, there are constants C, and C; such that for all r,

/ ga *du
aB,

This completes the proof of the lemma. O

- t‘du+/R.‘du

8B,
< Clr logr+Cgr.

2.5 Theorem. IfG is an analytic Jordan region, I" is the positively oriented
boundary of G, h is a continuous function on I, and h is the solution of
the Dirichlet Problem with boundary values h, then

. 1 .
) = -5 [ hed,

where g, is Green’s function for G with singularity at z.

Proof. Both sides of the above equation behave properly if a sequence of
functions {h,} converges uniformly to a function h on I'. Thus, it suffices
to prove this under the extra assumption that h is a smooth function on I'.
Let r > 0 such that B(a; r) C G. Put G, = G\ B(g; ) and I, = 3G, with
positive orientation. Let B, = B(a; r) and always consider 8B, as having
positive orientation. Put u = h. According to Corollary 2.3

/ ga *du =/ u *dg,.-
* T,
Now g, is identically 0 on I so that

/r u'dg, = /8 | (0 dga = o du)
~2ru(a) + n(r)
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by the preceding lemma. Therefore taking the limit as r — 0 we get that
/ h*dg, = —2mh(a).
r

This proves the theorem. O

The reader might note that the converse of Theorem 2.5 is valid. If his a
continuous function on I, then the formula in (2.5) gives the solution of the
Dirichlet problem. Thus (2.5) is a generalization of the Poisson Formula for
D. See Exercise 3. We will see more of these matters in Chapters 19 and
21.

Using the definition of normal derivative, the formula for the solution of
the Dirichlet Problem in the preceding theorem can be rewritten as

h(z) = /r h(w) 52 (w) dul.

2.6 Corollary. If {wy,...,wn} is the harmonic basis for G, then for 0 <
Jj<n
1 .
E dga = _wj(a)'
R
Proof. Take h in the preceding theorem to be the characteristic function
ofy,. O

Exercises

1. If G is an m-connected region and n of the components of its com-
plement in C,, are not trivial, then G is conformally equivalent to an
analytic n-Jordan region with m — n points removed.

2. Show that the matrix [c;x] from Proposition 1.7 is positive definite.

3. Prove that with the hypothesis of Theorem 2.5, if A : T — Ris a
continuous function, then the solution of the Dirichlet Problem is
given by the formula there. If G = D, show that the formula in (2.5)
is precisely the Poisson Integral Formula.

4. Show that the matrix [c;ix] from Proposition 1.7 is a conformal in-
variant for analytic Jordan regions.
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§3 Boundary Values for a Conformal Equivalence Between
Finitely Connected Jordan Regions

The results from §14.5 on boundary values for a conformal equivalence be-
tween two simply connected Jordan regions can be extended to a conformal
equivalence between two finitely connected Jordan regions. To do this it is
not necessary to start from the beginning, but rather the results from the
simply connected case can be used to carry out the extension.

We begin by showing that if G and  are finitely connected regions and
¢ : G — 1 is a conformal equivalence, then ¢ defines a correspondence
between the components of the boundaries of the two sets. Recall (13.1.2)
that the map F — F N3G defines a bijection between the components of
Co \ G and the components of 35, G. For our discussion fix an n-connected
region G and let Kj, ..., K, be the components of C, \ G with o0 in Ky
and let Cy,...,C, be the corresponding boundary components. Let Q be
another n~connected region and assume there is a conformal equivalence
$:G—QFor0<j<nande>0,let ®;(c) = clf¢({z € G : dist(z, K;) <
€})] = cll¢({z € G : dist(z,C;) < €})] and put ®; = (), B;(c). Here the
distance involved is the metric of the extended plane, though the usual
metric for the plane can be employed if 2 is bounded. It will be shown that
the sets ®y,. .., P, are precisely the components of 3, Y0, - ., Tn-

3.1 Lemma.
(a) ®j(e1) € ®j(e2) if e < e2.
(b) If {ex} monotonically decreases to 0, then ®; = N, P;(ek).

(c) IfU is an open set containing ®;, then there is an € > 0 such that
6,‘(6) c U.

(d) ®; is a connected subset of 9oN.

Proof. The proofs of parts (a),(b), and (c) are left to the reader. It is
also left to the reader to show that ®; C 9,,Q. Suppose that U and V are
disjoint open sets and ®; C U U V. By part (c) there is an € > 0 such that
®i(e) CUUV. But ®;(e) is clearly a connected set as it is the closure of
a connected set. This contradiction establishes part (d). O

3.2 Proposition. The sets ®g, d,,..., P, are precisely the components of
O092.

Proof. By part (d) of the preceding lemma, each set ®; is contained in
one of the components v; of 9,,0Q. On the other hand, similar arguments
involving ¢~! show that each point of 3,2 must belong to one of the sets
®;. Thus a simple counting argument shows that {®o,®,,...,d,} are the
components {Yp, ,.-.,¥n}. O



82 15. Finitely Connected Regions

If ®; = v, then we will say that ¢ associates C; with v;. To maintain
some flexibility we might also say in this situation that ¢ associates K; with
vi- The idea here is that even though ¢ may not extend as a function to
the boundary of G, it is possible to think of ¢ as mapping the components
of 8 G onto the components of 9,,12.

The next result is just a restatement of Theorem 2.1 with the added
piece of information that any component of the complement of G can be
made to be associated with 8D.

3.3 Theorem. If G is a non-degenerate n-connected region and C is any
component of its extended boundary, then there is a conformal egquivalence
@ of G onto an analytic n-Jordan region Q such that the outer boundary of
Q 15 8D,0 ¢ Q, and ¢ associates C with 3D.

Proof. Refer to the proof of Theorem 2.1. Using the notation there it
follows that the map ¢ constructed there associates 8K,, with D. If C =
0K for 1 < j < n, then a simple relabelling proves the present theorem. If
C = 0K, then look at the image G, of G under the Mobius transformation
(z—a) ™! for an appropriate choice of a. Here C corresponds to the boundary
of a component of the complement of G, that does not contain oo and the
previous argument applies. O

3.4 Theorem. If G and 0 are two finitely connected Jordan regions and
@ : G — Q is a conformal equivalence, then ¢ ertends to a homeomorphism
of clG onto cl Q.

Proof. Using the above notation and letting C; = 8K, we can assume
that ¢ associates the boundary curve C; of G with the boundary curve ~;
of , 0 < j < n. It suffices to assume that G is an analytic Jordan region.
In fact if this case is done, then for the general case apply Theorem 2.1 to
find two analytic Jordan regions G, and , and conformal equivalences f :
G—-Giand7:Q— Q. Let ¢, : G — Q) be defined by ¢, = rodo f~1.
Now observe that if the theorem is established for the special case where the
domain is an analytic Jordan region, then by taking inverses the theorem
also holds when the range is an analytic Jordan region. Thus each of the
maps f,7, and ¢, as well as their inverses extends to a homeomorphism.
Hence ¢ extends to a homeomorphism.

So we assume that each of the curves Cp,...,C, is an analytic Jordan
curve. Let 0 < r < dist(7;, 1) for j # k. Let 0 < € < dist(Cj,Cy) for
J # k; by Proposition 3.2 and Lemma 3.1, ¢ can be chosen such that
¢({z € G »dist(2,C;) < €}) C {¢ € Q : dist(¢,7;) < r}. By Corollary
13.5.7, ¢ has non-tangential limits a.e. on each C;.

Fix j, 0 < j < n, and let @; and a3 be any two points on C; at which ¢
has a non-tangential limit. Since C; is an analytic curve, there are Jordan
arcs 1 : [0,1) — G, i = 1,2, such that n;(t) — a; as t — 1, ;(0) #
m(0), [m(t) - a;| < ¢, and lim,.; #(n:(¢)) = a;, a point in ;. Note that
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a; # az because if they were equal, then the non-tangential limit of ¢
would be this common value at a.e. point on one of the two subarcs of
C; that joins a; and a;. (See the proof of Theorem 14.5.6.) Let no be
one of the two arcs in C; that joins @) and ap a.nd let 73 be a Jordan
arc in G joining 12(0) to 1,(0). Thus C = ngmyman; ' is a Jordan curve and
Cc{zeG: dlst(z,C,)<e} somsCCG Let \; = ¢on; fori =1,2,3; s0
each A, is a Jordan arc in {2 and /\1/\3/\2 is a Jordan arc joining a3 to a; . If
Ao is either of the two subarcs of v; joining a; to az, then ¥ = A\jA3Ay 1o
is a Jordan curve that is disjoint from ¢(ins C); choose the arc Ay such
that ¢(ins C) C ins 4. Since ins v C Q2 and ¢ is surjective, it follows that
¢(ins C) = ins v. By Corollary 14.5.7, ¢ extends to a homeomorphism of
cl(ins C) onto cl(insvy). Thus ¢ maps ng homeomorphically onto A,.

By examining the other subarc of C; that joins a; to a2, we see that ¢
extends to a homeomorphism of G U C; onto QU v;. The details of this
argument as well as the remainder of the proof are left to the reader. O

The proofs of the next results are similar to the preceding proof and will
not be given. The following extends Theorem 14.5.5.

3.5 Theorem. If G is a finitely connected Jordan region and ¢ : G — Q
is a conformal equivalence, then the following are equivalent.

(a) ¢ has a continuous eztension to the closure of G.

(b) Each component of I is a continuous path.

(c) ON is locally connected.

(d) Coo \ Q is locally connected.

Recall the definition of a simple boundary point (14.5.9). The next the-
orem extends Theorem 14.5.12.

3.6 Theorem. Let Q be a bounded finitely connected region, G a finitely
connected Jordan region, and let g : 2 — G be a conformal equivalence.

(a) If w is a simple boundary point of , then g has a continuous exten-
sion to QU {w}.

(b) If R is the collection of simple boundary points of 2, then g has a
continuous one-to-one ertension to QU R.

These results on conformal equivalences between finitely connected re-
gions can be used to extend some of the results of §14.5 to unbounded
simply connected regions. Rather than listing all the possibilities, we ex-
amine a couple that will be of use later.

3.7 Proposition. Let v : (0,00) — C be a Jordan arc such that 4(t) — oo
ast — oo and let Q = C\ 7. If 7 : D — 0 is the Riemann map with
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7(0) = a and 7(0) > 0, then T eztends to a continuous map of cID onto
Coo-

Proof. Consider the Mdbius transformation 7'(z) = (z — a)~! and put
o =T or. So o is a conformal equivalence of D onto A = the complement
in the extended plane of the arc A = T oy and 0(0) = co. Thus the cluster
values of o at points of D all lie on the arc . Put A = {2:1/2 < |z <
1}; thus o(A) is the region bounded by the arc A and the Jordan curve
a({|z] = 1/2}). According to Theorem 3.5, 0 has a continuous extension
to cl A. From here it easily follows that 7 = (1 — ao)/o has a continuous
extension to cID. O

Such regiouns as  in the preceding proposition are called slit domains
and will play an important role in Chapter 17 below. Another fact about
mappings between a slit domain and the disk that will be used later is the

following.

3.8 Proposition. If 2 is a slit domain as in the preceding proposition and
g: 2 — D is a conformal eguivalence, then g can be continuously extended
to QU {7(0)}.

Proof. Of course wy = v(0) is a simple boundary point of 2, but Q is
not bounded so that Theorem 3.6 is not immediately available. However if
w=g¢"10), T(¢) = ((-w)™',and A=T(Q) C Coo, then h =goT"' isa
conformal equivalence of A onto D with A(c0) =0. If A={z:1/2< |z| <
1} and A, = h~1(A), then A, is a bounded region and T'(wy) i8 a simple
boundary point. It is left to the reader to apply Theorem 3.6 to A, and h
and then unravel the regions and maps to conclude the proof. O

Exercises

1. Give the details in the proof of Theorem 3.5.

2. In Proposition 3.7 show that the extension of 7 to cID has the prop-
erty that there are unique points a and b on & that map to v(0)
and oo and that every other point of 4 has exactly two points in its
preimage.

3. A continuous map f : G — Q is proper if for every compact set K
contained in 2, f~!(K) is compact in G. (a) Show that a continuous
function f is proper if and only if for each a in 8G, Clu(f,a) C Q.
(b) If f : G — Q is analytic, show that f is proper if and only if there
is an integer n such that for each ¢ in Q, the equation f(2) = ¢ has
exactly n solutions, counting multiplicities.
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4. If in Exercise 3, G=Q =D and f : D — D is a proper analytic map,
show that f is a finite Blaschke product. (See Exercise 7.5.4 for the
definition.)

§4 Convergence of Univalent Functions

It is desirable to extend the concept of convergence of analytic functions
as discussed in Chapter 7. (In this section the regions will be assumed to
be arbitrary; it is not assumed that they are finitely connected.) To begin,
assume that for every positive integer n there is a region G, that contains
the origin and an analytic function f, : G, — C. How can we give meaning
to the statement that {f,} converges to a function f : G — C? Without
some restriction on the behavior of the regions G, there is no hope of a
meaningful concept.

4.1 Definition. If {G,} is a sequence of regions each of which contains 0,
define the kernel of {G,} (with respect to 0) to be the component of the
set

{z : there is an r > 0 such that B(z;r) C G,

for all but a finite number of integers n}

that contains 0, provided that this set contains 0. If the above set is empty,
then {G,} does not have a kernel. When {G,} has a kernel it is denoted
by ker{G,}. Say that {G.} converges to G if G is the kernel of every
subsequence of {G,}; this is denoted by G, — G.

Note that if {Gn} is an increasing sequence of regions and G is their
union, then G, — G. Also if {G,} is defined by letting G,, = D when n is
even and G, = the unit square with vertices +1 + i when n is odd, then
D = ker{G,} but {G,} does not converge to D. Also notice that there is
nothing special about 0. If there is any point common to all the regions
Ghn, it is possible to define the kernel of {G,} with respect to this point.
This quasigenerality will not be pursued here.

We also note that the kernel of {G,} is the largest region G containing
0 such that if K is a compact subset of G, then there is an ng such that
K C G, for n > nyg.

With the notion of a kernel, the extended idea of convergence of functions
can be defined.

4.2 Definition. Suppose that {G,} is a sequence of regions each of which
contains 0 and such that G = ker{G,} exists. If f, : G,, — C is a function
for all n > 1, say that {f,} converges uniformly on compactato f : G — C
if for every compact subset K of G and for every € > 0 there is an nq
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such that |fn(2z) = f(2)| < € for all z in K and all n > ng. This will be
abbreviated to f, — f (uc).

When the notation “f, — f (uc)” is used, it will be assumed that all the
notation preceding the definition is in force. The following notation will be
used often in this section.

For each n > 1, G, is a region containing 0 and f,:G, —=C s
4.3 an analytic function with £,(0) =0, f.(0) > 0, and
Qn = fn(Gn).

The reader is invited to revisit Chapter 7 and verify that most of the results
about convergence of analytic functions there carry over to the present
setting. In particular, if each f, is analytic and f, — f(uc), then f is
analytic and f;, — f'(uc). We also have the following.

4.4 Proposition. Assume (4.9). If each f, : G, — C is a univalent
Junction and f, — f(uc), then either f is univalent or f is identically 0.

4.5 Lemma. Assume (4.9). If each f, is a univalent function, f, — f (uc),
and f is not constant, then the sequence of regions {2, } has a kernel that
contains f(G).

Proof. Let Q, = fo(Gn) and Q = f(G); so Q is a region containing 0.
Let K be a compact subset of Q. Now G can be written as the union of
the open sets {H}}, where cl Hy is compact and contained in Hj4,. Thus
Q = Uy f(Hx) and so there is a k > 1 such that K C f(Hy). By the
definition of a kernel, there is an ng such that cl Hx C G, for n > ng. Thus
KCQuforalln>mne. O

The reader might want to compare the next result with Proposition
14.7.15, whose proof is similar.

4.6 Lemma. Assume (4.3). If G = ker{G,} erists, each f, is univalent,
and f,(0) = 1 for all n, then there is a subsequence {fn,} such that G =
ker{Gn,} exists and {f,,} converges (uc) to a univalent function f : G —
C.

Proof. Let R > 0 such that B(0; R) C G; let Ny be an mteger such that
B(0;R) C Gy, for all n > Np. Put g,(z) = z/fa(z). As in the proof of
Proposition 14.7.15, |ga(2)| < 4 for |2| < R and |gn(2)| < 4{z|R™! for z in
Gn \ B(0; R).

Write G = UJ_l Dj, where each D; is a region containing B(0; R) and
cl D; is a compact set that is mcluded in Dj4,. Let Ng < N; < --- such
that ch C Gn for n > N;. From the preceding observations, {g,, n>
N,} is umformly bounded on D;. Let {g, : n € A,} be a subsequence
that converges uniformly on compact subsets of D) to an analytic function
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hy : D, — C. There is a subsequence {g, : n € A2} of {g, : n € A}
that converges in H(D;) to a function h,. Continue to obtain infinite sets
of integers {A;} with A;;; C Aj, n > N; for all n in A;. and such that
{gn : n € A;} converges in H(D;) to an analytic function h; defined on
Dj. From the nature of subsequences it is clear that h; = hj., for all j.
Hence there is an analytic function g : G — C such that g|D; = h; for all
B

Let n; be the j-th integer in A;. Since D C G, for j > k,G =
ker{Gpn,}. Also {gn;} is a subsequence of each {g, : » € Ai} and so
gn, — g (uc). Since g, never vanishes on G, and g,(0) = 1 for all n,
g(0) =1 and hence g does not vanish on G (why?). It is easy to check (as
in the proof of Proposition 14.7.15) that f,, — f = z/g (uc). O

The next result can be considered the principal result of this section.

4.7 Theorem. Assume (4.9). If G, — G, each f, is univalent, and
fi(0) = 1 for all n, then there is a univalent function f on G such that
fa = f (uc) if and only if Q, — Q for some region Q. When this happens,
Q= (G) and ¢n = f;* — f~H(uc).

Proof. Let us first assume that f, — f (uc) for a univalent function f
defined on G; put Q = f(G). According to Lemma 4.5, A = ker{Q2,, } exists
and Q C A. Let ¢, = f;! : Q, — G,. According to Lemma 4.6 there
is a subsequence {¢n,, } such that A = ker{Q2,,} and a univalent function
¢ : A — C such that ¢,, — ¢ (uc).

Fix € > 0. Since ¢(0) = 0, there is a p > 0 such that B(0;p) C Q and
|6(¢) — #(¢")] < €/2 whenever ¢ and ¢’ are in B(0; p). Let k; be chosen so
that B(0; p) C Q,, when k > k;. Pick 7 > 0 such that f(B(0;7)) C B(0;p)
and choose k; > k such that f,, (B(0;7)) C B(0;p) for k > kp. Finally
pick k3 > k2 such that |¢n, (¢) — ¢(¢)| < €/2 for k > k3 and |(| < p. Thus
for k > k3 and |z| < r we have

6 (fri(2)) = 6(f(2))] < |@n,(fnr(2)) — D(fri(2))]
+  16(fri(2)) — &(f(2))]

< &

But for each k, ¢, (fn, (2)) = z and so ¢(f(z)) = z for all z in B(0;7). But
f(G) = Q C A so we get that ¢(f(z)) =z for all 2 in G.

Now Lemma 4.5 applied to the sequence {¢,, } implies that G C ¢(A) C
ker{¢n, (2n,)} = ker{Gp,}, which equals G since G, — G. From here it
follows that A =Q and ¢ = f~1.

Note that the preceding argument can be applied to any subsequence of
{fs}. That is, for any subsequence {fn, } there is a further subsequence
{fm.,} such that @ = ker{Qpm, } and ¢m, — ¢=f"".

Now to prove that Q, — Q. If not, then there is a subsequence {Q,, }
that either has no kernel or does not have Q as its kernel. In either case
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there is a compact subset K of Q2 such that K \ Q, # 0 for infinitely many
n. Thus there is a subsequence {Qm, } such that K \ Qm,, # @ for all k.
But then the reasoning of the preceding paragraph is applied, and we get
a subsequence of {0, } that has Q as its kernel, giving a contradiction.

Now for the converse. Assume that 2, — Q and put ¢, = f;1. So
#a(0) = 0 and ¢,(0) = 1. If {fn} is not convergent, then there is an
€ > 0, a compact subset K of G, and a subsequence {fn,} such that
sup{|fn, (2) — fa,(2)| 2 € : z € K} for all n; # n;. Once again Lemma 4.6
implies there is a subsequence {¢n, } of {¢n,} such that 2 = ker{Q, }
and 4’"'«, — ¢ (uc), a univalent function on . But we already know that
Qn,, — Q. Now we can apply the first half of the proof to this sequence
to obtain the fact that G, — G = ¢(Q) and fn, — f= ¢~ (uc). This
contradicts the fact that sup{|fn, (2) — fn;(2)| : z € K} > € for all n; # n;.
Thus there is a function f on G such that f, — f (uc). Since f'(0) = 1, it
must be that f is univalent. O

Before proving an extension of the preceding theorem, here is a result
that will be useful in this proof and holds interest in itself. This proposition
is true for all regions (as it is stated), but the proof given here will only be
valid for a smaller class of regions. The complete proof will have to await
the proof of the Uniformization Theorem; see Corollary 16.5.6 below.

4.8 Proposition. Let G be a region in C that contains zero and is not
equal to C. If f is a conformal equivalence of G onto itself with f(0) =0
and f'(0) > 0, then f(z) =z forall z in G.

Proof. Let C be a non-trivial component of the complement of G in Cq,.
Put Q = Co \ C; so Q is a simply connected region containing G. Let
¢ : @ — D be the Riemann map with ¢(0) = 0 and ¢'(0) > 0. Put
G, = ¢G), 1 = ¢|G, and fi = ¢ 0f0¢,". So f; is a conformal
equivalence of G, onto itself with f;(0) = 0 and f{(0) > 0. If it is shown
that f) is the identity map, it follows that f is the identity. Thus it can be
assumed that the region G is bounded.

Let M be a constant with |z| < M for all z in G and pick R > 0 such
that B(O; R) C G. For n > 1, put f, = fo fo---o f, the composition of
f with itself n times. So f,(0) = 0 and f,,(0) = [f’(0)]". Using Cauchy’s
Estimate it follows that 0 < [f/(0)]" = f4(0) < M/R. Thus f'(0) < 1. But
applying the same reasoning to the inverse of f implies that [f/(0)]~! < 1.
Hence f'(0) = 1.

Let a,, be the first non-zero coefficient in the power series expansion of f
about 0 with m > 2. So f(z) = z+amz™ + - -. By an induction argument,
fa(2z) = 2+ namz™ +- - -. Once again Cauchy’s estimate gives that njan,| =
nlf,(;m)(O)I/n! < M/R™. But this implies that a,, = 0, a contradiction.
Hence the only non-zero coefficient in the power series expansion for f is
the first. Thus f(z) =2. O
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4.9 Corollary. IfG is a region not equal to C, and if f and g are conformal
equivalences of G onto a region Q such that for some point a in G, f(a) =
g(a), f'(a@) >0, and g'(a) > 0, then f =g.

The next result is a variation on Theorem 4.7.

4.10 Theorem. Assume (4.3) and suppose that G # C. If G, — G, each
fn i3 univalent, and f, (0) > 0 for each n, then there is a univalent function
f on G such that f, — f (uc) if and only if R, — N for some region N.
When this happens, f(G) = Q.

Proof. First assume that f, — f (uc) for some univalent function f. Thus
f'(0) > 0 and £;(0) — f'(0). Thus if g» = fn/f7(0) and g = f/£'(0),9n —
g (uc) on G.

According to the preceding theorem, g,(Gn) — ¢(G). But g.(Gn) =
[£n(0)] "', which converges to [f'(0)]~'Q (see Exercise 2). Thus Q, — Q.

Now assume that Q, —  for some region Q containing 0. To avoid
multiple subscripts, observe that anything demonstrated for the sequence
{fn} applies as well to any of its subsequences. Put g, = f,/f.(0) and
assume that f;(0) — 0. By Lemma 4.6 there is a subsequence {g,,}
that converges (uc) to a univalent function g on G. By Theorem 4.7,
(/e (0)]) 7!, = gn,(Gn,) = 9(G). According to Exercise 2, g(G) = C.
Since g is univalent, this implies that G = C, a contradiction. Now assume
that f;(0) — oco. The same argument shows that there is a subsequence and
a univalent function g on G such that [f;, (0)]~!Qn, = gn,(Gn,) ~ 9(G).
Again Exercise 2 applies and we conclude that {g,,(Gn,)} can have no
kernel, a contradiction.

Thus it follows that there are constants c and C such that ¢ < f,(0) <
C. Suppose that f, (0) — a for some non-zero scalar a. Maintaining the
notation of the preceding paragraph, there is a subsequence {g,, } such that
9ns — g (uc) for some univalent function g on G. Thus fn, = £, (0)gn, ~
ag = f. Since a # 0, f is univalent and, by Theorem 4.7, f maps G onto
. Note that f'(0) = a.

Now suppose that the sequence of scalars {f%(0)} has two distinct limit
points, a and B. The preceding paragraph implies there are conformal
equivalences f and h mapping G onto Q with f(0) = h(0) =0, f'(0) = «,
and A'(0) = B. By Corollary 4.9, f = h and a = B. It therefore follows
that the sequence {f,(0)} has a unique limit point a and so frn(0) = a.
As above, this implies that {f,} converges (uc) to a univalent function f
on G that has f(G) =Q. O

This concept of the kernel of regions was introduced by Carathéodory,
who proved the following.

4.11 Corollary..(The Cathéodory Kernel Theorem) If for each n 21, fa
is a univalent function on B with f,(0) = 0, f.(0) > 0, and fa(D) =
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Qn, then {fn} converges uniformly on compact subsets of D to a univalent
function if and only if {Q,} has a kenel Q # C and Q, — Q.

Theorem 4.10 is false when G = C. Indeed, if G, = C = Q, for all n
and fp(z) = n~!'z, then G, — C, 2, — C, but {fa} does not converge to
a univalent function.

Note that the general purpose of the main results of this section is to
provide a geometrically equivalent formulation of the convergence of a se-
quence of univalent functions.

Much of this section is based on §V.5 of Goluzin [1969).

Exercises

1. If G = ker{G,} and T is a Mobius transformation, then T(G) =
ker{T(Gpn)}; similarly, if G, — G, then T(G,) — T(G). Give condi-
tions on an analytic function f so that f(G) = ker{f(Gn)} whenever
G = ker{G,}.

2. Assume (4.3) and let {c,} be a sequence of complex scalars. (a) If
Gn — G and ¢y, — ¢, then ¢,G, — ¢G. (b) If {G,} has a kernel and
cn — 00, then ¢,G — C. (c) If {G,} has a kernel and ¢, — 0, then
{cnGn} has no kernel.

3. Give the details in the proof of Corollary 4.11.

4. Let G be the region obtained by deleting a finite number of non-zero
points from C and show that the conclusion of Proposition 4.8 holds
for G.

5, Assume (4.3). If {G,} has a kernel G and G, — G, then for every a
in G there is a sequence {a,} with a, € G, such that a,, — a.

6. Give an example of a sequence of regions {Gnp} such that for each
n > 1, C\ G, has an infinite number of components and G, — D.

7. Assume that G is a finitely connected Jordan region and ¢ : G —» G
is a conformal equivalence; so ¢ extends to clG. If G is not simply
connected and there is a point a in 3G such that ¢(a) = a, then ¢ is
the identity.

§5 Conformal Equivalence with a Circularly Slit Annulus

This section begins the presentation of some results concerning regions that
are conformally equivalent to a finitely connected region. The reader might
consider these as extensions of the Riemann Mapping Theorem. We know
that each simply connected region is conformally equivalent to either the
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unit disk or the whole plane, this latter case only occurring when the region
in question is the plane itself. The picture for finitely connected regions is
more complicated but still manageable.

For our discussion fix an n-connected region G and let Kj,...,K, be
the components of Co, \ G with 0o in K. Let us agree to call a region Q
a circularly slit annulus if it has the following form:

N={CeC:r<|{|<land{¢Cjfor2<j<n},

where C; is a closed proper arc of the circle |{| = 7j,m1 < r; < 1, and these
arcs are pairwise disjoint. For notational convenience set r¢ = 1. Note
that this slit annulus in an n-connected region. Of course there is nothing
in what follows that requires having the outer radius of the associated
annulus equal to 1; this is done for normalization purposes (see Exercise
1). For notational convenience C will be the unit circle 8D and C; will
be the circle {z : |z| = r,}, and these will be referred to as the outer circle
and the inner circle of . The main result of this section is the following.

5.1 Theorem. If G is a non-degenerate n-connected region in C, A and B
are two components of 3x,G, and a € G, then there is a unigque circularly slit
annulus Q and a conformal equivalence ¢ : G — Q such that ¢ associates
A with the outer circle and B with the inner circle and ¢'(a) > 0.

The uniqueness statement will follow from the next lemma. Also the proof
of this lemma will provide some motivation for the proof of existence.

Note that if 2 and A are two circularly slit annuli and f : @ <+ A is a
conformal equivalence such that f associates the outer circle of Q with the
outer circle of A, then f extends continuously to the outer circle of 2 and
maps this onto the outer circle of A. (In fact, f extends analytically across
the outer circle.) Similar statements apply to the inner circle.

5.2 Lemma. IfQ and A are two circularly slit annuli and f : 2 —+ A is a
conformal equivalence such that f associates the outer and inner circles of
Q with the outer and inner circles of A, respectively, then there is a complez
number a with |a| =1 such that A = aQ and f(z) = az for all z in Q.

Proof. Let G be an analytic n-Jordan region such that there is a conformal
equivalence ¢ : G — Q. We can assume that G C D, the outer boundary
of G is D, and that ¢ associates D with OD. Let v;,...,7. be the
remaining Jordan curves in the boundary of G and put 4 = &D. Number
these curves so that ¢ associates v, with the inner circle of 2 and orient ;
so that n(¢(7);0) = —1. Let wy, ..., w, be the harmonic basis for G. Note
that each wy extends to a harmonic function in a neighborhood of cl G.

Adopt the notation in the paragraph before the statement of the theorem
andlet A = {C: ;1 <[] < 1and ¢ ¢ |J7.., D}, where D; is a closed proper
arc in the circle {¢ : (| = p;}. Let D, and D be the inner and outer circles
of A. Let ¥ : G — A be the conformal equivalence % = fo¢. It follows that
¢ and ¢ extend continuously to clG (3.5).
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Since ¢ does not vanish on G, u = log |¢] is a continuous function on cIG
that is harmonic on G. Because of the behavior of ¢ on G, u is constant on
each component of G; let u = A; on ;. Thus u—3_7 Axwy is harmonic and
vanishes on 7;,...,7s. But u=0ony =D andso u— Y} Axwi =0 on
8G. Therefore u — Y 7 Awi = 0. Defining c; as in Proposition 1.7 we get

n n
I >gh o

7
1 ¢

2rij,, @
= n(¢(7):0)

-1 if j=1
0 if 2<j<n

Now carry out the analogous argument with . Since f is a confor-
mal equivalence we have n(y(1);0) = n(f(¢(1));0) = —1. So log|y| =
Z'; Mewi and Z’,:,l CikTk = E:,, cjkAx for 1 < j < n. But Proposition
1.7 says that the matrix (c;i] is invertible and so n; = Aj for 1 < j < n.
Thus log|¢| = log|¥|. Hence |¢| = |¢| on G and this implies the exis-
tence of a constant a with |a| = 1 such that ¥ = a¢. Thus A = af2 and
f(¢(2)) =a¢(z) forall zin G. O

It is easy to construct an example of a circularly slit annulus Q for which
no rotation takes §2 onto itself. So in this case if f is a conformal equivalence
of N onto itself that maps the outer and inner circles onto themselves, the
conclusion of the lemma is that f is the identity function.

Proof of Theorem 5.1.  According to Theorem 3.3 we may assume that G
is an analytic n-Jordan region such that the component A of 8G is v = 8D,
the outer boundary of G. The component B of &G is another curve. Let
b be a point inside this curve; so b ¢ G. If T is a Mobius transformation
that maps D onto D and T'(b) = 0, then replacing G by T(G) we may
assume that 0 belongs to the inside of B. Denote this boundary curve B
by 7 and let 73, ...,7n be the remaining boundary curves. So n(y;;0) =0
for 2 < j < n and we can orient v and v, such that n(v;;0) = —1 and
n(¢p;0) =1.For1 < jk<nlet

1 .
cjk-é;[” dw,,.
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According to Proposition 1.7 the matrix [c;;] is invertible.

Coroilary 13.4.14 implies there is an analytic n-Jordan region W contain-
ing cl G such that each harmonic function wi, 1 < k < n, has an extension
to a function harmonic in W; also denote this extension by w;. Let a; =0
and pick points a3, ...,a, in the inside of 42, ...,7n so that they lie in the
complement of cl W.

Since [c;i] i8 invertible, there are (unique) real numbers A, ..., A, such
that

4 n
chk/\k =-1
k=1

53 <

Zc,y\k=0 for2<j<n.
[ k=1

Let u be the harmonic function on W given by

u= Z": AkWk.

k=1
By Theorem 1.3 there is an analytic function h on W such that

u(z) = Reh(z) + Y _ celogz — aul,
k=1

where ¢y, ..., ¢, are the periods of u. Let’s calculate these periods.
For1<j<n,

1

2r -

n 1 .
= Z'\"E;/,; duwy

k=1

n
= 2 e
k=1

-1 =
0 2<j<n.
Thus u = Reh - log|2|.

Put ¢ = z71eh. So ¢ is an analytic function on W that does not vanish
there. Note that |¢| = |z|~'eR* = expu. Thus |¢| is constant on each of
the boundary curves of G, m,...,7n. Infact on 7;, [¢] = r; = e¥. It
is claimed that ¢ is the desired conformal equivalence. To establish this,
many things must be checked.

Cj = ‘du



94 15. Finitely Connected Regions

For any complex number ¢, let N(¢) be the number of solutions, counting
multiplicities, of the equation ¢(z) = ¢ that lie in the region G. From the
Argument Principle, if ¢ € ¢(7;) for 0 < j < n, then

/

n 1 n
5.4 NO=Y o [ 35 = S0,

i=0

Now ¢(;) is a closed curve (possibly not a Jordan curve) and, since |¢| = r;
on 1;, this closed curve must be contained in the circle 4; = {¢ : |{| = r;}.

Thus n(@(v;);¢) = 0 for || > r; and n(é(v;);¢) = n(e(v;); 0) for [¢] <
r;. Using Proposition 13.3.5 we get that for 0 < j < n,

l /
om0 = g/ %
L)

1
- —./ (lw)
2ri v \Z

1

w: 4

1
—/ *du.
2r ¥

For 1 < j < n this last integral is c;, which was calculated previously. For
J = 0 first observe that du is an analytic function on W so that

1

7t Jyo

|
-) — | Ou
Z”/'H

n(¢(7); 0)

1

<

bt 1§
n
26

i=1

= 1.
Therefore we obtain
1 if j=0
5.5 n(@(1;):0)=¢ -1 if j=1
0 if 2<j<n.

Substituting in (5.4) this implies that if |(| # ro(= 1),ry,...,7a, then
N(¢) = n(¢(10);¢) +n(¢(n);¢) and so a consideration of all the possible



15.5. Circularly Slit Annulus 95

cases (save one) gives that

0 if |¢}>1and |(|>7
5.6 N¢=< o0 if |(|<land |(|<m
1 if m<|(l<l.

The one possibility that is left out is to have N(¢) = —1for 1 < || < 7.
But this is nonsense; the equation ¢(z) = { cannot have -1 solutions in G.
Thus r; < 1. But ¢(G) is open so that ¢(¢{) = { must have some solutions.

Thus we have that
r <1l

Equation 5.6 also shows that ¢ is a one-tb-one map of G onto its image
and ¢(G) C R={¢:r <|{| <1}. Let C; = ¢(v;) C A;. Again (5.6)
shows that N(¢) = 1 for ( in R and |{| # r;j(2 < j < n). So ¢(G) 2
{¢ € R: || # ray...,mn}. Because ¢ is a homeomorphism of G onto
#(G),8¢(G) = $(3G) = U7_,C; U {¢ : [¢| = 1 or r}. This implies two

things. First it must be that r, < r; < 1 for 2 < j < n. Second

#(G)=2=R\JC;.

=2

Now ¢(G) and hence 2, must be a connected set and so each C; is a
proper closed arc in the adircle A;. That is, {2 is a slit annulus.

What about ¢'(0)? It may be that ¢(0) is not positive. However by
replacing ¢ by ¢ for a suitable 6 and replacing 2 by e¥(2, this property
is insured.

The proof of uniqueness is an easy consequence of Lemma 5.2 and is left
to the reader. O

Consider the annulus G = {2z : R < |z| < 1}. The map ¢(z) = AR/z for
a scalar A with [A| = 1 is a conformal equivalence of G onto itself. Thus
the uniqueness of the conformal equivalence obtained in Theorem 5.1 is
dependent on the assignment of two of the boundary components. The use
of a rotation shows that in addition to assigning two boundary components
it is also necessary to specify the sign of the derivative at a point.

What happens if some of the components of Co, \ G are singletons?
Suppose that Co, \ G has n + 1 non-trivial components Kj, ..., K, and m
components @, . ..,am that are singletons. By the application of a simple
Mébius transformation, it can be assumed that co € K. Let H = GU
{a1,...,am}. According to Theorem 5.1 there is a conformal equivalence
¢ : H — Q for some circularly slit annulus Q. Let a; = ¢(a;). This leads to
the following.
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5.7 Theorem. Ifn > 1 and G is an (n + m)-connected region with only
(n + 1) of the components of its complement in C, non-trivial, then G is
conformally equivalent to a circularly slit annulus with m points removed.

The above thereoms have an appealing form in the case that n = 1 and
it is worth stating this separately.

5.8 Theorem. If G is a 1-connected region in C, then the following state-
ments hold.

(a) If each component of Co, \ G is a point, then G is conformally eguiv-
alent to the punctured plane C.

(b) If one component of Co, \ G is a point and the other 1s not, then G
is conformally equivalent to {2 : 1 < |2} < c0}.

(c) If neither component of C,\G is a point, then there is a finite number
r such that G is conformally equivalent to {z : 1 < |z| < r}.

IfAr ={z:1< |2z <r} for 1 <r < ocodthen A,, and A,, are
conformally equivalent if and only if r; = r,.

Proof. The proofs of (a), (b), and (c) are straightforward. The proof that
A,, and A,, are conformally equivalent if and only if r, = r, follows from
the uniqueness part of Theorem 5.1. O

E;:ercises

1. Show that every proper annulus is conformally equivalent to one of
the form {z:r < |2z| < 1}.

2. Assume G is an analytic Jordan region and Q is a circularly slit
annulus as in the proof of Theorem 5.1; adopt the notation of that
proof. If ¢ : clG — cIf is the continuous extension of the conformal
equivalence of G onto {2, show that for 2 < j < n, ¢ is two-to-one on
7. (Hint: Let o, be a Jordan curve in G that contains v; in its inside
and has the remaining boundary curves of G in its outside. Note that
é(oc) is a Jordan curve in Q that contains precisely one boundary
arc of § in its inside. What happens as ¢ — 0?)

3. f0<r; <Rj <0,j=1,2,show that ann(0;ry, R, ) and ann(0; rp, Ry)
are conformally equivalent if and only if R, /r; = Ry/r,.

4. Let A = ann(0;r, R),0 < r < R < 00, and characterize all the ana-
lytic functions f : A — A that are bijective.
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5. (a) Let G be a non-degenerate n-connected region with boundary
components Cp,C), . ..,Cn and let ¢ : G — G be a conformal equiv-
alence. Show that if n > 2 and for three values of k, ¢ associates Ci
with itself in the sense of §3, then ¢ is the identity mapping. (b) If
n > 2, show that the group of all conformal equivalences of G onto
itself is finite. Give a bound on the order of the group. (See Heins

[1946).)

§6 Conformal Equivalence with a Circularly Slit Disk

In this section we will see another collection of canonical n-connected re-
gions that completely model the set of all n-connected regions.

6.1 Definition. A circularly slit disk is a region 2 of the form

Q=D\OC,»,

i=1

where for 1 < j < n, C; is a proper closed arc in the circle |z| = r;, 0 <
rj < 1.

Note that as defined a circularly slit disk contains 0. The point 0 will
be used to give the uniqueness statement in Theorem 6.2 below. The main
result of this section is the following.

8.2 Theorem. If G is a non-degenerate n-connected region, a € G, and A
i3 any component of 3G, then there is a unique circularly slit disk @ and
a unique conformal eguivalence ¢ : G — N such that ¢ associates A with
9D, ¢(a) =0, and ¢'(a) > 0.

As in the preceding section, we will prove a lemma that will imply the
uniqueness part of the theorem and also motivate the existence proof.

6.3 Lemma. If Q and A are slit disks and f : @ — A is a conformal
egquivalence such that f(0) = 0 and f(OD) = 9D, then there is a complez
number a with |a| = 1 such that A = afl and f(z) = az for all z in Q.

Proof. Some details will be omitted as this proof is similar to that of
Lemma 5.2. Let G be an analytic Jordan region with outer boundary vy =
0D such that there is a conformal equivalence ¢ : G — 2 and ¢(0D) = dD.
Let a € G such that ¢(a) = 0. Denote the remaining boundary curves of G
by 71,--.,7n- Adopt the notation in Definition 6.1.

Let u = log|¢|. So u is a negative harmonic function on G\ {a} and, for
0 £ j £ n, u = pj, where exp(p;) = rj. Now ¢ = (z — a)h, where A is an
analytic function that never vanishes on G. So u = log |z — a| + log |h| and



98 15. Finitely Connected Regions

log|h| is barmonic on G. If w,,...,w, is the harmonic basis for G, [u —
Y, pjw;j| —1og |z — a| is harmonic on G and u - }_; p; w; vanishes on §G.
Thus

n
u(z) = -9(2, a) + ijwj(z)r
i=1
where g(z,a) = g,(z) is the Green function for G with singularity at a.

Thus
1 P
— [ ‘du = / ‘dg, + E /
2m Js, = 2

= wj(e) + z CikPk,
k=1

where c;ji. is one of the periods of wy. On the other hand,

L. 1
5/7’ wo= o o

¢/
= ), s
=0
for 1 < j < n. Therefore p,, . . ., p are the unique solutions of the equations
n
6.4 3 cikor = —wj(a).
k=1

Arguing as in the proof of Lemma 5.2, if ¥ = f o ¢, then |¢| = || and so
¥ = a¢ for some scalar a with |aj =1. O

Proof of Theorem 6.2. Without loss of generality we may assume that
G is an anslytic Jordan region with outer boundary A = v = 8D; let
M,---,7n be the remaining boundary curves. Let g, = —log|z —a] + R,
be the Green function for G and let w;,...,wn be the harmonic basis for
G. If {cjx} are the periods for the harmonic basis, let p),...,p, be the
unique scalars such that (6.4) is satisfied. Put u = —go + ¥, prwy and put
v = t — log|z — a|. So v is harmhonic on G and a computation shows that
fori1<j<n

1 [,
s w = g [ deste-al-g [ dg°+2c,m
/] /]
1 .
= ~5 s dlog|z —a|
n(7j:@)

= 0.
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Therefore there is an analytic function k on G such that v = Re h. Moreover
h can be chosen so that h(a) is real. So u = log|z — a| + Reh.

Let ¢ = (z — a)e” so that log (@] = u. It follows that |¢| = 7o = 1 on
70 and |¢] = r; = e? on ; for 1 < j < n. For any complex number ¢
let N(¢) be the number of solutions of the equation ¢(z) = (, counting
multiplicities. As in the proof of Theorem 5.1,

NG =Y n(d(7):0)-
j=0

Now ¢(7;) € {¢ : [¢| = r;} so that to calculate N(() it suffices to calculate
n(¢(7;);0). But

l '
n(#(v;);0) 77 / %
v

- gl‘ 7 (Z i a * h’)
= n(y;;a)

|1 =0

" lo ifi<i<n

Collating the various pieces of information we get that if |¢ | #rj for 0 <
7 £ n, then

0
MO={ if 1¢] > 1

1 ifl¢ <1
From here it follows that @ = ¢(G) is a slit disk and ¢ is a conformal
equivalence of G onto Q with ¢(a) = 0. Since h(a) is a real number, a

calculation shows that ¢'(a) > 0.
The uniqueness follows from Lemma 6.3 and is left to the reader. O

Exercises

1. Denote the conformal equivalence obtained in Theorem 6.2 by ¢(z, a);
80 ¢(a,a) = 0 and B1¢(a,a) > 0. Show that if [d;i] is the inverse of
the matrix [c;x], then

log |¢(z,0)| = ~g(z,0) + Y djxw;(z) wn(a).

ik=1

Thus ¢(z,a) = ¢(a, 2).
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2. Show that if G is an n-connected region and’ a,b € G, then there
is a conformal equivalence ¥ on G that maps G onto the extended
plane with circular slits and y(a) = 0 and ¥(b) = oc. (Hint: Let
¥(z) = ¢(z,a)/¢(z,b) (notation from Exercise 1); use the Argument
Principle to show that 3 is one-to-one.)

3. How must Theorem 6.2 be changed if some of the components of the
complement of G are trivial?

§7 Conformal Equivalence with a Circular Region

A region R is a circular region if its boundary consists of a finite number of
disjoint non-degenerate circles. In this section it will be shown that every
n-connected region is conformally equivalent to a circular region bounded
by n + 1 circles. This proof will be accomplished by the use of Brouwer’s
Invariance of Domain Theorem combined with previously proved conformal
mapping results. But first the uniqueness question for such regions will
be addressed. Recall that the oscillation of a function f on a set E is
osc(f; E) = sup{|f(z) — f(y)| : z, y € E}. For a curve v, {(v) denotes its

length.

7.1 Lemma. Let K be a compact subset of the region G and let f be a
bounded analytic function on G \ K. If, for every € > 0 and every open
set U containing K and contained in G, there are smooth Jordan curves
{m,-.., ¥} in U that contain K in the union of their insides such that

dotw)i<e and Y [osc(f, ) <e
j=1 j=1

then f has an analytic continuation to G.

Proof. Let v be a smooth positively oriented Jordan curve in G\ K that
contains K in its inside. Fix a point z in G\ K and inside 9. For £ > 0 let
T,---,7n be as in the statement of the lemma arranged so that they lie
inside o and the point z is outside each of them. Give the curves v, ...,7n
negative orientation. So I' = {40,71,...,7a} is a positively oriented Jordan
system in G. Let d = dist(z,I’). Hence

f(z) = 2“/ f(W) 22 '/ S(w) L) .

Fix a point w; on v;. Since z is in the outside of +;,

f(w) _ _fwy) [ dw /!(w)
w-—-2

21r: w-z 27 ,,,w—z+2m
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L [ LSy,

2w - w—-2
Hence if6j = oec(f,'yj),

f (w) dw|

IA

5(7 )51

sl g

1 « - f(w;
2712/ T

Ma

IA

Ji=1 J=1

In

Since € was arbitrary,

f(w)
f(z) = 21n/ w- d

for all z inside 49 and lying in G \ K. Thus this formula gives a means of
defining f on the set K that furnishes the required analytic continuation.
a

For the following discussion, let’s fix some notation. Let 2 be a circular
region whose outer boundary is y9 = D. Let 7,...,Yn be the remaining
circles that form the boundary of Q; put v; = 8B(a;;r;). Now look at the
region that is the reflection of 2 acroes the circle ;. Recall (§3.3) that the
reflection of a point z across the circle v; is the point w given by

7.2 rf

. w=a;+ -3
Note that this formula is the conjugate of a Mébius transformation. Thus
the image of Q2 under this transformation is another circular region; call
it ;; for the moment. Note that the outer boundary of Q,; is the circle
v;- Thus (1) = QU U--- UM Umn U--- U+, is also a circular
region, though its complement has more components (how many more?).
Now for each Q2,5 and for each of its boundary circles -, look at the image
of ;; under the reflection across vy. Denote the resulting circular regions
by {€%; : 1 < j < N3}. Note that each of these is the image of Q under two
successive reflections and hence is the image of Q under the composition of
two transformations of the type given in (7.2). It is easy to check that the
compoegition of two such transformations is a Mobius transformation. Let
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§2(2) be the union of (1), the regions {Q2; : 1 < j < Nz}, together with
the circles forming the inner boundary of (1).

Continue. This produces for each integer k a collection of circular regions
{Q%; : 1 < j < Ny} and an increasing sequence of circular regions {Q(k)},
where (k) is the union of Q(k — 1), the regions {Q; : 1 < j < Ni},
together with the circles that form the inner boundary of Q(k — 1). Put
Q(00) = UeS2(k). So

Q(00) = QU | JH{cl; : k 2 1and1 < j < Ni}.

For k > 1 and 1 < j < N, @ = Ti;(R), where Ti; is a Mébius trans-
formation if k is even and the conjugate of a MGbius transformation if k is
odd. Let 1ji, 1 < i < n, be the circles that are the components of O
exclusive of its outer boundary. So the components of 9§(k) are the unit
circle together with the circles {yiji : 1 < j < Ni,1 < i < n}. Put ryjs =
the radius of Yheji-

7.3 Lemma. With the preceding notation,

00

Y ki 1<i< M, 1Sisn}< oo
k=1

Proof. First note that the regions {s; : k > 1, 1 < j < Ni} are pairwise
disjoint. Let Dy; be the derivative of Tx; when k is even and the derivative
of the conjugate of Ti; when k is odd. Let B = B(a; r) be a disk contained in
Q and consider the disks T};(B). By Koebe’s 1/4-Theorem, T;(B) contains
a disk or'radius r |Dy,(a)| /4. Thus Area();) > 2 |Dy;(a)|* /16. Thus

oo
74 Y Y {IDkj(@)? 1< 5 < N} < 0.

k=1

According to the Distortion Theorem (14.7.16), for 1 < ¢ < n there is a
constant M; such that for k> 1and 1 <j < Ny,

sup{|Di;(2)| : z € %} < Mi|Dxj(a)] -

Now ji = Tkj() for 1 <i < n. Thus
I rags = / IDuj(2)| 1dz| < M; |Di(a)] 27 7.
N

Combining this with (7.4) gives the proof of the lemma. O

7.5 Proposition. If Q and A are circular regions and f : Q - A isa
conformal equivalence, then f is a Mobius transformation.
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Proof. By Theorem 3.4 it follows that f maps each circle in the bound-
ary of Q homeomorphically onto a circle in the boundary of A. By using
appropriate Mobius transformations, it suffices to copsider the case that
the outer boundaries of {2 and A are the unit circle and f maps 3D onto
itself. If ;,...,ny are the other boundary circles of A, the nmnbering can
be arranged so that f(y;) =ni for1 <i<n.

Adopt the notation of Lemma 7.3 and the analogous notation for the
circular region A. By using the Reflection Principle there is for each k > 1
a conformal equivalence fj : (k) — A(k) that continues f. Hence we get
a conformal equivalence fo, : 2(c0) — A(co). Note that K = D'\ Q(c0) is
compact.

Now apply Lemma 7.1 to show that f,, has a continuation to D. Once
this is done the proof will be complete. Indeed, if g = f~! : A — , the
same argument shows that g has a continuation to D that is a conformal
equivalence on A(0o). In fact go, = f3!. Since z = goo © foo = foo © goo, it
must be that the continuation of f to D is a conformal equivalence whose
inverse is the continuation of g to D. Thus f is a conformal equivalence of
D onto itself. According to Theorem 6.2.5, f is a Mobius transformation.

To see that Lemma 7.1 is applicable to f.,, let U be an open subset of
D that contains K and let ¢ > 0. By Lemma 7.3 and an easy topological
argument, there is an integer m such that for & > m each of the circles v
is contained in U and

ZZ{riji:ISJSNk, 1<i<n}<e

k=m

If piji is the radius of 7xj;, m can also be chosen so that

oo
ZZ{pzj,.:lgjgN,,, 1<i<n}<e

k=m

But fi maps the circle y;; onto the circle Nikjs- So if bxji = osc(f, Yayi),
this last inequality implies that

Zz{6k3t'15jst» lSiSn}<e.

k=m
Thus the curves {Ymji : 1 i< n, 1 < j < Np} are those required by
Lemma 7.1. O

The topological lemma that follows will be used in the existence proof.

7.6 Lemma. (a) Let {2} be circularly siit disks such that OD is the outer
boundary of each and each QU is n-connected. If Q is a non-degenerute
n-connected region with outer boundary 8D and Q; — N in the sense of
(4.1), then Q is a circularly slit disk.
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(b) Let {Gi} be circular regions such that 9D is the outer boundary of

each and each Gi is n-connected. If G is a non-degenerate n-connected
region with outer boundary 8D and Gk — G in the sense of (4.1), then G
is a circular region.
Proof. (a) Let 1,...,7n be the bounded components of the complement
of Q; put 70 = dD. Let 0 < § < dist(yj,) for i # jand 0 < 4,5 < n.
Choose an integer k; such that for k > k;, K = {z € D;dist(2,89) > 6§} C
Q. If 0 < j < n and a; € 7j, then Exercise 4.5 implies there is an integer
ko > ky such that for k > ko, dist(a;,00%) < 6/2. Fix k > ky for the
moment and let ajx € % with |ajx — aj| < 6/2. If ;i is the component
of 89 that contains ajk, then it must be that v C {z : dist(z,7;) < 6}.
Indeed the fact that K C Q, and Q2 C D implies that v, C D\ K. Since
7;k is connected, the choice of § implies that v;x C {2 : dist(z,v;) < 6}.

Thus we have that for k > k;, the proper arcs that form the bounded
components of the complement of {}x can be numbered 7%, .., nk S0 as
to satisfy

7.7 Yik C (75)s = {2 : dist(z,7;) < 6}.

Now fix j, 1 £ j < n. For each ( in v;, Exercise 4.5 implies there is
a sequence {(x} with {x in 9 such that & — (. By (7.7), ¢k € vji for
k > ka. If v;x is contained in the circle {¢: il = pjk}, this implies that
pjk = |¢jx| — |¢|. Since ¢ was an arbitrary point of v;, this shows that 7,
is contained in the circle {v : || = p;}, where pjx — p; as k — co. But Q
is connected and no component of the complement of Q is trivial. Thus +,
is a proper closed arc in this circle and hence Q is a circularly slit disk.

The proof of part (b) is similar. O

7.8 Lemma.

(a) Let {Gi} and G be circular regions such that 3D is the outer boundary
of each and each is n-connected; for each k > 1 let fi : Gx — Qi be a
conformal equivalence onto a circularly slit disk Q. with outer boundary
9D such that fi(0) = 0, fi(0) > 0, and f.(OD) = 3D. If Gx — G in the
sense of (4.1), then fi — f(uc), where f is a conformal equivalence of G
onto a circularly slit region  with outer boundary 8D, and Qi — Q.

(b) Let {2} and Q be circularly slit disks such that 3D is the outer bound-
ary of each and each is n-connected; for each k > 1 let ¢y : U — G be a
conformal equivalence onto a circular region Gy with outer boundary 0D
such that ¢x(0) = 0, ¢4(0) > 0, and (D) = ID. If U — Q in the
sense of (4.1), then ¢, — ¢ (uc), where ¢ is a conformal equivalence of Q2
onto a circularly slit region G with otter boundary 8D, and G, — G.

Proof. As with the preceding lemma, the proofs of (a) and (b) are similar,
so only the proof of (a) will be presented.

First we show that {f;(0)} is bounded away from 0. Let C,”..,Cn be
the circles in the boundary of G that are different from D and choose ¢ > 0
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such that the closure of V = {z : dist(z, 8D) < ¢} is disjoint from each C;.
Since Gx — G, there is a k; such that for k > k1, clV N &Gk = 3D. Thus
each fi with k > k) admits a univalent analytic continuation to Gy UV,
which will also be denoted by fi (Proposition 13.4.4). It is straightforward
to check that Gy UV =+ GUYV.

We now want to construct certain paths from 0 to points on the unit
circle. Let z € D and consider the radius [0, z]. This radius may meet
some of the circles C;. Enlarge these circles to circles D, ... , Dy, so that
they remain pairwise disjoint, do not meet 3D, and do not surround 0.
Whenever [0, z) meets D;, replace the segment of [0, z] by half of this circle.
Each circle D; has radius less than 1 so that we arrive at a path from 0
to z that lies entirely in G, stays well away from the circles Cy,...,Ch,
and has length less than 1 + n7. Thus we can find an open subset U of
G such that 3D C clU C GUYV, 0 € U, and for each z in D there
is a path in U from 0 to z having length < 1 + nn. Let k; > k; such
that clU C G, UV for k > ko. According to Theorem 14.7.14 there is a
constant M such that |fi(2z)] < M |fi(0)] for all k > k3 and z in clU. If
|z| = 1, let ¥ be a path in U for 0 to z with length (7) < 1+ nx. Thus
1= 1A(2) < S, Al dul < MO0+ n). Hence (£0) i bounded

ow.

Now we will show that {fL(0)} is bounded above. Let cx = {f;(0)]"*
and put gi = cx fi. If {fL(0)} is unbounded, there is a subsequence {cx; }
that converges to 0. But according to Lemma 4.6, by passing to a further
subsequence if necessary, there is a univalent function g : G — C such that
9k, — g (uc). Theorem 4.7 implies that cx,Qx, = gk, (Gk,) — 9(G). But
the sets Qi are all contained in D and since cx, — 0, {ck, S, } can have
no kernel, a contradiction. Thus {f{(0)} must be bounded.

Remember that anything proved about the sequences {fi} or {fi(0}}
is also true about any of their subsequences. Suppose that f.(0) — a, a
non-zero scalar. Using the notation of the preceding paragraph, there is a
subsequence {g,} and a univalent function g on G such that gi, — g (uc).
Thus Q, = fi,(Gy;) — 2 g(G). )

Thus f = ag is a conformal equivalence of G onto a region §2 and 4, —
Q. Since the outer boundary of §? is D, Lemma 7.6 implies that 2 is a
circularly slit disk.

Now suppose that {fi,} and {fm,} are two subsequences of {fi} such
that fi, — f and fm;, — h, where f and h are conformal equivalences
of G onto circularly slit disks 2 and A, respectively, with f(0) = 2(0) =
0, f/(0) > 0, and A’(0) > 0. Thus ¢ = foh™! is a corformal equivalence
of A onto Q with ¢(0) = 0,¢'(0) > 0, and ¢(dD) = ID. By Lemma 6.3,
A=Qand ¢(¢) =( for all  in A. Thus h = f. ’

To recapitulate, each subsequence of {fi} has a subsequence that con-
verges to a conformal equivalence of G onto a circularly slit disk, and each
convergent subsequence of { fi} has the same limit point. This implies that
{fx} converges to a conformal equivalence f of G onto the circularly slit
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disk 2. Hence 2 — 2 by Theorem 4.10. O

7.9 Theorem. If G is a non-degenerate finitely connected region, A is
a component of the extended boundary of G, and a € G, then there s a
unique circular region ) and a unigue conformal equivalence f : G —
such that f associates A with D, f(a) =0, and f'(a) > 0.

Proof. Once existence is established, uniqueness follows from Proposition
7.5 as follows. Suppose that for j = 1,2, f; : G — §; is a conformal
equivalence that associates A with D such that f;(a) = 0 and f}(a) > 0.
Then g = fp 0 f;' is a conformal equivalence of Q, onto Q;, g(dD) =
D, ¢(0) = 0, and ¢'(0) > 0. It follows from Proposition 7.5 that g is
a Mébius transformation. The remaining information about g shows that
9(z) = z for all 2.

Now for the proof of existence. Let G be the collection of all circular
regions G that are n-connected such that 0 € G and 9D is the outer
boundary of G. Let H be the collection of all circularly slit disks Q that
are n-connected such that D is the outer boundary of Q. According to
Theorem 6.2, for every G in G there is a unique §2 in % and a conformal
equivalence f : G — (2 such that f(0) = 0, f/(0) > 0, and f associates 9D
with 3D. This defines a map F : G — H by F(G) = Q whenever G and 0
are conformally equivalent. To prove the theorem it suffices to show that
F is surjective.

We now topologize G and H. If G € G, let C),...C, be the circles
that form the boundaries of the bounded components of the complement
of G. Each circle C; is determined by its center z; = a; + ib; and its
radius r;. Thus G can be identified with the point in R3® with coordinates
(@1,01,71,--.,8n,bn,7a); let G’ be the set of such points in R3" that are so
obtained. Note that G’ is a subset of

{(a1,b1,71,.. 180,00, 7) : 0 <@l + b5 <1and 0 < r; < 1}.

G’ is a proper subset of this set since we must have that the circles compris-
ing the boundary of G do not intersect. If G € G, let G’ be the corresponding
point in G'. .

If Q € H, let 7,...,7, be the closed arcs that constitute the bounded
components of the complement of §). Each ; is determined by its beginning
point {; = a; + if; and its length §; as measured in a counterclockwise
direction. Thus we also have that each 2 in A can be identified with a
point &’ in R3; let %’ = {@¥ : Q € H}. The function F : G — H gives rise
to a function F¥ : G’ — N'.

Give G’ and M’ their relative topologies from R3". It is left to the reader
to show that a sequence {G,} in G converges to G in G (in the sense
of Definition 4.1) if and only if G, — G’ in G'. Similarly for convergent
sequences in  and H'. We will show that F is surjective by showing that
F' is a homeomorphism.
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7.10 Claim. Both G’ and A’ are connected open subsets of R3".

The proof of this claim is left to the readers so that they might more
thoroughly familiarize themselves with the notation and the identifications.
At this point it seems safe to abandon the distinction between the regions
and the corresponding points in R3" and we do so.

Note that F is injective by the uniqueness statement of Theorem 6.2.
Let Gx — G in G and put @ = F(Gi) and Q = F(G). According to
Lemma 7.8, Qi — € and so F is continuous. By the Invariance of Domain
Theorem, F : G — H is an open map. Suppose F is not surjective; let
) € H\ F(G) and let 2 = F(Gyp) € F(G). Since H is an open connected
subset of R3", there is a path Q : [0, 1] — H with Q(0) = o and (1) = Q,.
Since F(G) is open, there is a 7 with 0 < 7 < 1 such that (7) ¢ F(G) and
Q(t) = F(G(t)) € F(G) for 0 <t < 7. Let 0 < t;, < 7 such that ¢, — 7; so
Q(te) — Q7). If Gx = F~[Q(tx)], then Lemma 7.8 implies that Gx — G,
a circular region, and it must be that F(G) = Q(7), contradicting the fact
that Q(r) ¢ F(G). Thus F is surjective, proving the theorem. O

Exercises

1. Give an example of a sequence of circularly slit disks that converges
to D in the sense of (4.1).

2. What happens in Theorem 7.9 if some of the components of the com-
plement of G are trivial?

3. Refer to Exercise 3.3 for the definitions of a proper map. Let G be
a non-degenerate n-connected region and let Aut(G) be the group of
all conformal equivalences of G onto itself. Show that if f : G — G is
a proper map, then f € Aut(G) (Radé6 [1922]) (Hint: Take G to be
a circular region with outer boundary 3D. Use the hypothesis that
f is proper to show that f extends to clG. Now extend f by the
Schwarz Reflection Principle. Now f defines a permutation of the
boundary circles 7, ...,7, of G. Show that for some integer m > 1,
the m-th iterate of f, f™, defines the identity permutation. Thus,
without loss of generality, we may assume that f defines the identity
permutation of the boundary circles. Now use the method of the proof
of Proposition 7.5 to extend f to a proper map of D onto D and use
Exercise 3.4. Also show that f fixes the points of D\ G(c0).)

4. If G is a non-degenerate n-connected region and f : G —- Gis a
conformal equivalence such that f(z) = z for three distinct points z
in G, then f is the identity.






Chapter 16
Analytic Covering Maps

In this chapter it will be shown that for every region (2 in the plane such that
C\ Q has at least two points, there is an analytic covering map 7: D — Q.
This is the essential part of what is called the Uniformization Theorem. The
reader might want to review §9.7 before going much further. The reader will
be assumed to be familiar with some basic topological notions such as the
fundamental group and its properties. Some topological facts will be proved
(especially in the first section) even though they may seem elementary and
assumable to many.

§1 Results for Abstract Covering Spaces

Recall that if Q is a topological space, a covering space of  is a pair
(G,7) where G is also a connected topological space and 7 : G — Q is a
surjective continuous function with the property that for every ¢ in Q there
is a neighborhood A of ¢ such that each component of 7~!(A) is mapped
by 7 homeomorphically onto A. Such a neighborhood A of ¢ is called a
fundamental neighborhood of (.

We will be concerned in this book with covering spaces (G, 7) of regions
Q in C where G is also a region in C and 7 is an analytic function. Such
a covering space will be called an analytic covering space. It is not dif-
ficult to check that (C,exp) and (C \ {0}, 2"), for n a non-zero integer,
are both analytic covering spaces of the punctured plane. Of course any
homeomorphism yields a covering space and a conformal equivalence gives
rise to an analytic covering space. In fact our main concern will be analytic
covering spaces (G, 7) of regions Q in C where G = D. But for the moment
in this section we remain in the abstract situation where G and  are met-
ric spaces. In fact the following assumption will remain in force until it is
supplanted with an even more restrictive one.

Assumption. Both G and Q are arcwise connected and locally arcwise
connected metric spaces, (G, ) is a covering space of Q, a9 € G, and
ap = 7(ag) € N.

Recall that a topological space is said to be locally arcwise connected if

for each point in the space and each neighborhood of the point there is a
smaller neighborhood that is arcwise connected. A good reference for the
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general theory of covering spaces is Massey [1967). Because certain notions
will be so frequently used and to fix the notation, we recall a few facts from
9.7.

: If v:[0,1] — Q is a path with v(0) = ap, then there is a unique path
% : [0,1) = G with 5(0) = ap and 705 = v (9.7.5). Such a path 7 is called
an aq-lifting (or ag-lift) of . Moreover if o : [0,1] — Q is another path
with initial point ag and 4 is its ao-lifting,then 4 and & have the same final
point in G if v and o are fixed end point (FEP) homotopic in 0 (9.7.6).
Indeed 7 and & are FEP homotopic under this hypothesis. A loop in Q is
a closed path. If v : [0,1] — Q is a loop with v(0) = (1) = ayg, say that v
is a loop with base point ap.

We begin with some basic results about “liftable” continuous functions.

1.1 Lemma. Suppose (G, ) is a covering space of Q, X is a locally con-
nected space, f : X — Q is a continuous function, and T : X — G is
a continuous function such that o T = f. Ifz € X, A is a fundamen-
tal neighborhood of £ = f(z), U is the component of T='(A) containing
z = T(z), and W is a connected neighborhood of = such that f(W) C A,
then T|W = (7|U)~! o (f|W).

Proof. Using the above notation, T(W) is connected and contained in
771(A), and z € T(W); therefore T(W) C U. Since f(w) = r(T(w)) for
all w in W, the lemma follows. O

1.2 Proposition. Suppose (G, 1) is a covering space of Q, X is a connected
locally connected space, f : X — Q is a continuous function, and S and T
are continuous functions from X into G such that f = 10T =10 S. If
there is a point zo in X for which T(zo) = S(zo), then T = S.

Proof. Set Y = {z € X : T(z) = S(z)}. By hypothesis Y # @ and
clearly Y is closed. It suffices to show that Y is also open. If z € Y, let
z =T(z) = $(z), £ = f(z), A a fundamental neighborhood of £, and let
U be the component of 7=!(A) that contains z. If W is a neighborhood
of z such that f(W) C A, then the preceding lemma implies that T|W =
(rlU)! o (fIW) and also S|W = (7jU)~ o (f]W). Thus W C Y and Y is
open. O

1.3 Theorem. Suppose (G, ) is a covering space of Q, X is a connected
locally connected space, and f : X — Q is a coatinuous function with
f(zo) = ap = 7(ag). If X is simply connected, then there is a unique
continuous function T : X — G such that f = 70T and T(zo) = ao.

Proof. If z € X, let o be a path in X from zo to z. So fo o is a path in
Q2 from ao to f(z). Let 4 be the ao-lift to G. Define T(z) = §(1); it must
be shown that T'(z) is well defined. So suppose that o, is another path in
X from zo to z. Since X is simply connected, oy ~ o (FEP) in X. Thus
fooy ~ foo (FEP) in Q. By the Abstract Monodromy Theorem, the
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aq-lift of f o ) has the same final point as ¥. Therefore the definition of
T(z) does not depend on the choice of the curve o and is well defined.

To prove continuity let z € X and let z = T(z). Let o be a path in X
from zg to z, ¥ = f o o, and let ¥ be the ag-lift to G. So z = 7(1). Let A
be a fundamental neighborhood of ¢ = f(z) and let U be the component
of 7-1(A) that contains z. Choose A so that it is arcwise connected. Let
W be an arcwise connected neighborhood of z in X such that f(W) C A.
If w is any point in W, let ) be a path in W from z to w. So fo A is a path
in A from ¢ = f(z) to f(w). Thus the z-lift of foXis A = (7jU) o fo A
But Ao is a path in X from zo to w and this leads to the fact that T'(w) =
A1) = (r)U)~Y(f(w)). Thus T|W = (7|U)~! o f|W and T is continuous.

It is easy to check from the definition that 7 o T = f and T'(zo) = ao.
Uniqueness is a consequence of Proposition 1.2. O

1.4 Definition. If (G;,7,) and (G2, ;) are covering spaces of §2, a ho-
momorphism from G; to G2 is a continuous map T : G; — G2 such that
20T = 7,. If T is a homeomorphism as well, then T is called an isomor-
phism between the covering spaces.

If (G, 7) is a covering space of {2, an automorphism of the covering space
is a covering space isomorphism of G onto itself. Let Aut(G, ) denote the
collection of all automorphisms of (G, 7).

Note that the inverse of an isomorphism is an isomorphism and Aut(G, )
is a group under composition. The next result collects some facts about
homomorphisms of covering spaces that are direct consequences of the pre-
ceding results.

1.5 Proposition. Suppose that (G,,7) and (G2, 72) are covering spaces
of U with 7(a1) = 7(az) = ao.

(a) IfT:G, — G2 is a homomorphism of the covering spaces, then T is
a surjective local homeomorphism.

(b) IfG, is simply connected, there is a unique homomorphism T : G; —
G, with T(a;) = a3.

(c) Any two covering spaces of ) that are simply connected are isomor-
phic.

Proof. (a) Without loss of generality we may asume that T'(a,) = a;. To
see that T is surjective, let z; be an arbitrary pcint in G, and let 43 be
a path in G2 from a3 to z;. Let ¥ = 7, 0 4, and let 4; be the a,-lift of 7.
Now T o4, is a path in G2 with initial point a; and 20T 04; = 4. By the
uniqueness of path lifts, T o4, = §2. Thus 22 = %2(1) = T(:1(1)) and T
is surjective. Since 7, is a local homeomorphism, the fact that T is a local
homeomorphism is immediate from Lemma 1.1.
(b) This follows from Theorem 1.3.
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(c) Let T : G, = G, be a homomorphism with T(a;) = a2 and let
S : G — G, be a homomorphism with S(a;) = a1. Thus SoT is a
homorphism of G, into itself that fixes the point a,. From Proposition 1.2
it follows that S o T is the identity homorphism of G and so T must be a
isomorphism (with S as its inverse). O

Thus we say that a simply connected covering space of 2 is the universal
covering space of . The reason for the word “universal” here is contained
in (b) of the preceding proposition. The reason for the use of the word
“the” is contained in (c). Of course this uniqueness statement does not
imply existence. The existence of a universal covering space for subsets
of the plane will be established before the end of this chapter. Existence
results for more general spaces can be found in any standard reference.

1.6 Corollary. If (G, T) is the universal covering space of 2 and a, and
a; are two points in G with 7(a;) = 7(a2), then there is a unique T in
Aut(G, 1) with T(a)) = a3.

Proof. Apply Theorem 1.3 and, as in the proof of the preceding proposi-
tion, show that the resuiting homomorphism is an automorphism. O

1.7 Corollary. If (G, ) is the universal covering space of 2 and z € G,
then 7=1(7(2)) = {T(2) : T € Aut(G,7)}.

1.8 Theorem. If (G, 7) is the universal covering space of 2, then Aut(G, 7)
is isomorphic to the fundamental group of Q, ().

Proof. Let T € Aut(G,7) and let 4 be any path in G from ag to T(ag).
Since T € Aut(G,7), v = T o is a loop in N with base point ag. If &
is another path in G from ag to T(ag), then the simple connectedness of
G implies that 6 and 4 are FEP homotopic in G. Thus 7 0 5 and v are
homotopic in 2. This says that for each T in Aut(G,7) there is a well
defined element yr in 7(Q). It will be shown that the map T — 1 is
an anti-isomorphism of Aut(G,7) onto n(2). (The prefix “anti” is used
to denote that the order of multiplication is reversed.) This implies that
T — ~7' defines an isomorphism between the two groups, proving the
theorem.

Let S and T be two automorphisms of the covering space; it will be
shown that ys7 = y7ys. To this end let 4 and & be paths in G from ag to
T(ao) and S(ao), respectively. So yr = 7oy and ys = 7¢&. Now Sovisa
path in G from S(ag) to S(T'(ao)) so that (S o04)7 is a path in G from ag
to S(T'(ag)). Therefore ys =70 ((S0%)d] =[ro(S0F)] [rod] =vr 7s.

To show that the map is surjective, let v € n(Q,ap) and let § be the
ao-lift of . According to Corollary 1.6 there is a unique automorphism T
such that T'(ag) = (1). It follows from the definition that yr = v.

Finally let’s show that the map is injective. Suppose T € Aut(G,7) and
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Yy=9r ~ 0in Q. Let 7 be the aq-lift of ¥; so T'(ag) = ¥(1). Now vy ~ 0
implies that v is homotopic to the constant path ao. But the Abstract
Monodromy Theorem implies that the ao-lifts of ap and v have the same
end point. Since the ao-lift of the constant path ap is the constant path
ao, this says that T'(ao) = ao. By Proposition 1.2 this implies that T is the
identity automorphism. O

Exercises

1. Suppose (G, T) is a covering space of Q2 and A is a subset of £ that
is both arcwise connected and locally arcwise connected. Show that
if H is a component of 7=!(A), then (H, ) is a covering space of A.

. If r(t) = €*, show that (R, 7) is a covering space of D. Find Aut(R, 7).
. For the covering space (C, exp) of C \ {0}, find Aut(C,exp).
. For the covering space (C\ {0}, z") of C\ {0}, find Aut(C\ {0}, z").

. For any z in G, show that {T'(z) : T € Aut(G, )} is a closed discrete
subset of G.

6. IfG={z:0< Rez < r}and 7(z) = ¢, show that (G,7) is a
covering space of ann(0; 1, €") and find Aut(G, 7).

7. If G = {z : 0 < Re z} and 7(z) = ¢*, show that (G, ) is a covering
space of {z: 1 < |z| < o0} and find Aut(G, ).

8. Prove that for the universal covering space, the cardinality of {T'(z) :
T € Aut(G, 1)} is independent of the choice of z.

vl W N

§2 Analytic Covering Spaces

In this section we restrict our attention to analytic covering spaces and
derive a few results that are pertinent to this situation. Assume that  and
G are regions in the plane and 7 : G — Q is an analytic function that is
also a covering map.

2.1 Proposition. If (G, 7) is an analytic covering space of Q, H is an open
subset of the plane, f : H — Q is an analytic function, and T : H — G is
a continuous function such that ToT = f, then T is analytic.

Proof. This is an immediate consequence of Lemma 1.1. O

2.2 Corollary. If (G1,71) and (G2,72) are analytic covering spaces of
and T : G, — G2 is a homomorphism, then T is analytic.
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2.3 Corollary. If (G,) is an analytic covering space of Q, then every
function in Aut(G, 1) is a conformal equivalence of G.

2.4 Corollary. If (Gy, ) and (G, 72) are analytic covering spaces of Q2
and T : G; — G; is an isomorphism, then T is a conformal equivalence.

2.5 Corollary. If 7 : D — Q is an analytic covering map, 7(0) = ag, and
7'(0) > 0, then T i3 unique.

Proof. Suppose that u : D — Q is another such map. By Proposition 1.5
there is an isomorphism f : (D,7) — (D, u) of the covering spaces with
£(0) = 0. By the preceding corollary, f is a conformal equivalence of the
disk onto itself and thus must be a Mobius transformation. But f(0) =0
and f’(0) > 0; therefore f(z) =z for all 2. O

2.8 Corollary. Suppose (G,T) is an analytic covering space of Q, X
is a region in the plane, and f : X — Q is an analytic function with
Sf(zo) = ap = T(ao). If X is simply connected, then there is a unique
analytic function T : X — G such that f = 7o T and T(zo) = ao.

Proof. Just combine the preceding proposition with Theorem 1.3. O

It will be shown later (4.1) that if Q is any region in the plane such
that its complement in C has at least two points, then there is an analytic
covering map from the unit disk D onto Q. The next result establishes that
for this to be the case it must be that the complement has at least two
points. Recall that Cy denotes the punctured plane.

2.7 Proposition. The pair (G, T) is a universal analytic covering space of
Co if and only if G = C and 7(z) = exp(az + b) for some pair of complex
numbers a and b with a # 0.

Proof. If a,b € C with a # 0, then az + b is a M6bius transformation of
C onto itself. It is easy to see that if 7(2) = exp(az + b), then (C,7) is a
covering map of Co.

For the converse assume that G is a simply connected region in C and
(G, ) is a covering space of Cy. We have already seen that (C,exp) is a
covering space for Cg so Proposition 1.5 and Corollary 2.4 imply there is a
conformal equivalence h : C — G such that exp z = 7(h(z)) for all z in C.
But according to Proposition 14.1.1, G = C and h(z) = az + b for complex
numbers a and b witha # 0. O

2.8 Example. Let 2 be the annulus {z : 1 < |z| < p}, where p = €”. If

. 1+2 "
7(2) = exp {z log(l_z)+-2-},
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then (D, 7) is the universal analytic covering space for Q. The maps in the
group Aut(D, 7) are the Mobius transformations

zZ- ﬁn

1 - Bnz’

Ta(z) =

where e21m - e-21m

ﬂn = m = tanh(21m).

To see this first observe that the map 7 above can be expressed as a
composition of two maps: the first is a conformal equivalence of D onto
a vertical strip; the second is the exponential map, which wraps the strip
around the annulus an infinite number of times. To show that the auto-
morphisms of this covering space have the requisite form uses some algebra
and the following observation. (Another verification of the statements in
this example can be obtained by using Exercise 1.6 and the form of the
conformal equivalence of D onto the relevant vertical strip.)

If (D, 7) is the universal analytic covering space for 2, then every T in
Aut(D, ) is necessarily a conformal equivalence of D onto itself. Hence T
is a Schwarz map,

_,wz2—B
T(z)=e _I—Bz’

for some choice of 8 and S, |8| < 1. For convenience, whenever (D, 7) is the
universal analytic covering space for a region 2 in C, we will let

G, = Aut(D, 7).

By Theorem 1.8, G, ~ =(2). It is known that for regions Q in C, 7(Q)
is a free group (see Exercise 3). If C, \  has n + 1 components, then
7(Q) is the free group with n generators. If Co, \ 2 has an infinite num-
ber of components, then 7(f) is the free group on a countable number of
generators.

Exercises

1. For |z] < 1, define 7(z) = exp(z(1 — |z|)~!] and show that (D, 7) is a
covering space of C \ {0}.

2. Show that for an n-connected region 2, 7(f) is a free group on n
generators.

3. Let K be a compact subset of C and put Q = C\ K. If 71,...,7
are paths in §, let § > 0 such that dist(y;, K) > § for 1 < j < n. Let
Q(8) = {w € Q: dist(w, K) > §}. Show that (&) is finitely connected
and contains the paths v;,...,7,. Show that the fundamental group
of Q is a countably generated free group.
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4. Let Q= {z:1<|z|} and let 7(z) = exp {f{%] Explicitly determine
Aut(D, 7).

§3 The Modular Function

Here we examine a special analytic function called the modular function.
This is a special analytic covering map from the upper half plane onto the
plane with the points 0 and 1 deleted.

3.1 Definition. A modular transformation is a M6bius transformation
az+b

cz+d

such that the coefficients a, b, ¢, d are integers and ad ~ bc = 1. The set
of all modular transformations is called the modular group and is denoted
by M.

3.2 M(z) =

The designation of M as a group is justified by the following proposition.
The proof is left as an exercise.

3.3 Proposition. M is a group under composition with identity the iden-
tity transformation 1(z) = z. If M(2) is given by (3.2), then

dz—-b

-cz+a’

M-(z)=

Let H denote the upper half plane, {z : Im z > 0}.

3.4 Proposition. If M € M, then M(Ros) = R, and M(H) = H.

Proof. The first equality follows because the coefficients of M are real
numbers. Thus the Orientation Principle implies that M(H) is either the
upper or lower half plane. Using the fact that M € M and consequently
has determinant 1, it follows that

1
3.5 Im M(Z) = mlm z,

This concludes the proof. O
Let G denote the subgroup of M generated by the modular transforma-
tions

3.6 S(z) = 5?2-_1' and T(z)=z+2

Let
3.7 G={zeH:-1<Rez<1,|2z+1]21,]2z-1>1}.



16.3. The Modular Function 117

) 9]
~
N
\
1
|
!
/7
/
'—‘ch.

Figure 16.2.

This set G is illustrated in Figure 16.1. Note that G N R = @. The reason
for defining G in this way and excluding portions of its boundary while
including other parts of 3G will become clear as we proceed. For now,
gentle reader, please accept the definition of G as it is.

3.8 Example. If S is as in (3.6) and G is as above, then S(G) = {( :
Im¢ >0 |20~1) <1, 4C=3] > 1, |6¢ ~ 1] > 1,and {12 — 5] > 1}.
Consequently, S(G)NG = 0.

The region described as S(G) is depicted in Figure 16.2. To see that
the assertation of this example is true, first let L_ and L, be the rays
{z: Imz > 0 and Re z = x1} and let C_ and C, be the half circles
{z:Im z > 0 and |2z ¥ 1| = 1}. Observe that S(L4) and S(C4) must be
circles that are perpendicular to the real line. Since S(0) = 0, S(-1) =
1, §(1) = 1/3, and S(oo) = 1/2, applications of the Orientation Principle
show that S(G) has the desired form.

3.9 Lemma. Let G and G be as in (3.6) and (3.7).
(a) If My and M, € G and My # M,, then M;(G) N Ma(G) = 0.
(b) H=U{M(G): M € G}.

(c) G consists of all modular transformations M having the form (3.2)
such that the coefficients a and d are odd and b and c are even inte-
gers.
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Proof. Let Gy be the collection of all modular transformations described
in part (c) and note that if S and T are defined as in (3.6), then they belong
to G;. The reader can verify directly that G, is a group under composition,
and so it follows that G C G;.

3.10 Claim. If M;, M2 € G, and M, # M3, then M;(G) N M,(G) = 0.

Because G, is a group, to prove this claim it suffices to show that if
M € G, and M # I, then M(G)N G = 0. This will be done by considering
two possible cases. The first case is that ¢ = 0 in (3.2); so M(z) = (az+b)/d,
where a and d are odd integers and b is even. Since 1 =ad —bc = ad, a =
d =1 Thus M(z) = 2+ 2n, withn in Z and n # 0 since M # I. It is
now clear that M(G)NG = 0.

Now assume that M has the form (3.2), M € G,, and c # 0. Notice that
the closed disk B(—1/2; 1/2) meets G without containing in its interior any
of the points -1, 0, or 1, while any other closed disk whose center lies on the
real axis and that meets G must have one of these points in its interior. This
leads us to conclude that if M(z) # S(z)+b, where S is the transformation
in (3.6) and b is an even integer, then |cz + d| > 1 for all z in G. Indeed,
if there is a point z in G with |cz +d| < 1, then B(—d/c; 1/|c|) NG # 0.
For the moment, assume this closed disk is not the disk B(~1/2;1/2). As
observed, this implies that 0, +1, or —1 € B(—d/c; 1/|c|); let k be this
integer. So |k + d/c| < 1/|c| and hence |kc + d| < 1. But c is even and d is
odd, so that kc + d is odd, and this furnishes a contradiction. Thus

311 |ez +d] > 1forall z in G,

provided —d/c # —1/2 or 1/|c|] # 1/2. On the other hand, if —d/c =
-1/2 and 1/|c| = 1/2, then ¢ = +£2 and d = +1. All the entries in a
Mébius transformation can be multiplied by a constant without changing
the transformation, so we can assume that ¢ = 2 and d = 1. But the
condition that the determinant of M is 1 implies that a — 2b = 1, so

a=14+2b Thus
az+b

2241

M) =

z2420z+b
2z+1

= S(z)+b.

So (3.11) holds whenever M is not the transformation S(z) + b.
Note that (3.5) implies that if M # S + b for S as in (3.6) and b is even,
then
Im M(z) <Im zfor all zin G.
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The definition of G and (3.5) show that when M equals S(z) + b, we still

have that
Im M(z) <Im z for all zin G.

Now let M be an arbitrary element of the group G,. It is left to the
reader to show that either M or M ™! is not of the form S + b, with S as
in (3.6) and b an even integer. Thus either Im M(z) < Im z for all z in
G or Im M~!(z) < Im z for all z in G; assume for the moment that the
former is the case. If there is a z in GNM(G), then Im z = Im MM ~1(z) <
Im M~!(z) < Im z, a contradiction. Thus GAM(G) = 0. If M~}(2) <Im z
for all z in G, a similar argument also shows that G N M(G) = 0. This
establishes Claim 3.10. °

Now let L = U{M(G) : M € G}, a subset of H. If T is as in (3.6), then
T™(z) = z+2n. So for each n in Z, L contains T™(G), which is the translate
of G by 2n. As discovered in Example 3.8, S maps the circle |2z + 1] = 1
onto the circle |2z — 1| = 1. Combining these last two facts (and looking at
Figure 16.3) we get that

312 L containsevery z in H thatsatisfies|2z — k| > 1
. foralloddintegers k.

Fix a ¢ in H. Because {¢( +d : ¢, d € Z and ¢, d occur in some M
in G} has no limit point in the plane, there is an element of this set hav-
ing minimum modulus. Thus there is a transformation My(z) = (agz +
bo)/(coz + do) in G such that |co{ + do| < |eC + d| for all M(z) = (az +
b)/(cz+d) in G. By virtue of (3.5) we get that Im My(¢) > Im M () for all
M in G. Putting z = Myp(¢) and realizing that M My € G whenever M € G,
this shows that

3.13 Im z > Im M(z) for z = My({) and for all M in G.

Let n € Z and continue to have z = My(() for a fixed ¢ in H. Applying
(3.13) to M = ST-™ and using (3.5) as well as a little algebra shows that

Im 2z

Im 2 2> Im ST_n(Z) = |2—z:—4n+—112'
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Now apply (3.13) to M = S~!T~™ and perform similar calculations to get

that Im z
| =2z 44n+ 142

But Im z > 0 so these inequalities become

Imz>

[2z2-4n+1|>1and [2z~4n—1 >1foralnin Z

But {4n — 1, 4n + 1 : n € Z} is the collection of all odd integers, so (3.12)
implies that z = Mo(¢) € L. Thus ( = My '(z) € My '(L) = L. Since ¢
was arbitrary, this proves (b).

Remember that we have already proved that G C G,. Let M, € G,. By
part (b) there is a transformation M in G such that M(G) N M;(G) # 8.
But both M and M, are in G, so Claim 3.10 implies that M, = M € G.
This proves (c). By (3.10), part (a) also holds. Q

Now the stage is set for the principal result of this section. It is convenient
to let Co; = C\ {0,1}. The reader might want to carry out Exercise 1
simultaneously with this proof.

3.14 Theorem. If G and G are as in (3.6) and (3.7), then there is an
analytic function X : H — C having the following
properties.
(8) AoM =X for every M in G.
(b) X is univalent on G.
(c) MH) =Co,-
(d) X is not analytic on any region that properly contains H.
(e) (H,)) is a covering space of Co,;.

Proof. Let
Go={2:Imz>0,0<Rez<1, and |2z~ 1] > 1}

s0 Gop C G. Let fp : Go ~ H be any conformal equivalence and extend
fo to a homeomorphism of cle,Gp onto cloo H (14.5.7). Let A be a Mdbius
transformation that maps fo(0) to 0, fo(1) to 1, fo(oo0) to oo, and takes H
onto itself. Hence f = A o f is a homeomorphism of cloGp onto cloH, a
conformal equivalence of Gy onto H, and fixes the points 0, 1, and oo.
Since f is real-valued on 3Gy, f can be extended to int G by reflecting
across Re z = 0. This extended version of f satisfies f(z+1iy) = f(—z + iy)
for z+iy in Gy. (Note that f is also real-valued on the portions of [2z—1{ = 1
and |2z + 1| = 1 that lie in cl G, so that by successively reflecting in these
circles and the circles and vertical lines of the various reflected images of G
it is possible to extend f to all of H. The argument that follows does just
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this but with a little more finesse and accuracy by using the action of the

group G.)
Define the following sets:

L, = {z:Imz>0, Rez=0}U{oo};
Ly = {z:Imz2>0, [2z-1|=1};
Ly = {z:Imz2>0, Rez=1}U{oo}.

So L, ULy U L3 = 8Go. For j = 1,2,3,L; is connected and so the same
holds for f(L;). By an orientation argument (supply the details)

f(Ly) = {z:z=Rez<0}U{oo};
f(L2) {z:z=Rezand 0<z< 1}
f(L3) {z:z=Re z2> 1} U {o0}.

f(int G) = C\[0,00);
f(G) = Coh=0
Extend f to a function A : H — C by letting

3.15 A(z) = f(M~(2))

whenever M € G and z € M(G). According to Lemma 3.9 this function A
is well defined.

Why is A analytic? Observe that if S and T are defined as in (3.6), then
) is analytic on V = int[GUT~}(G) U S~(G)} and V is an open set that
contains G. Thus for every M in G, A is analytic on a neighborhood of
M(G). Thus A is analytic on all of H.

Clearly condition (a) of the theorem holds because of the definition of
A. Because f is defined on G by reflecting a conformal equivalence, it is
one-to-one on G, so (b) holds. Since f(G) = Q, (c) is also true. Part (d) is
a consequence of the following.

3.16 Claim. {M(0) : M € G} is dense in R.

In fact if this claim is established and A has an analytic continuation to
a region A that contains H, then A must contain a non-trivial open interval
(a,b) of R. But (3.16) implies that for every « in (a,b) there is a sequence
{My} in G such that M;(0) — a. Let y — 0 through positive values. Then
A(Mi(0)) = limy_o A(Mi(iy)) = limy_o A(iy) = A(0) = 0. Thus a is an
accumulation point of zeros of \, a contradiction.
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To prove Claim 3.16 let M € G and suppose M is given by (3.2). So
M(0) = b/d. Now b and c are even integers, a and d are odd, and ad—bc = 1.
It suffices to show that for every even integer b and odd integer d such that
b and d have no common divisor, there is an odd integer a and an even
integer ¢ with ad — bc = 1. Equivalently, show that given integers m and n
such that 2m + 1 and 2n have no common divisor, there are integers p and
¢ such that

1 (2p+1)(2m + 1) - (2n)(29)

= dpm+2m+2p+1-4ng.

I

This happens if and only if p and q car be found so that —m = p(2m +
1) — (2n)q. But {p(2m + 1) — (2n)q : p, q € Z} is the ideal in the ring
Z generated by 2m + 1 and 2n. Since these two integers have no common
divisors, this ideal is all of Z.

It remains to prove (e). If { € C\ [0,00) and 6 > 0 is chosen sufficiently
small that B = B((;6) C C\ [0,00), let Up = f~!(B) C int G. It is easy to
verify that A=!'(B) = U{M(Up) : M € G} and so {M(Up) : M € G} are the
components of A~!(B). Now assume that ( = ¢ € (0,1) and choose § > 0
sufficiently small that B = B(t; ) C Co,1. An examination of the definition
of f as the reflection of a homeomorphism of cleGo onto clo, H, shows that
f7Y¢t) = {24,2-} C 6G, where |2z3 ¥ 1| = 1. Also f~!(B) consists of
two components, U, and U_, where z4 € Uy. Thus f(Uy) = BNl (£H).
If S is the Mdbius transformation defined in (3.6), then it can be verified
that S maps the circle |2z + 1] = 1 onto the circle |2z — 1| = 1. (The
reader has probably already done this in Example 3.8.) Since t = f(23) =
A(z+) = AM(S(24)), it follows that S(z_) = z,.. Hence Up = U, US(U.) is
an open neighborhood of z, (Verify!) and A(Up) = f(U,) UA(S(U-)) =
f(Uy) U f(U-) = B. Therefore {M(Up) : M € G} are the components of
A~1(B) and clearly A maps each of these homeomorphically onto B. The
final case for consideration, where { = t € (1,00), is similar to the preceding
one and is left to the reader. O

3.17 Example. If 7(2) = A(i(1 - z)/(1 + 2)), then (D, ) is an analytic
covering space of Cp,,.

3.18 Definition. The function A obtained in Theorem 3.14 is called the
modular function.

Calling A the modular function is somewhat misleading and the reader
should be aware of this when perusing the literature. First, A is not unique.
as can be seen from the proof, since its definition is based on taking a
conformal equivalence fq of G onto H. Given fy, A is unique. It is possible
to so construct the function A that A(0) = 1, A(1) = 0o, and A(o0) = 0.
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Having done this the function is unique and is the classical modular function
of complex analysis.

Remarks.

1. The material at the beginning of this section has connections with
the study of the group SL2(R), modular forms, and number theory.
The interested reader should see Lang [1985]. Also see Ford [1972] for
the classical theory.

2. A nice reference for the Uniformization Theorem for Riemann sur-
faces is Abikoff [1981]. Also see Ahlfors [1973).

Exercises

1. This exercise constructs the exponential function by a process similar
to that used to construct the modular function and is meant to help
the student feel more comfortable with the proof of Theorem 3.14.
(Thanks to David Minda for the suggestion.) Let G be the strip
{z:0 <Im z < #} and let ¢ be the conformal equivalence of Gy
onto H with ¢o(—00) = 0, ¢p(+00) = 00, and ¢(0) = 1. Now extend
¢o to an analytic function ¢ defined on G = {z : -7 < Im z < 7}
by reflection. If T;,(2) = z + 2win for n in Z, extend ¢ to a function
E on C by letting E(z) = ¢(T,(z)) for an appropriate choice of n.
Show that E is a well defined entire function that is a covering map
of Co and prove that E is the exponential function.

2. If ) is the modular function, what is Aut(H,\)? (By Theorem 1.8,
Aut(H, \) ~ 7(Cy,1), which is a free group on two generators. So the
question asked here can be answered by finding the two generators of
Aut(H, )).)

3. Let {a, b} be any two points in C and find a formula for an analytic
covering (D, 7) of C\ {a,b}. If ag € C\ {a,b}, show that 7 can be
chosen with 7(0) = ap and 7/(0) > 0.

§4 Applications of the Modular Function

In this section the Picard theorems are proved as applications of the mod-
ular function and the material on analytic covering spaces. Proofs of these
results have already been seen in (12.2.3) and (12.4.2), where the proofs
were “elementary.”
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4.1 Little Picard Theorem. If f is an entire function that omits two
values, then f is constant.

Proof. Suppose f is an entire function and there are two complex numbers
a and b such that a,b ¢ f(C). By composing with a M3bius transformation,
we may assume that f(C) C Co,,. Let 7 : D — Cy,) be a universal covering
map. According to Theorem 1.3 and Proposition 2.1, there is an analytic
function T : C — D such that 7o T = f. But the T is a bounded entire
function and hence constant. Thus f is constant. O

As we know from §14.4, the key to the proof of the Great Picard Theorem
is to prove the Montel-Carathéodory Theorem.

4.2 Montel-Carathéodory Theorem. If X is any region in the plane
and F = {f : f is an analytic function on X with f(X) C Co,1}, then F
is @ normal family in C(X,Cy).

Proof. To prove that F is normal, it suffices to show that for every disk
B = B(zp; R) contained in X, F|B is normal in C(B, Cy). To prove this,
it suffices to show that for any sequence { fn} in F, there is either a subse-
quence that is uniformly bounded on compact subsets of B or a subsequence
that converges to co uniformly on compact subsets of B (why?). So fix such
a sequence { f, }. By passing to a subsequence if necessary, we may assume
that there is a point a in Co, such that fn(29) — a. We consider some
cases.

Claim. If a € C and a # 0,1, then {f,} has a subsequence that is
uniformly bounded on compact subsets of B.

Let 7 : D — Cp,; be a universal analytic covering map and let A =
B(a; p) be a fundamental neighborhood of a. Fix a component U of 7! (A).
Since fn(20) ~ a, we may assume that f,(2) € A for all n > 1. According
to Theorem 1.3 and Proposition 2.1, for each n > 1 there is an analytic
function T,, : B — D such that T,,(29) € U and 7o T}, = f, on B. But
{T,} is a uniformly bounded sequence of analytic functions and so there
is a subsequence {T,, } that converges in H(B) to an analytic function T.
Clearly |T(z2)| < 1 for all z in B. If there is a z in B such that |T'(z)] = 1,
then T is constantly equal to the number A with |A\| = 1. In particular,
Tn.(20) = A. But (1|U)~!(@) = lim(7|U)~*(fn, (20)) = limi T, (20) = A,
a contradiction. Thus it must be that |T'(z)] < 1 for all z in B.

Let K be an arbitrary compact subset of B. From the discussion just
concluded, there is a number r such that M = max{|T(z)|: z€ K} <r <
1. Let ko be an integer such that |T,,,(2) -~ T(z)] < r~ M for all zin K
and k > ko. Henee |Ty, (z)| < r for all z in K and k > ko. But 7 is bounded
on B(0;r). It follows that {f,,} = {7 0 T,,} is uniformly bounded on K.
Since K was arbitrary, this proves the claim.
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Now assume that a = 1. Since each function f, never vanishes, there
is an analytic function g, : B — C with g2 = f,. Since fa(20) — 1, we
can choose the branch of the square root so that g,(zo) — —1. But once
again, gn(B) C Co,1. So the claim implies there is a subsequence {gn, } that
is uniformly bounded on compact subsets of B. Clearly this implies that
{fn.} is uniformly bounded on compact subsets of B.

Assume that a = 0. Here let g, = 1 — f,. So gn(29) — 1 and g, never
assumes the values 0 and 1. The preceding case, when applied to {gn},
shows that {f,} has a subsequence that is uniformly bounded on compact
subsets of B.

Finally assume that a = oo. Let g = 1/f,. Again g, is analytic,
gn(B) € Co,1, and gn(20) — 0. Therefore the preceding case implies there
is a subsequence {gn, } that converges uniformly on compact subsets of B
to an analytic function g. But the functions {g,,} have no zeros while
9(20) = 0. By Hurwitz’s Theorem (7.2.5), ¢ = 0. It now follows that
fna(2) = 0o uniformly on compact subsets of B. O

4.3 The Great Picard Theorem. If f has an essential singularity at
z = a, then there is a complez number a such that for ( # a the equation
f(2) = ¢ has an infinite number of solutions in any punctured neighborhood

of a.
For a proof the reader can consult Theorem 7.4.2.

Exercises

1. Prove Landau’s Theorem: If ap and @, are complex numbers with
a0 # 0,1 and a, # 1, then there is a constant L(ag,a,) such that
whenever r > 0 and there is an analytic function f on rD with f(0) =
ao, f'(0) = a), and f omits the values 0 and 1,then r < L(ag,a,).
(Hint: Let 7 : D — Cq,; with 7(0) = a9 and 7/(0) > 0. Use Corollary
2.6 to find an analytic function T : rD — D such that 7o T = f and
T(0) = 0. Now apply Schwarz’s Lemma.)

2. Prove Schottky’s Theorem: For a in Cp,; and 0 < 8 < 1, there is
a constant C(a, 8) such that if f is an analytic function on D that
omits the values 0 and 1 and f(0) = a, then |f(z)] < C(a,B) for
|2] < B. (See 12.3.3.)

§6 The Existence of the Universal Analytic Covering Map

The purpose of this section is to prove the following theorem.
8.1 Theorem. If Q is any region in C whose complement in C has at
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least two points and ag € N, then there is a unique analytic covering map
7: D — Q with 7(0) = ag and 7/(0) > 0.

The proof requires some preliminary material. The first lemma is a re-
statement of Exercise 3.3.

5.2 Lemma. If a,b, and ag € C with ag # a,b, then there is an analytic
covering map 7 : D — C\ {a,b} with 7(0) = a¢ and 7/(0) > 0.

The next lemma is technical but it contains the vital construction needed
in the proof.

5.3 Lemma. Suppose QQ is a region in C and (G, 7) is an analytic covering
of Q with 7(a) = ag for some point a in G. If Ay = B(ag; o) s a funda-
mental neighborhood of ag and gy is the local inverse of T defined on Ag
such that go(ag) = a, then the following statements hold:

(a) go(ao) >0 if 7'(a) > 0.
(b) Ify:[0,1] — Q is a path with 4(0) = ao, then there is an analytic

continuation along v {(9:,A¢) : 0 < t < 1} of (9o, Do) such that
9t(Ae) € G for allrt.

(c) If(g1,A1) and (g2, A2) are obtained from (g, Ao) by analytic contin-
uation, g;(A;) C G, and g1(w1) = g2(w2) for some points w; in A,
and w2 in A3, then wy = wq and g, (w) = g2(w) for allw in A; NA,.

(d) If (g,4) is obtained by analytic continuation of (g9, Ag) and g(A) C
G, then 7(9(w)) =w for allw in A.

Proof. Part (a) is trivial. To prove (b), use Lebesgue’s Covering Lemma
to find a § > 0 with § < ro and such that for each t, 0 < t < 1, B(x(t);§)
is a fundamental neighborhood. Let 0 =ty < ¢; < --- < t, = 1 be such
that y(t) € B(v(¢j);6) fort;_y <t <t;, 1 <j<n.

In particular, ¥(0) = ag € A; = B(y(t;);6); let g, : A; — G be the
local inverse of 7 such that g,(ag) = a. Clearly g, = gy on AgNA,;. Hence
(91,4,) is a continuation of (go, Ao). Similarly, let Az = B(v(t;);6) and
let g2 : Az — G be the local inverse of T such that ga(v(t1)) = g1(7(t1));
50 g2 = g1 on A, N Aj. Continuing this establishes (b).

Let {(g¢, A¢) : 0 < ¢t < 1} be any continuation of (go, Ag) along a path 7
such that g((A,) € G for all ¢t and put F = {t € [0,1] : 7(9(2)) =
zfor all z in A.}. Since 0 € F, F # 0. It is left as an exercise for the reader
to show that F is closed and relatively open in [0,1] and so F = [0, 1]. This
proves (d).

Using the notation from (c), the fact that g; and g, are local inverses of
7 (by (d)) implies that w; = 7(g1(w1)) = 7(g2(w2)) = ws. The rest of (c)
follows by the uniqueness of the local inverse. O

Proof of Theorem 5.1. Let a and b be two distinct points in the com-
plement of Q and put Qg = C\{a,b}. By Lemma 5.2 there is an analytic
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covering map 7o : B — Qo with 79(0) = ao and 73(0) > 0. Let Ao be a
fundamental neighborhood of ap that is contained in Qandlet hg: Ao — D
be the local inverse of 1o with kg(ag) = 0 and hg(0) > 0. Define F to be
the collection of all analytic functions g : Ag — D having the following

properties:
[ (a) 9(c0) =0 and g(ao) > 0;
(b) I ~:[0,1] — Qis a path with 7(0) = ao, then
there is an analytic continuation {(g,A¢): 0 <t <1}
of (9, Ao) along v such that A, C Q and g,(A,) C D for all ¢;
8.4¢ (c) If (91,A1) and (g2, A2) are obtained from (g, Ao)
by analytic continnation with A; C Q and g1 (w) = g2(wa)
for some points w; in A, and w; in Az, then
w) = wq and g)(w) = g2(w) for all w in
AN A,

\

Note that conditions (b) and (c) are the conditions (b) and (c) of Lemma
5.3 with G replaced by D. Hence kg € F and so F # 0. Since each function
in F is bounded by 1, F is a normal family. The strategy here, reminiscent
of the proof of the Riemann Mapping Theorem, is to show that the function
in F with the largest derivative at ag will lead to the proof of the theorem.

Put x = sup{¢'(ag) : ¢ € F}; 50 0 < x < co. Let {he} C F such that
hi(ag) — x. Because F is a normal family, we can assume that there is an
analytic function & on Qg such that Ay — A uniformly on compact subsets
of Ag. So h(ap) = 0 and h'(ag) = « > 0. Thus (5.4.a) is satisfied; it will
be shown that (b) and (c) of (5.4) also are satisfied so that & € F.

Let 4 be a path in  with 4(0) = a and choose § > 0 so that B(ayp;d) C
Ao and B(7(t);6) CNfor0<t< 1. Llet0=ty<t; <---<t, =1besuch
that y(t) € A; = B(7(t;); 6) for t;—1 < t < t;. By hypothesis each function
h, admits unrestricted analytic continuation throughout A,, and so the
Monodromy Theorem implies there is an analytic function Ay : A} — D
with Ay, = hx on A) N Ap. Continuing, for 1 < j < n we get an analytic
function hjx : Aj — D such that hjx = hj_1x 0on ;N Aj-l. Fix j for
the moment. So {Aj¢ : k > 1} is a uniformly bounded sequence of analytic
functions on A; and must therefore have a subsequence that converges
uniformly on compact subsets of A; to an analytic function g; : A; — D.
By successively applying this argument we see that the functions g; can be
obtained so that g; = gj—) on A; N Aj_,. Thus {(9j,4;): 1 < j<n}is
an analytic continuation of (h, Ag) and (5.4.b) is satisfied.

Now adopt the notation of (5.4.c) with h replacing the function g. Argu-
ing as in the preceding paragraph, there are sequences of analytic functions
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{(h1k, A1)} and {(hak, Az)} such that for j = 1,2, (hjx,A;) is a continu-
ation of (hi,Ao) and hj;x — g; uniformly on compact subsets of A; as
k — co. Now Hurwitz’s Theorem (and Exercise 7.2.11) implies that for
j = 1,2 and all sufficiently large k there are points wjx in A; such that
hik(wik) = g1(w1) = g2(w2) = har(wax); these points also can be chosen so
that wjx — w; as k — co. But hy € F and so (5.4.c) implies that for each
k, wix = wox and Ry = hgx on A N Az. Thus wy = wp and g1 = g2 on
A; N Aj. That is, h satisfies (5.4.c). Therefore h € F.
Fix the notation that h is a function in ¥ for which h’(ao) = &.

5.4 Claim. For every z in D there is an analytic continuation (g, 4,) of
(h, Ao) such that z € g,(4A,).

Suppose the (5.5) is false and there is a complex number c in D such that
no continuation of h in G with values in D ever assumes the value c. Since
h(ao) =0, 0 < |c| < 1. Let T be the Mcbius transformation (c—z)/(1-¢z2);
so T is a conformal equivalence of D\{0} onto D\{c} with T'(0) = c. Thus
if u(z) = T(z?), ((D\{0}), p) is an analytic covering space of D\{c}.

Let a be a square root of c; so u(a) = 0 and u'(a) = —2a/(1 - |c|?). Let
g be a local inverse of u defined in a neighborhood of 0 with g(0) = a and
apply Lemma 5.3 to ((D\{0}), ). Thus g satisfies properties (b), (c), and
(d) of Lemma 5.3 (with &g = 0, G = D\{0}, 7 = p, and @ = D\{c}).
Now go h is defined and analytic near ag and g(h(ao)) = a. If (hy,4A;)
is any analytic continuation of (h,Ag) with hy(A;) C D, then k(A;) C
D\{c}. Since, by Lemma 5.3.b, g admits unrestricted analytic continuation
in D\{c}, it follows that g o A admits unrestricted analytic continuation in
Q

We want to have that go A € F, but two things are lacking: g(h(ao)) =
a # 0 and (g o h)'(ao) may not be positive. These are easily corrected as
follows. Let M be the Mobius transformation M(z) = &a — z)/(1 — @z),
where b = a/|a] = a/+/]c]. Put f = M ogoh. Thus f(ap) = 0 and f
satisfies (5.4.b) and (5.4.c) since g o h does. Also

f'(aw) M'(g(h(ao))g’(h(a0))x
= M'(a)d'(0)x.

Now z = p(g(2)), 80 1 = 4'(9(0))g’(0) = —2a(1—|c|*)~*¢(0). Thus ¢'(0) =
—(1 = |cj*)/2a. A computation of M'(a) shows that the above equation

becomes
b (1=l
e = (5
14l
> 0
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Therefore f € F. But this also shows that f'(ag) > x, contradicting the
definition of x. Thus Claim 5.5 must hold.

Now to define 7, the covering map of D onto §; this is the easy part.
As above, let h be a function in F with A’(ap) = x. If z € D, Claim 5.5
implies there is an analytic continuation (hy,A;) of b with z in hy(A,);
say z = hy(w) for wy in A,;. If (hy, Az) is another continuation of & with
z = ha(w2) for some wy in Ay, then (5.4.c) implies that wy = wz and by = h;
on A; N A;. Since (5.4.c) also implies that A, is univalent on A;, we can
safely define 7 on U = hy(A,) by 7 = (h1[A1)~. Since z was arbitrary, 7
is defined on D. From the definition it is clear that 7 is analytic; it is just
as clear that 7(D) = Q. Since 7 is locally univalent, 7/(z) # 0 for all z in D.

The only remaining part of the existence proof is to show that 7 is a
covering map. To do this fix a point w in 2; we must find a neighborhood A
of w such that each component of 7~1(A) is mapped by 7 homeomorphically
onto A. To find A just take any analytic continuation (hy, A) of A, where A
is a disk about w. Suppose (hz, A3) is another continuation of h with w in
Aj. According to (5.4.b), h2 has a continuation to every point of A. Thus
(there is something extra to do here) the Monodromy Theorem implies that
ha extends to an analytic function on Az U A. So we may assume that A,
is defined on A. That is, we may assume that every continuation (hz, A3)
of (h,Ap) with w in Az bas A C Aj. Let H,, = {(hy,d) : i € I} be the
collection of all the distinct analytic continuations of (h, Ag) to A. (At this
time we do not know that H,, is countable, though this will turn out to be
the case.) From the definition of T,

(8) = {J h(a).

i€l

But (5.4.c) implies that hi(A) N h;(A) = @ for i # j. Thus {h(A) :i € I}
are the components of 7~!(A) (and so 7 is countable). Clearly 7 maps each
hi(A) homeomorphically onto A since 7 }h;(A) = (h;] A)~!. This completes
the proof of existence.

The uniqueness statement follows by Corollary 2.5. O

Theorem 5.1 is the essential part of what is called the Uniformization
Theorem. The treatment here is from Pfluger [1969] but with considerable
modification. The reader can also see Fisher (1983], Fisher, Hubbard, and
Wittner [1988), and Veech [1967) as well as the survey article Abikoff [1981)
for different approaches and additional information.

We can now furnish the proof of Proposition 15.4.8 in its entirety. Recall
that the proof given there was only valid for the case that the complement
of the region G had a component that was not trivial.

5.5 Corollary. Let G be a proper region in C that contains zero. If f is a
conformal equivalence of G onto itself with f(0) = 0 and f'(0) > 0, then
f(z2)=2z forallz inG.
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Proof. If G is the entire plane less a single point, the proof is left to the
reader. If the complement of G has at least two points, let 7 : D — G be
the universal analytic covering map with 7(0) = 0 and 7/(0) > 0. It follows
that for : D — G is also an analytic covering map with (fo7)(0) = 0 and
(for)(0) > 0. Thus for = 7. That is, f(r(z)) = 7(z) for all z in D and
the corollary follows. O

Exercises

1.

Show that if 2 is simply connected and T is the covering map obtained
in Theorem 5.1, then 7 is the Riemann map.

. Let (2 be a region in C whose complement has at least two points

and let 7 : D — Q be the analytic covering map with 7(0) = ag and
7(0) > 0. If f : @ — C is an analytic function, show that g = for
is an analytic function on D such that goT = g for all T in G,.
Conversely, if g : D — C is an analytic function with go T = g for all
T in G,, then there is an analytic function f on Q such that g = for.

. Suppose 2 is an n-Jordan region and  is as in Theorem 5.1. (a) Show

that for any point a in B, {T(0) : T € G,} and {T'(a) : T € G, } have
the same set of limit points and these limit points are contained in
JD. Let K denote this set of limit points. (b) Show that if w € 8D\ K,
then there is a neighborhood U of w such that 7 is univalent on UND
and T has a continuous extension to D U (D\K).

. Prove a variation of Corollary 5.6 by assuming that C\ G has at least

two points but only requiring F' to be a covering map of G onto itself.

FEzercises 5 through 8 give a generalization of Schwarz’s Lemma. The
author thanks David Minda for supplying these.

. If G is a proper simply connected region, a € G, and f is an analytic

function on G such that f(G) C G and f(a) = a, then |f’(a)| < 1. The
equality | f'(a)] = 1 occurs if and only if f is a conformal equivalence
of G onto itself that fixes a.

. Let G be a region such that its complement has at least two points, let

a € G, and let 7 : D — G be the analytic covering map with 7(0) = a
and 77(0) > 0. If f is an analytic function on G with f(G) C G and
f(a) = a, show that there is an analytic function F : D — D with
F(0) =0 and foT=ToF. Also show that F(r~'(a)) C 7~}(a).

Let f and G be as in Exercise 6. (a) Show that {f'(a)} < 1. (b) If f
is a conformal equivalence of G onto itself, show that |f'(a)| = 1 and
f'(a) = 1if and only if f(z) = z for all z. (c) Let Aut(G, a) be all the
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10.

11.

12.

13.

conformal equivalences of G onto itself that fix the point a and prove
that the map f — f'(a) is a group monomorphism of Aut(G, a) into
the circle group, 3D, and hence Aut(G, @) is abelian. (d) If G is not
simply connected, show that G is a finite cyclic group. What happens
when G is simply connected?

. Let G, f, 7, and F be as in Exercise 6. This exercise will show that if

|f'(a)| = 1, then f € Aut(G,a). For this purpose we can assume that
G is not simply connected or, equivalently, that 7~1(a) is infinite.
(a) Show that if |f'{a)] = 1, then there is a constant c such that
F(z) = cz for all z in D. (b) Examine the action of F on 7~!(a) and
conclude that ¢ is an n-th root of unity for some positive integer n.
(c) Conclude that f € Aut(G,a).

Let f and G be as in Exercise 6. For n > 1 let f,, be the composition
of f with itself n times. Prove that if f ¢ Aut(G,a), then f,(z) = a
uniformly on compact subsets of G.

In this exercise let G be a proper region in the plane, let a and b
be distinct points in G, and let f be an analytic function on G with
f(G) C G, f(a) = a, and f(b) = b. (a) If G is simply connected and
f(a) = a and f(b) = b, show that f(z) = z for all z in G. (b) Give
an example to show that (a) fails if G is not assumed to be simply
connected. (c) If G is not simply connected but the complement of G
has at least two points, show that f is a conformal equivalence of G
onto itself and there is a positive integer n such that the composition
of f with itself n times is the identity. (d) What happens when G = C
or Co?

Suppose f is an analytic function on D such that |f(z)] < 1 and
£(0) = 0. Prove that if z, is a point in D different from 0 and f(z;) =
0, then {f'(0)] < |z1]. (Hint: Consider f(z)/zT(z) for an appropriate
Mobius transformation T'.)

The Aumann-Carathéodory Rigidity Theorem. Let G be a region that
is not simply connected and whose complement has at least two
points; let @ € G. Show that there is a constant a depending only on
G and a with 0 < a < 1 such that if f is an analytic function on G
with f(G) C G and f(a) = a, and if f is not a conformal equivalence
of G onto itself, then |f'(a)| < a. (Hint: Let r be the analytic cover-
ing map of D onto G with 7(0) = a and 7/(0) > 0 and let F be as in
Exercise 6. Write 771(a) = {0,21,2,...} with 0 < |z) < |za) < -- .
Obeerve that F(r~!(a)) € 7~!(a) and try to apply Exercise 11.)

Show that if G is simply connected, no such constant a as that ob-
tained in the preceding exercise can be found.






Chapter 17

De Branges’s Proof of the
Bieberbach Conjecture

In this chapter we will see a proof of the famous Bieberbach conjecture.
Bieberbach formulated his conjecture in 1916 and in 1984 Louis de Branges
announced his proof of the conjecture. In March of 1985 a symposium on
- the Bieberbach conjecture was held at Purdue University and the proceed-

ings were published in Baernstein et al. [1986]. This reference contains a
number of research papers as well as some personal accounts of the history
surrounding the conjecture and its proof. The history will not be recounted
here.

The original ideas of de Branges for the proof come from operator theory
considerations. The proof presented here (in §6) is based on the proof given
in Fitzgerald and Pommerenke (1985]. This avoids the operator theory,
though some additional preliminaries are needed. Another proof can be
found in Weinstein {1991]. Though this is shorter in the published form
than the Fitzgerald-Pommerenke proof, it actually becomes longer if the
same level of detail is provided.

The strategy for the proof, as it evolves in the course of this chapter, is
well motivated and clear from both a mathematical and a historical point of
view. The tactics for the proof of the final crucial lemma (Lemma 6.8) are
far from intuitive. Perhaps this is part of the nature of the problem and con-
nected with the conjecture lying unproved for so many decades. The tools
needed in the proof have existed for quite some time: Loewner chains and
Loewner'’s differential equation (1923); Lebediv-Millin inequalities (1965).
In fact, de Branges brought a new source of intuition to the problem. This
insight was rooted in operator theory and is lost in the shorter proofs of
Fitzgerald-Pommerenke and Weinstein. The serious student who wishes to
pursue this topic should look at de Branges’s paper (de Branges [1985]) and
the operator theory that has been done in an effort to more fully explicate
his original ideas.

§1 Subordination

In this section we will see an elementary part of function theory that could
have been presented at a much earlier stage of the reader’s education.
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1.1 Definition. If G is a region including the origin and f and g are two
analytic functions on G, then f is subordinate to g if there is an analytic
function ¢ : G — G such that ¢(0) =0 and f = go ¢.

It follows from the definition that if f is subordinate to g, then f(0) =
g(0). Also note that if f is subordinate to g, then f(G) C g(G). In Corollary
16.2.6 it was shown that if g : D — Q is the universal analytic covering map
for Q with g(0) = « and f is any analytic function on D with f(0) = a and
f(D) C Q = g(D), then f is subordinate to g. In this section we will use
this result for the case that Q is simply connected and g is the Riemann
map. The proof for this case is easy and so it is presented here so as to
make this section independent of Chapter 16.

The fact that subordination is valid in a more general setting should be
a clue for the reader that this is a more comprehensive subject than it will
appear from this section. In fact, it has always impressed the author as a
favorite topic for true function theorists as it yields interesting estimates
and inequalities. For a further discussion of subordination, see Goluzin
[1969] and Nehari {1975].

1.2 Proposition. If g is a univalent function on D, then an analytic func-
tion f on D is subordinate to g if and only if f(0) = g(0) and f(D) C g(D).
If f is subordinate to g and ¢ is the function such that f =go ¢, then ¢ is
unique.

Proof. If f(B) C g(D), letp : D — D be defined by ¢ = g~! o f; this
shows that f is subordinate to g. The converse was observed prior to the
statement of this proposition. O

1.3. Proposition. If f and g are analytic functions on D, f is subordinate
to g, and ¢ is the function satisfying f = go ¢ and ¢(0) = 0, then for each
r>1:

(8) {f(2):]zl <r}C{g(2): |2l <r};
(b) max {|f(2)|: |z| < 7} < max{lg(2)] : |z] < r};
(€ (1=1zP)f'(2)l < (1 - o(2)P)lg'(8(2))];

(d) |£(0)] < {g’(0)] with equality if and only if there is a constant ¢ with
Ic] =1 such that f(2) = g(cz) for all 2.

Proof. Let ¢ : D — D be the analytic function such that f = go ¢.
Since ¢(0) = 0, Schwarz’s Lemma implies that |¢(z)] < |z| on D. This
immediately yields (a) and part (b) is a consequence of (a).

To prove part (c), first recall from (6.2.3) that

(1 - [21)¢'(2)] < 1 - |g(2)P?
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for all z in D. Thus

A= 12PNf = (=12 (2)llg'(#(2))]
1.4 < (1=18(2)P)lg'(8(2))],

establishing (c).

Since f'(0) = g'(0)¢’(0) and Schwarz’s Lemma implies that |[¢'(0)] < 1,
we have that |f'(0)| < |g'(0)|. If |£'(0)] = |g’(0)|, then |¢'(0)] = 1 and so
there is a constant ¢ with |c| = 1 such that ¢(2) = cz for all z. O

We now apply these results to a particular class of functions on D. Let P
be the set of all analytic functions p on D such that Re p(z) > 0 on D and
p(0) = 1. The first part of next result is a restatement of Exercise 6.2.3.

1.5 Proposition. If p€ P and z € D, then

1-|z| 1+ |z
< <

-—

and 9
/ z S ———,
Ip'(2)] TP
These inequalities are sharp for p(2) = (1 + z)/(1 - z).

Proof. The Mobius transformation T(z) = (1 + z)/(1 ~ z) maps to D
onto the right half plane and T(0) = 1. Thus Proposition 1.2 implies p is
subordinate to T. Let ¢ : D — D be the analytic function with ¢(0) = 0

and
1+¢(z)

p(z) = T(¢(2)) = T=o(2)

for all z in D. But for any ¢ in D,
1—|<|<l1+< <L+l

T+ S T=¢| = T
” o6t |Lrota) 1+ ko)
T+160) = T=6(a)| = T- 16N

But |¢(2)| < |z], whence the first inequality.
For the second inequality, apply (1.3.c) to obtain that

1-]p(z)? 1
1= 6()F TP
1-|g(z)2 1
S 2ATle@E ToP

1+ 1
l-l¢(z)| 1—[2[2

Ip'(2)] <
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1+|z| 1
= T1—|z] 1-|(z[?
2
(1-]z)*

a

1.8 Corollary. P is a compact subset of H(D).

Exercises
1. Show that for p in P and |z| < 1: (a) -;H < Re p(2) < _.H,
(b) f1m ()] < {2 (<) lavg ()] < sin™ [ 2] (a) e,

1
1-{z[*"

2. (a) Show that if f is an analytic function on D with f(0) = 0 and
f'(0) = 1, then the convex hull of f(D) contains B(0;1/2). (Hint:
Show that if this is not the case, then f is subordinate to a rotation
of the map g(z) = z/(1 - z).) (b) Show that if f € S (14.7.1) and
f(D) is convex, then f(D) contains B(0;1/2).

3. (a) Let f, be the rotation of the Koebe function (Example 14.1.4).
Show that if f is an analytic function on D with f(0) = 0 and f/(0) =
1, then f(D) meets the ray {r& : r > 1/4} unless f # f,. (b) Suppose
f € S (14.7.1) and f(D) is a star like region; show that f(D) contains
B(0;1/4). (This is a special case of the Koebe 1/4-Theorem (14.7.8).)

4. Show that if f is an analytic function on D with 0 < |f(2)] < 1 for
all z, then |f/(0)] < 2/e and this bound is sharp.

§2 Loewner Chains

If f: D x[0,00) = C, then f'(z,t) is defined to be the partial derivative
of f with respect to the complex variable z, provided this derivative exists.
The derivative of f with respect to the real variable ¢ is denoted by f(z,t).

2.1 Definition. A Loewner chain is a continuous function f : D x [0, 00) —
C having the following properties:
(a) for all ¢ in [0, 0), the function z — f(z,t) is analytic and univalent;
(b) £(0,t) =0 and f'(0,t) = e,
(c) for0<s<t<oo, f(D,s)C f(D,¢t).
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Let £ denote the collection of all Loewner chains.

The first question is the existence of Loewner chains. If g is the Koebe
function (14.1.4) and f(z,t) = e'g(z) = e'z(1 — z)~2, then it is easy to
check that f is a Loewner chain with f(D,t) = C\ (—oo, —et/4]. If g is any
function from the class S, then f(z,t) = etg(z) satisfies conditions (a) and
(b) of the definition of a Loewner chain, but it may not satisfy condition
(c). An amplification of this existence question appears in Theorem 2.16

below.

The first result gives some properties of the parametrized family of simply
connected regions }(t) = f(D, t) associated with a Loewner chain that will
be used in the construction of the examples just alluded to.

2.2 Proposition. If f is a Loewner chain and for each t > 0, Q(t) =
f(D,t), then:

((a) for0<s<t<oo, Qs)C Q)

and Q(s) # Q(t);

23 J (b) iftn —t, then Q(t,) — Q(t) in the

sense of Definition 15.4.1;

{ (c) iftn — oo, then Q(t,) — C.

Proof. The proof that Q(s) C Q(t) when s < t is immediate from the
definition. Since f'(0,s) # f'(0,t), the uniqueness part of the Riemann
Mapping Theorem implies that Q(s) # §(t). Part (b) is clear from Theorem
15.4.10. Note that the Koebe 1/4-Theorem (14.7.8) implies that f(D,t) D
(¢'/4)D so that f(D,t) = Cast—o00. O

We now prove what is essentially a converse of the preceding propasition.

2.4 Proposition. Let {Q(t) : 0 < t < 0o} be a family of simply connected
regions satisfying (2.5) and for eacht > 0 let hy : D — Q(t) be the Riemann
map with h(0) = 0 and hy(0) = B(t) > 0. If h(z,t) = he(z) and By = 5(0),
then the following hold.

(a) The function 3 is continuous, strictly increasing, and B(t) - o0 ast —
00

~(b) IfA(t) = log[B(t)/Bo] and f(z,t) = fy 'h(z, A-\(t), then f defines a
Loeumer chain with f(D,t) = G 'Q(A~1(t)).

Proof. Let
h(z,t) = B(t)[z + ba(t)2* + - ].
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By (2.3.b), if {t,} is a sequence in [0, 00) such that ¢, — ¢, then Q(t,) —
Q(t) and so hy,, — h, in H(D) (15.4.10). In particular, h : D x {0,00) = C
is a continuous function that satisfies conditions (a) and (c) of Definition
2.1 as well as A(0,t) = O for all t. So A fails to be a Loewner chain only
because it lacks the property that h'(0,t) = e‘. Indeed, there is no reason
to think that 3(t) = e'. However it is easy enough to reparametrize.

Note that if t, — ¢, k., — h¢ in H(D) and so B(t,) — ((t). Hence 3 is
continuous.

Fix s < t; so Q(s) € Q(t). By Proposition 1.2 there is an analytic func-
tion ¢ : D — D with ¢(0) = 0 and such that k(z,s) = h(¢(z),t) for all z in
D. By Schwarz’s Lemma |¢(z2)| < |z| and |¢'(0)| < 1, where the strict in-
equality occurs because Q(s) # Q(t). Thus §(s) = h’(0.s) = h’(0,t)¢’(0) =
B(t)¢'(0). But ¢'(0) > 0 and we have that 3 is a strictly increasing function
from [0, 00) into (0,00). Moreover §2(t) — C as t — oo so that it must be
that B(t) — oo as t — oc. This proves (a).

So we have 3 : [0,00) — [Bp,0) is strictly increasing, continuous,
and surjective. Thus A(t) = log(B(t)/Bo] is a strictly increasing contin-
uous function from [0,00) onto itself. Define f(z,t) as in part (b). So
f : D x {0,00) — C is a continuous function that is easily seen to sat-
isfy conditions (a) and (c) in (2.1) and £(0,t) = 0. If 7 = A~!(t), then
t = A(7) so that et = B(7)/Bo. So f'(0.t) = B;3'B(r) = €. Thus fis a
Loewner chain and it is clear that f(D,t) = 85 'Q(A~'(t)). O

Of course the constant 35 ' must appear in (b) of the preceding result.
The function fo in a Loewner chain belongs to the class &, and for an
arbitrary region §(0) there is no reason to think that the Riemann map of
D onto Q(0) comes from the class S.

The following example will prove to be of more value than merely to
demonstrate the existence of a Loewner chain.

2.5 Example. Let v : [0,00) — C be a Jordan arc that does not pass
through 0 and is such that y(t) — oo as t — 0o and ¥(0) = ag. For
0 <t < 00, let ¥ be the restriction of vy to [¢,00) and put 2(¢) = C\ 7. It
is easy to see that (2.3) is satisfied. By means of Proposition 2.4 we have
an example of a Loewner chain.

For a Loewner chain f, let f; denote the univalent function on D defined
by fi(z) = f(z,t). Think of a Loewner chain as a parametrized family of
univalent functions on D, {f:}, indexed by time, where f, is the starting
point, and as time approaches co the functions expand to fill out the plane.

2.6 Proposition. If f € L and 0 < 3 < t < 00, then there is a unique
analytic function 2 — ¢(z, s, t) defined on D having the following properties.
(a) ¢(z,s,t) € D and f(z,s) = f(¢(z,8,t),t) for all z in D.

(b) 2z — ¢(z,s,t) is univalent, ¢(0,s,t) =0, |@(z,s,t)| < |z| for all z in
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D, and ¢/(0,s,t) =e*~t.
(c) ¢(z,8,8) =2 forall zinD.
(d) Ifs <t< u, then ¢(z,s,u) = ¢(d(z,5,t),t,u) forall z in D.

Proof Because f,(D) C fi(D), there is a unique analytic function ¢(z, s, t)
defined on D with values in D and such that ¢(0, s,t) = 0 and fi(é(z,s,t)) =
f+(2) (Proposition 1.2). Since both f(z) and f,(z) are univalent on D, ¢ is
also. This shows (a). The fact that |¢(z, s,t)| < |2] for all z in D follows by
Schwarz’s Lemma. Taking the derivative of both sides of the equation in
(a) at z = 0 gives that e* = f'(0,s) = f'(¢(0.s.t),t)¢'(0.5.t) = €*¢'(0.s.t).
This proves part (b).

Part (c) follows by the equation in (a) and the fact that the function
¢(z,s.t) is unique. Finally, to show (d) observe that the properties of the
functions imply that for w = ¢(z,s,t), f(¢(w,t,u),u) = f(w,t) = f(2,8),
so that (d) follows by the uniqueness of ¢. O

2.7 Definition. The function ¢(z, s,t) defined for zinDand 0 < s <t <
oo and satisfying

28 f(z,8) = f(¢(z,5,1),)

for a Loewner chain f is called the transition function for the Loewner
chain.

Note that the transition function is given by the equation ¢(z,s,t) =

£ (fs(2))
2.9 Lemma. If f€ L, then forall z m D and 0 < t < o0,

L, 1414

210 Ty SIS T
et lzi lzl

2.11 ————(l e S < |f(z,t) <€ P |)2

Proof. In fact, the function e~‘f(z,t) € S, the class of univalent functions
defined in §14.7. Thus this lemma is an immediate consequence of the Koebe
Distortion Theorem (14.7.9). O

The preceding lemma quickly implies that for any T > 0, {f(z2,t):0 <
t < T} is a normal family in H (D). However we will prove much more than
this in Proposition 2.15 below.
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2.12 Lemma. If f is a Loewner chain with transition function ¢, then the
function p is defined for z in D and 0 < s <t < o0 by
(z8,8) = 1+e 7t [1=z"1¢(z,s,t)
Pizst = T e 1+ z-1¢(z2,s,t)
1+e*t [z~ ¢(z,8,t)
1—-e*=t |z+¢(z,s,t)
belongs to the class P and p(0,s,t) = 1.
Proof. Let ¢(z) = ¢(z,s,t) for s and ¢t fixed. The fact that p belongs to

P is a consequence of the fact that |¢(z)| < |z| and hence belongs to D for
allzinD. O

2.13 Lemma. Iff€ L, |z] <1, and 0 < s < t < u,00, then the following
ineguality holds:

8 t s
£29) = S0 € o (e - e,

Proof. For the moment, fix s and t, s < t, and put ¢(z) = ¢(z,s, t).
According to (2.10), if [¢] < |z| < 1, then |f'(¢,t)] < 2et(1 - [¢])~3 <
2e*(1 — |z])~3. Since |¢(2)] < |z| this implies

'z)f«¢w4

1/ (z,t) = f(z,9)|

(2
2¢e!
< ———)¢(z) - z|.
e |z|)3'¢( ) - 2|
Now to estimate |¢(z) — z|. Applying Proposition 1.5 to the function p
defined in Lemma 2.12, we get

1+e* '] |z - ¢(2)
=] 22 - s
1+ |z2]
- 1-|z|
Hence
1-e"t][1+|z
I e
2.14 < 2 [:t—::” (1-e"7").
Therefore
) =Sl < s 2t [FEE - g
8{2[ (et - ea)

(1-z))*
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proving the lemma. O

2.15 Proposition. The set £ of all Loewner chains is a compact subset of
the metric space C(D x [0,00),C).

Proof The inequality (2.11) implies that for every (z,t) in D x [0,00),
sup{|f(z,t)| : f € L} < co. Also Lemma 2.13 shows that L is equicontin-
uous at each point of D x [0, 00). Thus the Arzela-Ascoli Theorem implies
that £ is normal in C(D x [0,00)). It remains to show that £ is closed.

If {f.} is a sequence in £ and f, — f in C(D x [0, 00)), then for each ¢,
fa(z,t) = f(2,t) in H(D). Hence for each t,z — f(z,t) is analytic. Clearly
£(0,t) = 0 and f'(0,t) = e*. Since each fn(z,t) is univalent, Hurwitz’s
Theorem implies that z — f(z,t) is also univalent. Finally, if 0 < s <t <
00, fn(D,s) C fa(D,t) for all n, so f(D, s) C f(D,t). Therefore, f € £ and
L is closed. O

Note that if f is a Loewner chain, then z — f(z,0) is a function in the
class S defined in §14.7. A further amplification of the fact that Loewner
chains exist is the next theorem, which asserts that any function in the
class S can occur as the starting point of a Loewner chain.

2.16 Theorem. For every function fo in S there is a Loewner chain f
such that f(z,0) = fo(z) on D.

Proof. First assume that f is analytic in a neighborhood of cl B. Thus
v = f(@D)is a closed Jordan curve. Let g : Coo\ ¢l D — Co\ ¢l [ out 7| be
the conformal equivalence with g(0o) = 0o and ¢’(c0) > 0. For 0 < t < oo,
put Q(t) = the inside of the Jordan curve g({z : |z| = e'}). Note that
Q(0) = fo(D) and {Q(t)} satisfies the condition (2.3).

Letting & be as in Proposition 2.4, the uniqueness of the Riemann map
implies that h(z,0) = fo(z) and so Bp = 1 (in the notation of (2.4)). An
application of Proposition 2.4 now proves the theorem for this case.

For the general case, let f be an arbitrary function in S, for each positive
integer n put r, = 1 —n~!, and let f,(z) = r;'f(ra,z). So each f, € S
and is analytic in a neighborhood of cl B. By the first part of the proof
there is a Loewner chain F,, with F,(z,0) = f,(z). By Proposition 2.15
some subsequence of { F,} converges to a Loewner chain F. It is routine to
check that F(z,0) = f(z)in D. O

Note that if fo maps D onto the complement of a Jordan arc reaching
out to infinity, then the preceding theorem is just Example 2.5. It is this
particular form of the theorem that will be used in the proof of de Branges’s
Theorem.

The study of Loewner chains continues in the next section, where we
examine Loewner’s differential equation.
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Exercises

1. Let f:D x [0, oo)—»Cbeaftmctlonsuchthat for each z in D, ¢t —
f(z,t) is continuous and for each t in [0,00),z — f(z,t) is analytic.
Assume that properties (a), (b), and (c) of Definition 2.1 are satisfied.
Show that Lemma 2.9 is satisfied for this function and consequently
that f is a Loewner chain.

2. Let 9 be a simply connected region containing 0 such that C \
Q consists of two Jordan arcs that meet only at co. Let ho be the
Riemann map of D onto Q with hg(0) = 0 and By = ho(0) > 0. Show
that there are two Loewner chains f and g with f(z,0) = g(z,0) =
By ' ho(z) (see Proposition 2.4).

3. Let f € £ and let ¢ be the transition function for f. Fix u > 0 and
define g : D x [0,00) — C by g(z,t) = e*¢(z,t,u) for t < u and
g(z,t) = ez for t > u. Show that g € L.

4. If g is the Koebe function and f is the Loewner chain defined by
f(z,t) = e*g(z) = e*z(1 ~ z)~2, find the transition function for f.

5. In Lemma 2.9, what can be said about the Loewner chain f if one of
the inequalities is an equality?

6. If f is a Loewner chain with transition function ¢, prove that, anal-
ogous to (2.13),

8|z}

oyt

[p(z,t,u) — #(2,8,u)| < <

for0<s<t<u<ooandall zinD.

§3 Loewner’s Differential Equation

In this section Loewner’s differential equation and the concommitant char-
acterization of Loewner chains is studied. There is a version of Loewner’s
differential equation valid for all Loewner chains, but we will only see here
the version for a chain as in Example 2.5. This is a’i that is needed for the
proof of de Branges’s Theorem.

To set notation, let vy : [0,00) — C be a Jordan arc with 4(0) = ag such
that v does not pass through 0 and y(¢) — oo as t — 00. For 0 < t < oo,
let v be the restriction of v to |t,00) and put Q(t) = C\ ;. Assume there
is a Loewner chain f such that f;(D) = (=) for all t > 0. (The reason for
the word “assume” here is that otherwise we would have to muitiply the
regions () by a constant. See Proposition 2.4.b.) Let ¢ be the transition
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function for the chain f and let g, = f;} : Q(t) — D with g(¢,t) = g¢(¢)-
For s < t let ¢,:(z) = ¢(z, 3,t). Recall that ¢, = £, o f,.

Now Proposition 15.3.7 implies that f, and f, have continuous extensions
to cl D. Moreover Proposition 15.3.8 g, has a continuous extension to {(t)U
{7(t)}. Let A(t) be the unique point on the unit circle such that f;(A(t)) =
7(t). Let Cy be the closed arc on D defined by C,; = {2 € 9D : f,(2) €
v([s,t])} and let Joe = ge(7([s,t]))- So J,¢ is & Jordan arc that lies in D
except for its end point A(t). (The reader must draw a picture here.) Thus
¢s¢ maps D conformally onto D \ J,,. Also ¢, has a continuous extension
to cl D that maps C,; onto J,, and the complement of C,, in the circle
onto AD\ {\(¢)}.

Observe that A(s) is an interior point of the arc C,; and C,, decreases
to A(s) as t | s. Similarly, if ¢ is fixed and s 1 ¢, then J,¢ decreases to A(t).

3.1 Proposition. With the preceding notation, the function A : [0,00) —
8D 1s continuous.

Proof. An application of the Schwarz Reflection Principle gives an analytic
continuation of @, to C\ C,¢. This continuation, still denoted by ¢, is
a conformal equivalence of C \ C,; onto C\ {J,e U J3,}, where J, is the
reflection of J,, across the unit circle.

Claim. |z~1¢,,(z)| < 4¢*~* for all z in C\ C,..

This is shown by applying the Maximum Modulus Theorem. In fact

lim ¢(Z,s,t) =l r4 1 et-’

z—+00 Z ll_% ¢(Z,3, t) - ¢,(0) -

Also the Koebe 1/4-Theorem (14.7.8) implies that since J,; is contained in
the complement of ¢, (D), J,e € C\ {¢ : |¢| < e*~*/4}. Thus J7, C {¢ :
[¢] < 4e*~*}. This proves the claim.

The claim shows that for any T > s, {27 '@, : s <t < T} is a normal
family. If tx | s and {@,, } converges to an analytic function 1, then ¥
is analytic on C\ {A(s)} and bounded there. Hence A(s) is a removable
singularity and 9 is constant. But %(0) = lim,_., ¢/(0, 5,t) = 1. Since every
convergent sequence from this normal family must converge to the constant
function 1, we have that z7'¢,,(z) — 1 (uc) on C\ {\(s)} as t | s. Thus
$at(2) — z (uc) on C\ {A(s)} as t | s.

Fix s > 0. We now show that ) is right continuous at s. The proof
that A is left continuous is similar and left to the reader. If ¢ > 0, choose
0 > 0 such that for s < t < s+4, Cye C B(A(s);e). Let C be the circle
OB(A(s);€) and put x = @,¢(C), a Jordan curve. Note that the inside of x
contains the arcs J,, and Jy,; so in particular A(t) € ins x. Now § can be
chosen sufficiently small that for s < t < s+ 6, |@y(2) — 2| < € for all z
in C. From here it follows that diam x < 3¢. So if we take any point z on
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C, IA(s) = A(t)] < |A(8) = 2| + |204e(2)| + [@ae(2) — A(t)| < € + & + 3e = Se.
This proves right continuity. O

For a Loewner chain f, recall that f(z,t) = 0f/5t and f'(z,t) = 8f/0z;
similarly define ¢(z, s,t), ¢'(z,s,t), 9(¢,t), and ¢’(¢,¢).

3.2 Proposition. Fiz the notation as above. The function g has continuous
partial derivatives and if z(t) = A(t), then fort > 0 and ( in Q(t)

3.3 3(6,1) = —g(¢,t) [}“_‘—ig;%%{—;] .

Proof. 1t is left for the reader to verify that g is a continuous function.
To prove that ¢’ exists and is continuous is the easy part. In fact because
f is a Loewner chain, g’((,t) exists and equals [f’(¢(¢,t),t)]~!. Since the
convergence of a sequence of analytic functions implies the convergence of
its derivatives, f' : D x [0,00) — C is continuous. Hence ¢’ is continuous.

Note that if we can show that g exists and (3.3) holds, then the continuity
of g follows from the continuity of g. To prove existence, we will show that
the right partial derivative of g exists and satisfies (3.3). The proof that
the left derivative exists and also satisfies (3.3) is similar and left to the
reader. Return to the transition function ¢. Remember that for s < t, ¢,
has a continuous extension to cl D and @4 (Cs¢) = Jor. Now 271, does
not vanish on I and so it is possible to define the analytic function

3(2) = log [?%] ,

where the branch of the logarithm is chosen so that ®(0) = s —¢.

Thus & is continuous on cl D and analytic on D. If z € 8D \ Cs, then
®se(2z) € 0D\ {A(t)} and so Re ®(z) = log|z '@, (z)| = 0. Thus the
Poisson formula gives that

Re &(z) = -21; / Blﬁz 8(e")) P. (") db,

where a and 3 are chosen so that e** and e*? are the end points of C,. By
the choice of the branch of the logarithm,

3.4 B(z) = - / [Re (e "’)]e R .
27
We also have that

8
s—t=8(0) = %;/ Re &(e'?) db.
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Now f; 0 @ = fs and s0 g¢ = &t 0 g, Thus letting z = 90(() in (34)

implies that
9:(¢) _ / i0 [e + g.(()]
1 Re —1db.
€00 "2 o ¥ T 0
Now apply the Mean Value Theorem for integrals to the real and imaginary
parts of this integrand to obtain numbers u and v with @ < u, v < £ and
such that

o[ 25] -
- {5;/0 Re @(e"‘)d"} [R’{z_:g_%}
rim (S0

et +y.(C)} . {e‘"+9.(4)}]
=(s—t)|Red —————F=r+ilm{ ————»}|.
(e=#) [ {e“‘ - 9,(¢) e — g,(¢)
Now divide both sides of this equation by t — s and let t | s. When this is
done, €' and €' both converge to A(s). Thus

g:(() _ __A(s) +ga(()
tla t -8 log [g.(() B A(3) - ga(()

_1+2(s).(6)
T-2(2)0(C)’

But the left hand side is precisely the right derivative of log(g:({)/g,(¢)]
with respect to t, evaluated as t = s. By taking exponentials and multi-
plying by g,(¢), it follows that t — g,(¢) has a right derivative at ¢t = s.
Elementary calculus manipulations then give that

o 1 +z(s)g(¢, 9)
g((?s) - g((’ 3) [1 _ 17(3)9((,3)] )

where this is actually the right derivative. As was said, the similar proof
for the left derivative is in the reader’s hands. O

3.5 Theorem. If f is a Loewner chain such that fy is a mapping onto a
slit vegion, then there is a continuous function z : {0,00) — 3D such that
f(z,t) exists and satisfies

36 f(z,t) = [i_g%} zf'(z,t).

Proof. The existence and continuity of f' was already shown at the be-
ginning of the proof of Proposition 3.2. Since f; and g; are inverses of each
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other, the differentiability of f with respect to t will follow from the Inverse
Function Theorem of Advanced Calculus, but this must be set up properly.

Define F : D x [0,00) = C x R by F(z,t) = (f(2,t),t). It is not hard to
see that F(ID x (0,00)) is the open set A = U;»o(C\ ) X (¢, 00) and that F
is a one-to-one mapping with inverse given by F~!(¢,t) = (g(¢,t),t). Thus
F~! is a continuously differentiable function and its Jacobian is

det g’(c’ t) 0 =g’(<! t),
9(¢it) 1

which never vanishes. Thus F is continuously differentiable, from which it
follows that f(z,t) exists and is continuous.

Now let z be as in Proposition 3.2. Note that { = f(g:(¢,¢), so differen-
tiating with respect to t gives that 0 = f'(g¢(¢),t)3(¢,t) + f(g¢(¢), ).
Putting z = g,(¢), this shows that 0 = f(z,t)g(¢,t) + f(z.¢t) for all z in D.
Therefore applying (3.3),

flz,0)

—f'(2,)9(¢,¢t)
, 1+ x(t)g(<1 t)
f'(z,t)g(¢,t) {1—_z(t)322_t)]

, 1+z(t)z
ree |55

This finishes the proof. O

Equation (3.6) is Loeuner’s differential equation. There is a differential
equation satisfied by all Loewner chains, not just those that begin with a
mapping onto a slit region. For an exposition of this see Duren [1983] and
Pommerenke [1975], two sources used in the preparation of this section and
the preceding one.

This section concludes with a result valid for all Loewner chains, not
just those that begin with a mapping onto a slit region. In many ways this
illustrates the importance of Loewner chains in the study of the univalent
functions in the class S.

3.7 Proposition. Let f be a Loewner chain with g, the inverse of f,. Then
fo(2) = lim e'9(fo(2),t)

uniformly on compact subsets of D.
Proof. According to (2.11),

e 12l 2|
e a+ie <If(zt)] < e‘(l—w-
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Substituting z = g(¢, t) this becomes

lg(¢, )] e lg(¢,t)l
e o = S T lac, o7

Algebraic manipulation gives that

ﬁ%ﬁsu+wmnm

38 [t - lg(¢, ]I < et

Since |g(¢,t)] < 1 for all ¢ and ¢, |g(¢,t)] < 4e™*|¢|. This implies that
{etg,/Ct > 0} is a normal family. But (3.8) implies that if t, — oo and
et* g, /¢ — h, then h is an analytic function with [h| = 1. Hence h is
constant. But for any t, e‘g;(0) = e'/f;(0) = 1. Thus h(0) = 1 and so

= 1. That is, any limit point of this normal family as ¢ — oo must be
the constant function 1. Therefore as t — 0o, e‘g¢(¢)/¢ — 1 uniformly on
compact subsets of C. Thus etg({,t) — ¢ uniformly on compact subsets
of C, so that e*g(fo(2),t) — fo(z) uniformly on compact subsets of D as
t—o00. 0O

3.9 Corollary. If f € S and g is the inverse of the Loeuner chain starting
at f, then t — etg(f(z),t) for 0 < t < oo is a path of functions in S
starting at z and ending at f.

3.10 Corollary. The family S of univalent functions with the relative topol-
ogy of H(D) is arcunse connected.

Exercises

1. Let f € £ with g, the inverse of f, and put h(z,t) = g{fo(z),t). Show
that h satisfies the equation

il(z, £) = K(z,1) [l + z(t)h(z, t)] ,

1 - z(t)h(z,t)
where z is as in Proposition 3.2.

2. If f € £ and ¢ is its transition function, show that for all s >
0, f(z,8) = lim_ o €*¢(z,s,t) uniformly on compact subsets of D.
Compare with Proposition 3.7.

3. If g is the Koebe function and the Loewner chain f is defined by
f(z,t) = etg(z) = e*z(1 - z)~2, find the function z that appears in
Loewner’s differential equation for f.
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§4 The Milin Conjecture

What will be proved in the next section is not the Bieberbach conjecture
but the Milin conjecture, which is stronger than Bieberbach’s conjecture. In
this section the Milin conjecture will be stated and it will be shown that it
implies the Bieberbach conjecture. But first the Robertson conjecture will
be stated and it will be shown that it implies the Bieberbach conjecture
and is implied by the Milin conjecture.

For reasons of specificity and completeness, let’s restate the Bieberbach
conjecture. First, as standard notation, if f is a function in S, let

4.1 f(R)=z+a3z% +az2®+---.

4.2 Bierberbach’s Conjecture. If f belongs to the class S and has the
power series representation (4.1), then |a,| < n. If there is some integer n
such that |an| = n, then f is a rotation of the Koebe function.

If f is a rotation of the Koebe function, then (14.1.4) shows that |a,| =n

for all the coefficients.
Recall (Proposition 14.7.4) that a function g in the class S is odd if and

only if there is a function f in S such that g(z)? = f(23) for all z in D. Let
S.. be the collection of odd functions in S and if g € S_.,let

43 g(z) =z+c3z®+cs2®+---
be its power series. The Robertson conjecture can now be stated.
4.4 Robertson’s Conjecture. If g € S_ has the power series represen-
tation (4.3), then for eachn > 1
14 |csl®+--- +|con1|? S .

If there is an integer n such that equality occurs, then g(z)? = f(22), where
f s a rotation of the Koebe function.

4.5 Theorem. Robertson’s conjecture implies Bieberbach’s conjecture.

Proof. Let g € S_ satisfy (4.3) and let f be the corresponding function
in § with g(z)? = f(z?) in D. Suppose f satisfies (4.1). Thus

Z2tat+ = (z2+c3234+--)%

Expanding and identifying coefficients of the corresponding powers of z we
get that foralln > 1

Gn = CiC2p-1 +C3C2n-3 + - - + C2n-1C1.
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An application of the Cauchy-Schwarz Inequality shows that

n
lanl < 3 leze-1?,
k=1
whence the first part of theorem.
If equality occurs in Bieberbach’s conjecture, then the preceding inequal-
ity shows that equality occurs in Robertson’s conjecture. This completes
the proof. O

To state the Milin conjecture is not difficult; it only requires some no-
tation. To see that this implies the Robertson conjecture is more involved
and will occupy us for most of the remainder of the section.

Let f € S and let g be the corresponding function in S_ with g(z)? =
£(z%) on D. Assume (4.1) and (4.3) hold. It is easy to see that z~'f is an
analytic function on D and has no zeros there. Thus there is an analytic
branch of (1/2) log[z~! f(z)] defined on D; denote this function by h and

let
[o o]

4.6 h(z) = Z‘y,.z"
n=1

be its power series representation on D. Note that we have chosen the
branch of (1/2) log[z~!f(2)] that satisfies #(0) = 0 and with this stipula-
tion, k is unique.

4.7 Milin’s Conjecture. If f € S, h is the branch of (1/2) log[z~! f(z)]
with h(0) = 0, and h satisfies (4.6), then

n m 1
DY (kml* - ) <o.
m=1k=1
If equality holds for some integer n, then f is a rotation of the Koebe
Junction.

To show that Milin’s conjecture implies the Robertson conjecture (and
hence the Bieberbach conjecture), it is necessary to prove the Second
Lebedev-Milin Inequality. This is the second in a caollection of three in-
equalities that relate the power series coefficients of an analytic function
with those of its exponential. All three inequalities will be stated and then it
will be shown that Milin’s conjecture implies Robertson’s conjecture. Then
the second inequality will be proved. After this the remaining inequalities
will be derived for the interested reader.

Let ¢ be an analytic function in a neighborhood of 0 with ¢(0) = 0 and
let

4.8 o(z) = Z apz*
k=1
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be its power series. Let

4.9 Y(z) = e??) = Zﬁkz".

k=0

4.10 First Lebedev-Milin Inequality. If ¢ and ¥ are as above, then

Z 1Bel? < exp{z kaakl’}

k=0

If the right hand side is finite, then equality occurs if and only if there is
a complez number v with || < 1 and ax = v*/k for all k > 1.

4.11 Second Lebedev-Milin Inequality. If ¢ and ¥ are as above, then
foralln>1

zw <(n+ 1>exp{ Z Z(klaklz ~ —)}

k=0 m-l k=1

Equality holds for a given integer n if and only if there is a complex
number y with |y| =1 and ax = v*/k for 1 <k < n.

4.12 Third Lebedev-Milin Inequality. If ¢ and ¥ are as above and

n#l,
Iﬂnlz < exp {Z(klaklz - %)} .

k=1
Equality holds for some integer n if and only if there is a complez number
vy with |y| =1 and ax =v*/k for 1 < k <n.
4.13 Theorem. Milin’s conjecture implies Robertson’s conjecture.

Proof. Let g € S_ and let f € S such that g(z)®> = f(z%) on D; as-
sume that (4.1) and (4.3) hold. Let h(z) = (1/2)log[z~! f(z)] satisfy (4.6).
Note that if z € D\ (-1,0], [9(vZ)/vZ]* = f(z)/z. On the other band,
9(vz)/Vz = 14c3z +cs2% + -+ -, so that g(/z)//Z is analytic on D. Thus
h is a branch of log[g(1/z)//z] and so taking c; = 1 we get

- ] oo
S v = { S}
n=0 n=1

According to the Second Lebedev-Milin Inequality, for each n > 1

Y leaknl? < (n+ l)exp{ > (klnel® - %)} :

k=0 m=l k=1
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Thus if Milin’s conjecture is true, this implies that for ;avery n2l

n

Y lewnlP s (n+1),

k=0

which we recognize as Robertson’s conjecture.
Suppose n > 1 and equality holds in Robertson’s conjecture. Again as-
suming the Milin conjecture, this implies

n
Y lezen?

k=0

(n+ l)exp{ﬁ 3o (ki - ;1-)}

1k=1

n+1

I

IA

< n+l

But this implies equality in Milin’s conjecture and so f must be a rotation
of the Koebe function. O

Now to prove the inequalities. A few preliminary observations are valid
for each of the proofs. Since ¥ = e®, ¥’ = ¢'e® = ¢'y. Using the power
series expansions of these functions we get

i kﬂkzk-l = (f: ka;,z"") (i ﬂkzk)
k=1 k=1 k=0

@1 fo + (@181 + 2a280)2 + (a1 82 + 20251 + 3a3f)2?
+oo+ (@B + - + mamPo)z™ + -+ .

Equating corresponding coefficients gives

m
414 mBy, = Z ko Bom—k.
k=1

Proof of the Second Lebedev-Milin Inequality. Apply the Cauchy-Schwarz
Inequality to (4.14) to get

m?|Bn? < (Z k’lakf’) (Z Iﬁm-klz)
k=1 k=1
m m-1
4.15 = (Z k2|a.,|2) (Z w,,,?).
k=1 k=0
Put

m m
416 Am =3 Flayf? Bm =Y IB:f.
k=1 k=0
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So (4.15) becomes m?|Bm{2 < AmBm-1 for all m > 1. Now fix n > 1 and
let’s prove (4.11). Thus
Bn = Bn—l + '.Bnlz

< Ba, [1 + -1-2,4,.]
n

n+1 A, —n
T on [l+ n(n + l)] Bn-1

n+1 Ap—n
< _
= n exIJ{ﬂ(n+l)}B" b

where the elementary inequality 1 + z < e* has been used. Now apply this
latest inequality to B,_, and combine the two; so we have

n+1 Ap-n A, -(n-1)
< .
Bn < n—1 exp{n(n+l) + (n-1)n Bn-2

Continuing and noting that By = |5]?> = 1 we get that

("“)e""{zk?z:;l)}

n+l
(n+l)em{§k(k:-l) Zk}

Now use the summation by parts formula (Exercise 2) with z, = [k(k +
1)]~! and yx = Ax. Here Xn = Y p_,[k(k+1)]"! = 1 - (n + 1)~'. This
gives

Bn

TN

i

4.17

n A n-1
Yoo = Y Xi(Ax — Aksr) + XaAn

k=1 k=1
n-1 1
=Y [1 - m] (—(k +1)*lag 4, 1)
k=1
[l - —-—J Zkzlaklz
= klak|* = —— > " K*|an|®.
kz=:l n+1 g
Thus
n x n+1 1
P BRI ED M-

k=1 k=1
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n n+l
= Z klak|2 Z k’laklz +1- Z E
k=1 k-l
n
- {Z(n + 1)k|ag|? - Zkzlam +n+1
n+1 k=1 k=1

"+ln+1
"ET}

k=

1 < 2 .21 2 n+l
= —--i-g{(ni'l)k'akl — k*|a| +1_T
n
= Zn+l—k) (klaxlz——)
l n m 2 l
- ,,—;;EZ Houl*~ ¢ )

where we have used Exercise 3. If this is combined with (4.17), we have the
Second Inequality.

Now for the case when we have equality in (4.11). (At this point the
reader can go directly to the next section and begin to read the proof of
the Milin conjecture and, hence, the Bieberbach conjecture. The remainder
of this section is not required for that enterprise.) There were two factors
that contributed to inequality in the above argument: the Cauchy-Schwarz
Inequality and the inequality 1 + z < €. So if equality occurs, it must be
that equality occurred whenever these two facts were used. The first such
instance was when the Cauchy-Schwarz Inequality was applied to (4.14) in
order to obtain (4.15). Note that for equality in (4.11) for an integer n, we
need equality in (4.15) for 1 < m < n. Thus there must exist constants
Al, ..., An such that for each m, 1 <m < n,

4.18 Bm-k = Amkay

for 1 < k < m. Since 1 + z = ¢* only when z = 0, an examination of
the occurrence of this equality in the argument yields that A,, = m for
1<m<n.

Substitution of (4.18) into (4.14) gives that mfBm = Am 3 pe, K?lak|? =
AmAm = mAm. Thus B = A for 1 < m < n. Since Gy = 1, (4.18) for
k = m says that Aymam = 1for1 < m < n. Thus for m > 2, A\, =
B1 = An(m = 1)@m-1 = Am/Am-1. Hence ),, = A\ A,—;, from which we
derive that 8, = A, = AT* = 4™, where v = \,. Equation 4.18 for k = m
unphes that ma,, = 7. Butfor 1 < k<n, k= A, = Efn_l m3|apm|? =
¥ -1 171*™. In particular it holds for k = 1 so that |y| = 1. Hence (4.18)
implies that for 1 < k < n, "% = f._4 = y"k@y, so that ax = v*/k for
1<k<n.
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The proof that this condition suffices for equality is left to the reader. O

Proof of the First Inequality. Without loss of generality it can be assumed
that the right hand side of (4.10) is finite. Apply the Cauchy-Schwarz In-
equality to (4.14) in a different way than was done in the proof of the
second inequality to get that m?(Bm[? < m (T he, m?am|?[Bm—kl?), or

1 m
4.19 Bml* < —~ kz_l m2|am | |Bm-kl*.
Let a,, = m|am|? and inductively define by = 1 and
l m
4.20 b = m 'g karbm k.

An induction argument using (4.19) shows that |G,|? < by, for all m > 1.
If we examine how (4.14) was derived and look closely at (4.20), we see

that
oo [ ]
3 byt =exp{§:a,,z~},
k=1

k=0
where the hypothesis guarantees that these power series have radii of con-
vergence at least 1. But since ax, by > 0 we get

Yl < Y b

k=0 k=0

- (5]

k=1

oo
exp {Z klaklz} ,
k=1

which is the sought for inequality.
Now assume that 3_p, klak|? < co and equality occurs. Clearly

Z 1Be|? = zbk-

k=0 k=0

Since |Bk|? < by for all k > 0, it follows that |Gi|? = bi for all k. But this
can only happen if for each m > 1 equality holds in (4.19). But this is
an instance of equality holding in the Cauchy-Schwarz Inequality. Thus for
every m > 1 there is a complex number A,, such that

4.21 karfm—_k = Ap for 1 <k <m.
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Letting & = m here shows that ma,, = A, for all 7n > 1. Also if we
substitute (4.21) into (4.14), we get that B, = m~!Ap + - +Am) = Am
With these two identities,(4.21) becomes Ay = Ap—_ikAx. In particular,
Am = Am-1A1. From here we get that A, = AT for all m > 1. Thus
putting v = )\, we have that a; = v*/k and B = ~* for all n. Because the
right hand side of (4.10) is finite, it must be that |y} < 1.

The proof that the condition suffices for equality is left to the reader. O

Proof of the Third Lebedev-Milin Inequality. Using the notation from the
proof of the Second Lebedev-Milin Inequality, (4.15) states that

nzlﬁnlz < ApBao

n-1m
< Ann exp{ 3 (klouel2 - —)}
m=1 k=1
Hence
A 1 n-1m 1
2 an 2 2_2
B2 < exp{n >3 (Hau k)}
m=1 k=1
A 1! 2
= exp{; (n=b) (Hanl - §)
k=1
A n-1 n—l
= == exp{ (knau’ - -) - = Y (KPleul? - 1)}
k=1 k==l
n-1
= exp{ (k’aklz‘l) A, L n?lan? + 2 1}
n k=1 n

]
3@
-
|
+
M-
—~
R
2
N
|
Nl
SN —

Now apply the inequality ze~* < 1/e with z = A,/n and (4.12) appears.
The proof of the necessary and sufficient condition for equality in (4.12)
is left to the reader. O

Exercises

1. Show that if f is a rotation of the Koebe function and g(z)? = f(22),
then we have equality in the Robertson and Milin conjectures for all

n.

2. (The summation by parts formula) Show that if {z,} and {yx} are
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R
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N
|
Nl
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() p(0) = (*+*) = (et where for any number z and a non-
negatwe integer n,

(2)n=2(z+1)---(z+n-1).

The fact that the Jacobi polynomials exist and are unique can be found
in any standard reference. See, for example, Szego [1959]. The proof of the
next result can be found on pages 29 and 59 of that reference.

5.2 Proposition. For all admissible @ and 3 and -1 <z <1,
P50 (z) = (-1)"p ) (-2)

foralln>0.

5.3 Corollary. p(-1) = (-1)p*)(1) = (-1)*(*}7).

The next identity appears in the proof of Theorem 3 in Askey and Gasper
[1976] (see page 717); its proof involves hypergeometric functions and won’t
be given here. The result following that is part of the statement of Theorem
3 in that reference.

5.4 Proposition. Ifa > —1 and -1 < z < 1, then for everym > 0
ip(a.o)(z) - i [gzi]j [Ezﬂ]j (@+2j+ 2.)m~j
Y JNa+1)j(m - ;)

v=0 3=0

[2(z - 1P

5.5 Theorem. (Askey and Gasper [1976]) Ifa > ~1 and m > 0, then

> pl0(z) >0

v=0
for-1<z<1.

Now for the functions of de Branges. If n > 1 and 1 < k < n, define for
allt >0

n-k
_ v(2k+v+1)y(2k + 20 + 2)p— gy vtk
56 ()= kz(_l) (k+v)vi(n — k- v)! e

v=0

and 7,4, =0.
The relation between the Jacobi polynomials and the functions of de
Branges is as follows.

5.7 Proposition. For 1 <k <n,

n-k

Tie(t) = ~ke ™ Z P3O (1 - 2e7).
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Proof. From the definition of 7x we compute

n-k

k pard viin—-k—-v)
Hence
-k
() ke _ Ny gy Rt D)2k +20+ Dnkov ue
k¢ “?;;( D W(n—k-v) ¢

Now use (5.4) with @ = 2k and m = n — k to get

n-k

S A0 - 27 =
v=0

= 2], (2], Gk + 20+ by
v!(2k +1)y(n — k- v)!

[2(-2e7Y)".
v=0

But 2% [2542]  (k+1), = (2k+1)2y and (2k+1)20/(2k+1), = (2k+v+1),.
Therefore

n—-k n-k
(2&,0) -— -t — - v (2k + v + 1)0(2k + 2” + 2)n-k~v -ut
';pv (1-27 g( 1) o e
_ L Tk() ke
= —;-@ .

0
The next result contains all the information about these functions that
will be used in the proof of de Branges’s Theorem.

5.8 Theorem. For the functions y,...,1, defined in (5.6) and 1,41 =0,
the following hold;

Tk | Thel
59 - = |5 .
kT T [k+k+l]’
5.10 ™(0) =n+1-k;
5.11 7e(t) =0 as t — oo;

5.12 7 <0.
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Proof. To prove (5.9) readers might increase their comfort level by first
verifying the equality in the case that k = n (and Th4) =0). Fot 1 < k < n
it must be shown that 7 + k! = 144y — (k + 1)~ k4. To facilitate the
proof, define gx = k=i e** and hy = k~lrie~* for 1 < k < n + 1. These
functions enter the picture by observing that

9 = [% + rk] ekt hi = [% - Tk] ek,
so to show (5.9) it suffices to show that
5.13 gxe*t = —hpy ekt
for1<k<n

From the definitions of 7i, gk, and h; we get that

n-k
_ Cawk+r+1)u(2k+ 20+ 2Dn_key o
gk = Z( 1 (k+v)v!(n — k - v)! ¢

v=0

n—-k
(2k + v+ 1)y (2k + 20 + 2)p_i—
h _ —1) n v —vt~2kt
k 2. (1) &+ v)vl(n —k - v)! € :

v=0
Thus
n~k
—kt s 2k+v+1)y(2k + 20 + 2)p_k—
kt = -1 v+l( v n—k-v __(k+v)t
ML §< ) k+o)v-Dln-k-v) °© ’

n~k

= (k +v)vi(n ~ k - v)! '
Now (2k + v)(2k + v + 1), = (2k + v)y41. Incorporating this in the last
equation and changing the index k to k + 1, we get

ek,

n—-k-1

- Z ("l)"+1 (2k +2+ v)v+l(2k +2v+ 4)n~k—1—v e-(k'H'H')t
= (k+1+v)vi(n-k—-1-0v)

n-k
- Z(_l)v (2k + 1 + ”)u(zk + 2" + 2)0-1:—1' e-(gq.o)g
“ (k+v)(v=1)(n—-k-v)!

5.14 =e "4,

thus demonstrating (5.13), and hence (5.9).
To prove (5.10), first apply Corollary 5.3 and (c) of Definition 5.1 to

obtain that p{™”(~1) = (~1)*. Combine this with Proposition 5.7 to get

n—k

#(0) = —k Y p2*9(-1).

v=0
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Thus

_1(0) _ {l if n — k is even
kLo ifn—kisodd
Now substitute this information into (5.9) to get that 7x(0) — 7x4+1(0) = 1.
Summing up yields (5.10).
The property (5.11) is clear from the definition of the functions and
(5.12) is immediate from Theorem 5.5 and Proposition 5.7. O

§6 The Proof of de Branges’s Theorem

The aim of this section is to prove the following, which is the culmination
of this chapter. This approach is based on the paper of Fitzgerald and
Pommerenke [1985].

6.1 Theorem. The Milin conjecture is true. That is, if f € S, h is the
branch of (1/2) log[z™! f(z)] with h(0) =0, and

[o <]
6‘2 h(Z) = Z'Ynzn,
n=1
then for alin > 2
n m
6.3 3 (k|»,,,|2 - -) <o0.
m=1 k=1

To accomplish this we first show that it suffices to prove the theorem for
functions in S that map onto a slit region.

6.4 Proposition. If f € S, then there is a sequence {fn} in S such that
each f, maps onto a slit region and f, — f in H(D).

Proof. First we assume that = f(D) is a Jordan region with its bound-
ary parametrized by 7 : [0,1] — 89, 7(0) = 7(1) = wo. Replacing f by
e~% f(e*) for a suitable 8, if necessary, we may assume that |wg| > |w| for
all w in cl Q. Thus the ray 7 = {rwp : 1 < r < 00} in C, meets cl Q only
at wy. Let Oy = Coo \ [nU{7(t) : n=! <t < 1}] and let g, be the Riemann
map of D onto Q, with g,(0) =0 and g, (0) > 0.

Note that @, — Q in the sense of Definition 15.4.1. Thus Theorem
15.4.10 implies that g, — f. Thus g,(0) — £(0) = 1. So if fn = [9n(0)] g,
then f, € S, fn(D) is a slit region, and f, — f.

Now assume that f is arbitrary. Put r, = 1 — n~! and let f,(z) =
r71f(Tnz). So fa €S, fa — f, and fo(D) is a Jordan region. The proof of
the special case implies that each f, can be approximated by slit mappings
in S and, thus, socan f. O
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8.5 Corollary. If Milin’s conjecture is true for slit mappings in S, it is
true.

Proof. 1f f € S, let {f,} be a sequence of slit mappings in S such that
fn — f. For each n let h,(z) = (1/2)log(fn(z)/2] and let ~ be as in
the statement of de Branges’s Theorem. It is left to the reader to show
that h, — h. Therefore the sequence of the k-th coefficients of the power
series expansion of h, converges to the k-th coefficient of the power series
expansion of h, . Milin’s conjecture now follows. O

Now to begin the path to the proof of de Branges’s Theorem. To do this
let us set the notation. For the remainder of the section, f is a slit mapping
in S and F' is the Loewner chain with 5 = f. Thus Loewner’s differential
equation (3.6) holds for F. Observe that e~*F, € S for all t > 0. Thus we

can define
1 F(z,t
Mag) = 3iog[ ]
[e <)
6.6 = > m(t)z
k=1

where the branch of the logarithm is chosen with 4(0,t) = 0.
The strategy of the proof is to introduce the function

n
1
6.7 t) = klve(t)]? - —J i (t
o0 = 3 (K - ] o
for t > 0, where 7y,...,7, are the special functions introduced in the pre-

ceding section. Given the function ¢, we will prove the following.

6.8 Lemma. If ¢ is the function defined in (6.7), then ¢(t) > 0 for all
t>0.

The proof of this lemma is the heart of the proof of the theorem. Indeed,
the proof of de Branges’s Theorem, except for the equality statement, easily
follows once Lemma 6.8 is assumed.

Proof of (6.3).  According to (5.10), 7(0) = n + 1 — k and so

B0 = 3 (n+1-Kkimf ~ 1)
1

k
n

= 3 Yl - )

m=1 k=1

by Exercise 4.3. Also from (5.11) we know that 7,(t) — 0 as t — 0o and so
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o(t) — 0 as t — oo. Therefore

n m

6.9 > S ki - p=- [ <o

m=1 k=1

by Lemma 6.8. O

The proof of the equality statement needs additional information about

the function ¢.
So now return to our assumptions for this section and the definition of

the function h in (6.6).

6.10 Lemma. (8) If0 < r < 1, then sup{|h(z,t)] : [2) < rand0 < t <
o0} < 0.
(b) For each k > 1,sup{|(t)] : 0 <t < 00} < 00.

Proof. (a) It suffices to get the bound for |z| = r. Using (2.11) we bave
for some integer N independent of r

LI

bl < 3[log
ey

= [21rN logr + log

]

< = - —_—
< 2[21rN logr+log(l_r)2]

= M,.

The Maximum Principle now gives the result.
(b) If0<r <1, then

1 h(z,t)
WO = o f L
l 2x . .
= 5% h(re', t)e'*?dg.
]

Thus |vk(t)] < r~*M, by part (a). O

6.11 Lemma. For each k > 1 the function i : [0, 00) — C is continuously
differentiable and

6.12 (t) = 2”1'* fc(re", t)e~*9dg.

Proof. In fact this is an immediate consequence of the formula for v,(t)
obtained in the preceding proof and Leibniz’s rule for differentiating under
the integral sign. O
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6.13 Lemma. If T < 0o and 0 < r < 1, then the ‘series Y po, Yk(t)z*
converges absolutely and uniformly for |z2| < rand 0 <t <T.

Proof. Let r < p < 1. Equation (6.12) implies that if lh(w, t)] < M for
0 <t <Tand |w = p, then for all |z] < r, |7k(t)z*| < M(r/p)*. The
result follows from the Weierstrass M-test. O

Proof of Lemma 6.8. The preceding lemma allows us to differentiate the
series (6.6) for h(z,t) term-by-term with respect to t. Thus, using Loewner’s
differential equation (3.6),

F(z,t)

3 k - —-— —
§_ 7k(t)z - 2 at log Zet

F(z, t) _ 1}
F(z,t)

1+ z(t)z F'(z,¢t) ]
1-z(t)z F(z,t) ] '

Il
tO| r—
T

60 14 =

But |z(t)z] = |z] < 1 and so

1+z(t)z =
I——T(t)z =1+ 2§z(t)"z".

Now we also have that

Y kn® = K(z)
k=1

[F’(z ) 1
F(z,t) Z]‘
Thus

F

F((: :)) +2Zk7,,(t)z" L

Substituting into (6.14) we get
Eoet = e [rafsora] [FraFenoat] -1}
k=1 k=1 =

Therefore

1+ 22%‘(”:" = [l + 2Zz(t)* k] [l + 2Zk7k(t)2 ]
k=1

k=1
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Equating coefficients gives
k-1 '
(t) = ky(t) + 2(8)* +2)_ jz(t)* I 7;(¢).
Jj=1

Suppressing the dependence on ¢, this implies that

k
o= zF—kn+2) jz* Iy
j=1

= z* - kye + 22%bs,

where bi(t) = 2;;1 jz72(t)v;(t) for k > 1 (and bp = 0). Now the fact that

kyiz* = by — by, implies
6.15 Ak = (1 + by + bey].
It is not hard to check that
d 2 _ d S—
Ekl‘n(t)l = ;Ek’Yk(t)‘Yk(t)
= 2Re k7,
= 2Re kz*[1 + by + b1 7,

Using the fact that by — by_; = kz~%y, we get that kz*¥, = (b ~ bx—1)-
Hence we can express the derivative entirely in terms of the functions b
by

d - -
6.16 akhk(t)lz =2Re [(bx — bi—1)(1 + bi + bi—1)}.

Now consider the function ¢ defined in (6.7). Suppressing the dependence
on t,

. n d . n ' \ 1
6.17 $= gn k] + f\;, k(@ ~ £
From (6.16) we get that
~ d
e [kl
2ng

= Z2Re (O = Br—1)(1 + by + bp—y)] 7.

k=1

¥

Now apply the summation by parts formula (Exercise 4.2 with yx = 7 and
zx = 2Re [(bx — bk—1)(1 + bx + bk_1)]) to obtain that

6.18 Y= Zxk("'k = Th1),

k=1
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where
Xm = Y 2Re Bk —bk-1)(1 + bk + be-1)]
k=1
= 2Re ) (be—be_1) +2Re Y (Bk ~ Bi—1)(bx + br-1)-

k=1 k=1

The first of the summands telescopes and for any complex numbers z and
w, (Z~W)(z +w) = |z|* - |w|? - 2iIm (zT). Hence

Xm

!

2Re b,, + 2Z(|bk|2 — lbr-11%)

k=1
2[Re bm + [bm ).

From (6.18) we get
n
¥ =2 [Re by + [Bal](mh — misa)-
k-1
Using (6.17) we now have
n n
P (o _ . 2_1
619  $=2 [Re b+ bl’l(me — meer) + Y Aelklm(®) - £)-
) k=1 k=1
Focusing on the second summand, note that

3 Akl -

n .

4
> el - 1]
k=1

+ .
=y fub,, = bea]?~1].

=1

For the first summand of (6.19) we use the property (5.9) of the functions
Tr to get
fk-’-l ]

[Re by + |bl*)(rk = Tk41) = —[Rebr+ |b,‘|2][% e

o en ™
[(Rebk)k + |bx .

# 7
e 2

Now sum these terms for 1 < k < n and remember that 0 = by = 7Tp41.
Thus

n n .
S R by + el = Tear) = =3 Z[Re by + [bf* + Re by
k=1 k=1 k

+be—13].
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Thus
n .
é = - Z %[2Re bi + 2|bk[? + 2Re b1 + 2{be—1[?
k=1
—- ok —be-aP+1)
n .
= - %[|bk|2+2Re bk + 2Re be_y + 2be—1[?
k=1
+ 2Re bkl-n_l +1}
n .
= V= 2
6.20 = =Y w10k + by + 117,
k=1
a

Proof of de Branges’s Theorem. We already saw how to deduce (6.3)
from Lemma 6.8. It only remains to treat the case of equality.

We show that if f € S and f is not the Koebe function, then strict
inequality must hold in (6.3) for all n > 2. If this is the case and f(z) =
z+a22% + -+, then |az] < a < 2 (14.7.7). Now also assume that f is a slit
mapping and adopt the notation used to prove Lemma 6.8. In particular,
define the function k as in (6.6) and the functions by as in (6.15). Let Fy(z)
have power series expansion ef(z + a2(t)z2 + ---). So [az(¢)| < 2 for all
t > 0. A calculation shows that 7, (t) = a(t)/2 and bi(t) = z(t) "' (¢).
Thus (6.15) implies that

. 1 _
l=1+ 3% lag] <2

¢
(@l =m+ [ sl < 52t
Equation 6.20 and (5.12) imply that

ét) > (—)b +12
(-h)lz™'m + 12
> (-h)(1- 5 -2

for 0 <t < 47!(2 - a). From (6.9) we have

> ki -p = - [

mm=l k=1
(2-a)/8
- / ()t
0

IA
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(2-2)/8
< - / (~h)(1 - 5 - 2t)%de
0

9 _ (2-a)/8
6.21 < [-—74—"] / #dt.
0

Since 7, < 0 everywhere, we get strict inequality in (6.3).

Now let f be an arbitrary function in the class S and let {f,} be a
sequence of slit mappings in S that converge to f. Because |a2| < a < 2,
it can be assumed that [a;2| < a for all j > 1. Thus the inequality in
(6.21) holds for each function f; (with v, replaced by the corresponding
coefficient ; x). This uniform bound on the sum (6.3) for the functions f,
implies the strict inequality for the limit function, f. O






Chapter 18

Some Fundamental Concepts
from Analysis

Starting with this chapter it will be assumed that the reader is familiar with
measure theory and something more than the basics of functional analysis.
This particular chapter is an eclectic potpourri of results in analysis. Some
topics fall into the category of background material and some can be labeled
as material every budding analyst should know. Some of these subjects may
be familiar to the reader, but we will usually proceed as though the material

is new to all.
When needed, reference will be made to Conway [1990].

§1 Bergman Spaces of Analytic and Harmonic Functions

For an open subset G in C and 1 < p < 00, define LP(G) to be the L? space
of Lebesgue measure on G. That is, LP(G) = LP(A|G). In this section G
will always denote an open subset of C.

1.1 Definition. For 1 < p < 0o and an open subset G of C, LE(G) is the
collection of functions in LP(G) that are equal a.e. [Area] to an analytic
function on G. Denote by L} (G) those elements of LP(G) that are equal
a.e. [Area] to a harmonic function. These spaces are called the Bergman
spaces of G because of the work of Bergman (1947, [1950].

Note that L} (G) contains L2(G) so anything proved about functions in
L} (G) applies to the analytic Bergman space.

1.2 Lemma. If f is a harmonic function in a neighborhood of the closed
disk B(a;r), then
1
fla)=— fdA.

nr Bf(a;r)

This is, of course, a variation on the Mean Value Property of harmonic
functions and can be proved by converting the integral to polar coordinates

and applying that property.
1.3 Proposition. If1 < p < o0, f € L}(G), a € G, and 0 < r <



170 18. Fundamental Concepts

dist(a, 8G), then .
[f(a)| < m”f“p-

Proof. Let g be the index that is conjugate to p: 1/p+ 1/¢ = 1. By the
preceding lemma and Hélder’s Inequality, | f(a)|] = (wr?)~! l J Blair) JAA| S

(7'""2)--l (fB(a;r) |f|pd"4)l/p (IB(a:r) 1 d-A)l/q < 7”‘2)—l”-fllp(ﬂ""z)l/q =
(rr2) VP fllp. O

1.4 Proposition. For 1 < p < 0o, L}(G) and LE(G) are Banach spaces
and L}(G) and L%(G) are Hilbert spaces. If a € G, the linear functional
f — f(a) is bounded on L} (G) and LE(G).

Proof. The last statement in the proposition is an immediate consequence
of Proposition 1.3 for the case p < 00, and it is a consequence of the
definition for the case p = co. For the first statement, it must be shown that
L}(G) and L2(G) are complete; equivalently, L} (G) and L2(G) are closed
in LP(G). In the case that p = oo, this is clear; so assume that 1 < p < o0.
Only the space L}(G) will be treated; the analytic case will be left to the
reader as it is analogous. Let {f,} C L} (G) and suppose f, — f in LP(G);
without loss of generality we can assume that f,(z) — f(z) a.e. Let K bea
compact subset of G and let 0 < » < dist(K, 3G). By Proposition 1.3 there
is a constant C such that |k(z)| < C||h}l, for every k in L}(G) and every
z in K. In particular, |fa(z) — fm(2)| £ Clifn = fmllp for all m,n. Thus
{fn} is a uniformly Cauchy sequence of harmonic functions on K. Since K
is arbitrary, there is a harmonic function g on G such that f,(z) — g(z)
uniformly on compact subsets of G. It must be that f(z) = g(z) a.e. and
so f € L}(G).. O

The space L*(G) is the dual of the Banach space L!(G) and as such it
has a weak-star (abbreviated weak® or wk*) topology. It can also be shown
that L3°(G) and L°(G) are weak® closed in L>(G). See Exercise 1.

This section concludes by proving some theorems on approximation by
polynomials and rational functions in Bergman spaces of analytic functions.

1.5 Definition. For a bounded open set G and 1 < p < oo, let PP(G) be
the closure of the polynomials in LP(G). RP(G) is the closure of the set of
rational functions with poles off G that belong to L”(G).

It follows that PP(G) C RP(G) C LE(G). Note that if r is a rational
function with poles off cl G, then r € LP(G). However in the definition of
R?(G), the rational functions are allowed to have poles on 4G as long as
the functions belong to LP(G). If G = the punctured unit disk, then z~!
has its poles off G but does not belong to L?(G) even though it does belong
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to L'(G). If, on the other hand, G = {z =z +iy: 0 <z < land Jy| <
exp(~z~2)}, then z~! € L*(G).

It is not difficult to construct an example of a set G for which P?(G) #
LP(G). This is the case for an annulus since z~! € LZ(G) but cannot be
approximated by polynomials. Finding a G with RP(G) # L2(G) is a little
more difficult. Indeed if 1 < p < 2, then RP(G) = LZ(G), while there are
regions G such that for 2 < p < 0o equality does not hold (Hedberg [1972
a]). See the remarks at the end of this section for more information.

If K is a compact subset of C, then the open set C \ K has at most
a countable number of components, exactly one of which is unbounded.
Call the boundary of this unique unbounded component of C\ K the outer
boundary of K. Note that the outer boundary of K is a subset of dK.
In fact, the outer boundary of K is precisely 8K, the boundary of the
polynomially convex hull of K. For a small amount of literary economy,
let’s agree that for a bounded open set G the outer boufdary ’\of G is that
of its closure and the polynomially convex hull of G is G =cl G.

1.6 Definition. A Carathéodory region is a bounded open connected subset
of C whose boundary equals its outer boundary.

1.7 Proposition. If G is a Carathéodory region, then G is a component
of int{G} and hence is simply connected.

Proof. Let K =G and let H be the component of int K that contains G;
it must be shown that H = G. Suppose there is a point z, in # \ G and
fix a point 29 in G. Let 4 : [0,1] — H be a path such that y(0) = 2o and
(1) = z;. Put a = inf{t:y(t) € H\G}. ThusO<a < 1and v(t) ¢ H\G
for 0 < t < a. Since H \ G is relatively closed in H, w = y(a) ¢ G. Thus
w € 8G. But since G is a Carathéodory region, 3G = K. Hence w € 0K.
But w € H C int K, a contradiction.

It is left as an exercise for the reader to show that the components of
the interior of any polynomially convex subset of C are simply connected.
(See Proposition 13.1.1.) O

There are simply connected regions that are not Carathéodory regions;
for example, the slit disk. Carathéodory regions tend to be well behaved
simply connected regions, however there can be some rather bizarre ones.

1.8 Example. A cormucopia is an open ribbon G that winds about the
unit circle so that each point of 3D belongs to 3G. (See Figure 18.1.)

If G is the cornucopia, then cl G consists of the closed ribbon together
with @D. Hence C \ ¢l G has two components: the unbounded component
and D. Nevertheless G is a Carathéodory region.

1.9 Proposition. If G is a Carathéodory region, then G = int{cl G}. If
G is a simply connected region such that G = int{cl G} and C\cl G is
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Figure 18.1.

connected, then G is a Carathéodory region.

Proof. Exercise. O

1.10 Lemma. If1 < p < oo and {fp} is a sequence in L2(G), then {fn}
converges weakly to f if and only if sup, || fnllp < 00 and fa(z) — f(2) for
allz in G.

Proof. If f, — f weakly, then sup, ||fa|lp < oo by the Principle of Uni-
form Boundedness. In light of Proposition 1.4, for each z in G there is a
function k. in L9(G) such that g(z) = (g, k,) for all g in LE(G). (Here q is
the index that is conjugate to p: 1/p+ 1/gq = 1.) Thus fa(2) = {fa, k:) —
(f,kz) = f(2). If 7 is the topology of pointwise convergence on L2(G), then
we have just seen that the identity map i : (L2(G), weak) — (LA(G),T) is
continuous. Since (ball LE(G), weak) is compact and 7 is a Hausdorff topol-
ogy, { must be a homeomorphism. O

1.11 Theorem. (Farrell [1934] and Markusevic [1934]) If G is a bounded
Carathéodory region and 1 < p < oo, then PP(G) = L2(G).

Proof. Let K = G and let 7 : D — Co \ K be a Riemann map with
7(0) = 00. Put G, = C\ 7({z : |z| < 1~ 1/n}). It is left to the reader
to show that the sequence {G,} converges to G in the sense of Definition
15.4.1. So fix a in G and let ¢, be the Riemann map of G onto G, with
®n(a) = a and ¢),(a) > 0. By Theorem 15.4.10, ¢(z) — z uniformly on
compact subsets of G. Let ¥n = ¢;! : G, — G. Fix f in L?(G) and put
fa = (f 0 Yn)¥n. Thus f, is analytic in a neighborhood of K and so, by
Runge’s Theorem, f, can be approximated uniformly on K by polynomials.
Thus fa|G € PP(G).

Also [[fallP <[5 |falPdA = [ |fmWmlPIW4IPdA = [ |fIPdA = (I£IIP
by the change of variables formula for area integrals. If z € G,¥n(z) — =
and ¥/(z) — 1. Therefore fo(z) — f(z) as n — oco. By Lemma 1.10,
fa — f weakly and so f € PP(G). O
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Rubel and Shields [1964] prove that if G is a bounded open set whose
boundary coincides with the boundary of its polynomially convex hull and
if f € L®(G), then there exists a sequence of polynomials {p»} such that
lpalle < lIflle and pa(z) = f(2) uniformly on compact subsets of G.
(Note that this condition on G is the same as the condition for a region
to be a Carathéodory region, but G is not assumed to be connected here.)
In particular, one can approximate with polynomials the bounded analytic
function that is 1 on the open unit disk and 0 on the cornucopia. This says
that Theorem 1.11 is true for p = oo if the weak® topology is used instead
of the norm topology. The theorem also holds when p = 1 but a different
proof is needed. See Bers {1965} and Lindberg [1982].

Some hypothesis is needed in Theorem 1.11 besides the simple connected-
ness of G. For example, if G = D\ (~1,0], then z'/2 € L2 but z}/2 ¢ P*(G).
In fact it is not difficult to see that the functions in P?(G) are precisely
those functions in L?(G) that have an analytic continuation to D.

An exact description of the functions in PP{G) is difficult, though many
properties of these functions can be given. Exercise 4 shows that if G is
an annulus, then every f in PP(G) has an analytic extension to the open
disk. In general, if U is a bounded component of C \ [cl G] such that 3U is
disjoint from the outer boundary of G, then every function in P?(G) has
an analytic extension to G U [cl U] that belongs to PP(G U [cl U]), though
the norm of the extension is larger.

What happens if U is a bounded component of C \ [cl G] and U meets
the outer boundary of G? The answer to this question is quite complex and
the continuing subject of research. See Mergeljan [1953], Brennan (1977],
and Cima and Matheson [1985].

The next theorem can be proved by reasoning similar to that used to
prove Theorem 1.11. See Mergeljan [1953] for details.

1.12 Theorem. Let G be a bounded region in C such that C\ [cl G] has
bounded components Uy, ...,Un. Let K, = OU; and let Ko be the outer
boundary; essume K;NK; = 0 for i # j and fix a point z; in U;, 1 <
j <m. If f € LE(G), then there is a sequence {f,} of rational functions
with poles in {00,21,...,2,} such that fn — f in LE(G). In particular,
RP(G) = LZ(G).

We return to the subject of Bergman spaces in §21.9.

Remarks. There is a substantial literature on the subjects covered in this
section. Indeed, we have only skimmed the surface of the theory. Bers [1965)
shows that R!(G) = L}(G). Mergeljan [1953] has the results of this section
and more. Brennan [1977] discusses polynomial approximation when the
underlying region is not a Carathéodory region. The interested reader can
also consult Bagby [1972], Cima and Matheson (1985, Hedberg (1972a],
(1972b], [1993], and Lindberg (1982).
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Exercises

1.

This exercise will show that L{°(G) is weak® closed in L*(G). A
similar proof works for L?(G). (a) If a € G, let 0 < 2r < dist(a, 8G).
For jw—a| < 7 put gy = (7r?) !X p(w;r). Show that the map w — gy
is a continuous map from B(a;r) into L!(G). (b) Let X be the weak"
closure of L°(G); so X is the Banach space dual of L'(G)/L*(G)*.
Show that if {f,} is a sequence in L{°(G) and fn, — f weak® in
X, then {f,} is a uniformly Cauchy sequence on compact subsets
of G and hence f € L{°(G). Now use the Krein-Smulian Theorem
(Conway [1990], V.12.7) to conclude that L3°(G) is weak® closed.

. If f is analytic in the punctured disk G = {z : 0 < |z| < 1}, for which

values of p does the condition [ |f|PdA < oo imply that f has a
removable singularity at 07

Give an example of a simply connected region G that is not a Carathé-
odory region but satisfies G = int{cl G}.

. If G is a bounded open set in C and K is a compact subset of G, then

every function f in PP(G\ K) has an analytic continuation to G that
belongs to PP(G). Show that if G is connected, then the restriction
map f — f|(G\ K) is a bijection of PP(G) onto P?(G \ K).

. Let {an} be an increasing sequence of positive numbers such that 1 =

lim,, a,. Choose 1,73, .., such that the closed balls B, = B(an;7s)
are pairwise disjoint and contained in D; put G = D \ U, B,,. Show
that each f in PP(G) has an analytic continuation to D. Must this
continuation belong to LE(D)?

Let {an} be a decreasing sequence of positive numbers such that 0 =
lim,, a,. Choose 1,72, ..., such that the closed balls B, = B(an;"s)
are pairwise disjoint and contained in D; put G = D \ U, B,. Show
that R%(G) = L3(G).

§2 Partitions of Unity

In this section (X,d) is a metric space that will sliortly be restricted. We
are most interested in the case where X is an open subset of C, but we will
also be interested when X is a subset of R or 3 D. In the next section we will
examine the abstract results of this section for the case of an open subset
of C and add some differentiable properties to the functions obtained for
metric spaces.

The idea here is to use the fact that metric spaces are paracompact,
terminology that will not be used here but is mentioned for the circum-
spective.
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2.1 Definition. If U is an open cover of X, a refinement of U is an open
cover V such that for each set V in V there is an open set U in U with
VCu.

Notice that this extends the notion of a subcover. Also note that the
relation of being a refinement is transitive, and that every open cover of
a metric space has a refinement consisting of open balls. The typical ap-
plication of this idea is to manufacture an open cover of the metric space
that has certain desirable features. Because of a lack of compactness it is
impossible to obtain a finite subcover, but we can always pass to a locally
finite refinement (now defined).

2.2 Definition. An open cover U of X is said to be locally finite if for each
B(a; ) contained in X, U N B(a;r) = 0 for all but a finite number of sets
UinlU.

It is a standard fact from topology that every open cover of a metric space
has a locally finite refinement (that is, every metric space is paracompact).
This will be proved for metric spaces that satisfy an additional hypothesis
that will facilitate the proof and be satisfied by all the examples that will
occupy us in this book. See Exercise 1.

2.3 Theorem. If X is the union of a sequence of compact sets {K,} such
that K,, Cint Kn4) for alln > 1, then every open cover of X has a locally
finite refinement consisting of a countable number of open balis.

Proof. Let U be the given open cover of X. For each n let R, = dist(Ky,, X\
int K ). For each integer n we will manufacture a finite collection of balls
B, that will cover K, and have some additional properties. These extra
properties don’t come into play until we reach n = 3.

For each point @ in K; choose a radius r with r < Ry such that B(a;r)
is contained in some open set from U. By compactness we can find a finite
collection B, of these balls that cover K. Similarly let B, be 2 finite col-
lection of balls that cover K; \ int K, with centers in K; \ int K,, and
with radii less than R, and sufficiently small that the ball is contained in
some set from U. For n > 3 let B, be a finite collection of balls that cover
Kn \ int K,y and such that each ball in B, has the form B(a;r) with
ain K, \int K4, and r chosen so that B(a;r) is contained in some set
from U and r < min{R,_2, R,}. Note that V = U,B, is a refinement of
U. 1t is left to the reader to verify that if B € B, and BN K,,, # 0, then
m=n—1,n,0r n+1. Since X is the union of {int K,}, this shows that V
is locally finite. Q

2.4 Proposition. If K is a closed subset of the metric space X, {Uy,)}.
--+y Um} is an open cover of K, and W is an open set containing K, then
there are continuous functions f),..., fm such that:
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(a) for1<j<m, 0L f; <1 and support f; CU;,NW;
(b) Y%, fi(z)=1forallz in K.

Proof. We may assume that {U,,...,Un} is a minimal cover of K; that
is, no proper collection is a cover. The proof proceeds by induction. The
case m = 1 is just Urysohn’s Lemma. For m = 2, Urysohn’s Lemma implies
there are continuous functions f and g on X such that each takes its values
in [0,1], f(z) =1for zin K\U,, f(z) =0forzin K\U,, g(z) =1for z
in K, and g(z) =0for zin X \W. Put f, = fgand fo = (1- f)g. It is left
to the reader to verify that these functions satisfy (a) and (b) for m = 2.
Now suppose the proposition holds for some m > 2 and all metric spaces,

and assume {U),...,Un+1} is a minimal open cover of K. Put F = K \
Un 1andplckanopensetGmeuchthatFCGCch’CU U, U;.
By the induction hypothesis there are continuous functions h,, ... . h, such

that for 1 < j <m, 0 < h, <1, support h; C U;NW, andz —1h (z)=1
for all z in cl G. Also since we know the proposition holds for m = 2,
we can find continuous functions g, and g, with 0 < g;, g2 < 1, support
91 €S GNW, support g2 C Uy NW, and ¢, (z) + g2(z) = 1 for all z in K.
Put f; = g1h, for 1 < j < m and fm41 = g2. The reader can check that
these functions satisfy conditions (a) and (b). O

2.5 Definition. A collection of continuous functions {¢;} on X is a par-
tition of unity if:

(a) foreach j, 0<¢,<1;
(b) the collection of sets {{z : ¢;(z) > 0}}, is a locally finite cover of X;
(c) 3;¢i(z)=1forallzin X.

If U is a given open cover of X, then the partition of unity {¢;} is said to
be subordinate to U provided the cover {{z : ¢,(z) > 0}}; is a refinement
of U.

Two observations should be made. The first is that the collection of
functions in the definition is not assumed to be countable, let alone finite,
though in the applications that we will see in this book it will be at most
countably infinite. The second observation is that condition (b) of the def-
inition implies that the sum that appears in (c) has only a finite number
of non-zero terms, and so no questions about convergence are necessary.

Like Theorem 2.3, the next result is valid for all metric spaces (except
for the restriction that the partition of unity be countable), but we prove
it here only for the metric spaces we will encounter in this book.

2.6 Theorem. If X is the union of a sequence of compact sets {K,} such
that K, Cint K, ;) for alln > 1 and U is an open cover of X, then there
is a countable partition of unity {¢;} subordinate to U.
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Proof. According to Theorem 2.3 there is a countable cover B of X by
open balls that is subordinate to U. Set Ko = @ and for n > 1 let B, be
a finite subcollection of B that covers K, \ int K,-;. Arrange matters so
that B, N B, =0 for n #m. Let By = (Unk : 1 <k < pa}.

According to Proposition 2.4 for each n > 1 there are continuous func-
tions {fnk : 1 < k < pn} such that:

(i) for 1 <k < pn, 0< fak <1 and support fux S Unk Nint Knsi;
(i) P, fax(z) =1forallzin K, \int Kn_;.

If the set where fnix is not zero is denoted by Nni, then it is apparent
that {Nnx : 1 < k < p, and n > 1} is a locally finite cover of X that is
subordinate to B (and hence to &). Thus f(z) = Y ov, Y bn, fak(z) is 2
well defined continuous function on X and f(z) > 1 for all z in X.

Define @ni(z) = fak(z)/f(z) for = in X. Clearly ¢nx is continuous,
0 < ¢nk < 1, support ¢ne = support far, and 307, 307, dnk(z) = 1
for all z in X. That is, {¢nk} is a partition of unity. Since {Nni} forms a
locally finite cover of X, {@nk} is locally finite. O

Exercises

1. Show that a metric space that satisfies the hypothesis of Theorem 2.3
is locally compact. Conversely, a locally compact, o-compact metric
space satisfies the hypothesis of Theorem 2.3.

2. If X is a locally compact metric space and U is an open cover of X,
then there is a countable partition of unity {¢;} subordinate to U
such that each function ¢; has compact support.

3. Suppose Z is an arbitrary Hausdorff space that is locally metrizable;
that is, for each z in Z there is an open neighborhood U of z such
that the relative topology on U is metrizable. Show that if every open
cover of Z has a locally finite refinement, then Z is metrizable.

§3 Convolution in Euclidean Space

In this section a few basic facts about convolution in Euclidean space are
presented. In the course of this book convolution on the circle also will be
encountered. At the end of this section the definitions and results for the
circle are presented without proof. Of course these both come under the
general subject of convolution on a locally compact group, but this level of
generality is inappropriate here.

Recall that an extended real-valued regular Borel measure y is defined
on all the Borel sets, is finite on compact sets, and its variation satisfies
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the usual regularity conditions: for any Borel set E, |u|(E) = inf{|u|(U) :
U isopenand E C U} = sup{|u|(K) is compact and K C E}. If u is
such a measure, then it admits a Jordan decomposition 4 = u4 - u_.,
where ;. and u_ are positive regular Borel measures that are carried by
disjoint sets. If y is finite valued, then it is bounded with total variation
|lpll = [ul(R) < oo. Our principal interest will be when d is 1 or 2, but
specialization to these dimensions does not make the discussion simpler. If
4t is extended real-valued, then either u, or u. is bounded. An extended
complex-valued regular Borel measure is one such that both its real and
imaginary parts are extended real-valued regulay Borel measures.

For any open subset G of R, C.(G) denotes the linear space of continuous
functions on G with compact support. Note that this is norm dense in
the Banach space Co(G) of continuous functions that vanish at infinity.
The space C.(R) will be abbreviated C.. The extended complex-valued
measures correspond to the linear functionals L : C. — C that satisfy
the condition that for every compact subset K of R there is a eonstant
M = Mg such that |L(¢)| < M||#{|e for all continuous functions ¢ with
support contained in K.

In the future the term “measure” will always refer to an extended complex-
valued regular Borel measure. A bounded or finite measure is a measure with
finite total variation and a positive measure is one for which 0 < u(E) < oo
for all Borel sets. Bounded measures correspond to bounded linear func-
tionals on Cp = Co(R) and positive measures correspond to positive linear
functionals on C..

3.1 Proposition. If u is a measure on R, ¢ 15 a continuous function unth
compact support, and F : R — C is defined by

F(z) = / 8(z - y)du(y),

then F is a continuous function. If u is bounded, then F vanishes at infinity.
If p has compact support, then F has compact support.

Proof.  First note that since ¢ has compact support, F is defined. If z,, — z
and ¢n(y) = é(zn ~ y), then there is a compact set K that contains the
supports of all the functions ¢,. The Lebesgue Dominated Convergence
Theorem implies that F(z,) — F(z) and so F is continuous. If p is a
bounded measure, then the constant functions are integrable. So if z,, — oo,
the fact that ¢ has compact support implies that ¢(z, —y) — 0 for all Y
in R. Once again the Lebesgue Dominated Convergence Theorem implies
F(z,) — 0. The statement involving compact support is left to the reader.
a

3.2 Proposition. Let u, ), 0, and 1) be measures and assume that \ and o
are bounded and 7 has compact support.
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(8) There is a measure denoted by p * 1 such that for every continuous
function ¢ with compact support

[odwen = | [ [#z-v du(u)] dnlz)

I [fse-nois e

(b) There is a bounded measure denoted by A * o such that ||A + 0| <
|IAl) lle]| and for every continuous function ¢ with compact support,

[[[#e-v D) dota
[1[#e-v do(y)] ax(z).

Proof. (a) If F is defined as in (3.1), then the fact that n has compact
support implies that the first double integral in (a) makes sense; denote
this first integral by L(¢). Clearly L is a linear functional on C,. If K is
any compact set, E is the support of n, and ¢ has its support in K, then
forzin E, ¢(z-y)#0onlyifye E-K={z-z2,z€ Eand z€ K}.
Since £ — K is a compact set, M = |u|(F - K) < oo. It follows that
|L(¢)] < M||d|loo |Inll, assuring the existence of the measure u * 1. The
fact that the first integral equals the second is an exercise in the use of
Fubini’s Theorem.

(b) Now if L(¢) denotes the first double integral in (b), then |L(¢)| <
IAll llell li@lloo, thus implying the existence of the measure A * o and the
fact that ||\ » o|| < [|Al| ||o]l- Again the first integral equals the second by
Fubini’s Theorem. O

/¢d(,\:a)

The measures u *n and A * o are called the convolution of the measures.
Whenever we discuss the convolution of two measures it will be assumed
that both measures are bounded or that one has compact support. The
proof of the next proposition is left to the reader.

3.3 Proposition. With the notation of the preceding theorem, if a is an-
other measure with compact support and [ is another bounded measure,
then the following hold.

(8) prn=n*pand Arxo=0=* A

(b) If all the measures are positive, then so are u*n and A * 0.

(c) The measure n* a has compact support and (u*n) sa = p*(n*a)
and (A*x0)xf.

(d) pr(n+a)=psn+praandrs(n+B)=Axn+Arsf.
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(e) If 6 is the unit point mass at the origin, p* o = ps.

Now to specialize convolution to functions.

3.4 Definition. A Borel function f defined on some Borel subset E of
R is said to be locally integrable if, for every compact subset K of E,
Jx |f|dA < co. The set of locally integrable functions on E is denoted by
L’lf“(E); we set L1 = L! _(R). Similarly, define L% (E) to be the linear
space of all Borel functions f such that |f|? is locally integrable on E;
LY. = LY (R).

Note that if f € L., then u(A) = [, fdA is a measure. (A is used to
denote Lebesgue measure on R.) This measure is bounded if and only if f
is integrable on R. Similarly, u is positive or has compact support if and
only if f > 0 or f has compact support. This relation will be denoted by
b= fA.

Suppose f and g are locally integrable functions, u = fA, and n =
gA. Assume that either both f and g are integrable or one of them has
compact support. If ¢ € C., then [ ¢(z~y) du(y) = [ ¢(z-y)f(y) dA(y) =
J #(z)f(z — z) dA(z) by a change of variables. Thus

[oawsm = [ [ / ¢(z-u)dn<y)] dn(z)
/ [ 8z - ) (v) «u(y)] o(z) dA(z)

/ [ / #2)f(z - 2) d,A(z)] 9(z) dA(z)
= / #(z) [ / f(z - 2)g(z) d.A(z)] dA(z).

This leads to the following proposition.

3.5 Proposition. If f and g are locally integrable functions and one of
them has compact support (respectively, both are integrable), then the func-
tion f » g defined by

(fo9)(z) = ] 1z - V)o(y) dA)

is locally integrable (respectively, integrable). If 4 = fA and n = gA, then
prn=(f=*g)A

The function f * g is called the convolution of f and g. The proposition
for the convolution of functions corresponding to Proposition 3.3 will not
be stated but used in the sequel.

Note that for any constant c, if ¢ : R — R is defined by letting ¢(z) =
c exp{—(1—|z|?)~!] for |z| < 1 and ¢(z) = O for |z| > 1, then ¢ is infinitely
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differentiable and non-negative. (Here |z| is the usual Euclidean norm, |z| =
[z2+- - -+22]1/2.) Choose the constant ¢ such that [ ¢dA = 1. For & > 0, let
¢e(z) = e~%¢(z/e). Note that ¢, is still infinitely differentiable, ¢.(z) =0
for |z] > €, and [ ¢.dA = 1. This net {¢. } is called a mollifier or regularizer
and for f in L}

(de * H)(w) = / be(y - 7)f(2) dA(2)

is called the mollification or regularization of f. The reason for these terms
will surface in part (a) of the next result.

It is important to realize, however, that the mollifier has the property
that it is rotationally invariant; that is, ¢.(z) = ¢,(|z|). This will be used
at times in the future.

3.6 Proposition. Let f € L!_ and let K be a compact subset of R.

(a) For everye >0, ¢, x f € C™.

(b) If f = 0 off K and U is an open set containing K, then ¢, * f €
C>(U) for 0 < € < dist(K,aU).

(c) If f is continuous on an open set that contains K, then ¢. x f — f
uniformly on K.

(d) IffelLl., 1<p<oo, then

lim/ |pe * f — fIPdA = 0.
e—0 K

Proof: (a) Since ¢, is infinitely differentiable, the fact that ¢, * f is in-
finitely differentiable follows by applying Leibniz’s rule for differentiating
under the integral sign.

(b) Let 0 < € < dist(K,R\U). If dist(y, K) > ¢, then ¢, (z—y) = 0 for all
zin K. Hence if dist(y, K) > ¢, then (¢ * f)(y) = [i #c(y—2)f(z)dA(z) =
0.

(c) Only consider € < dist(K,C\U). Because [ ¢, dA =1and ¢, = 0 off
B(0;¢), for y in K we have that |(¢¢ * f)(¥) = f(¥)| = | [ ¢e (v — z)[f(z)-
fW)dA(z)| < sup{|f(z) - f(y)] : ly - z| < €}. But since f must be
uniformly continuous in a neighborhood of K, the right hand side of this
inequality can be made arbitrarily small uniformly for y in K.

(d) Let U be a bounded open set containing K and let @ > 0. Let g be a
continuous function with support contained in U such that [, |f ~g|PdA <
aP. If 0 < e < dist(K,C\ U), then

/ [pe * f — P * 9P dA
K

-/ | [ 8tz =404tz - 0)#11(2) - ala)) 2o )
K \WJU
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J ([ ee-n dA(z))m :

<
([ 8a-ilte)- saIP a)) i)
- [1@ =gt [ [ 4. - aa)] a4
af.
'I‘heref:re

i/p

1/p
[j I¢nf-f|”dA] <2a+[[ I¢¢*9-9|”M] .
K K

By part (c), the right hand side of this inequality can be smaller than 3a
if € is chosen sufficiently small. O

The reader might profit by now looking at Exercise 1 in the next section.
Here is an application of the preceding proposition that will prove useful
later.

3.7 Proposition. If u is a measure on C and U is an open subset of the
plane such that [ ¢du =0 for all ¢ in C2(U), then |u|(U) = 0.

Proof. Let f be an arbitrary function in C.(U); it suffices to show that
J fdp = 0. Let K be the support of f and put d = 2~ 'dist(K, 8U). If {¢,} is
a mollifier, then ¢, +f € CZ°(U) for € < 2d. Hence [ ¢+ fdu = 0 fore < 2d.
But if L = {z : dist(z, K) < d}, then ¢ * f — f uniformly on L (3.6.c)
and so ffdl‘=f[,fd#= lime-oofb'#e‘fdl‘ = lime-—-of¢e"fd# =0. O

3.8 Theorem. If G is an open subset of R and U is an open cover of G,
then there is a partition of unity on G that is subordinate to U and consists
of infinitely differentiable functions.

Proof. 1t is easy to see that G can be written as the union of a sequence
of compact sets {K,} with K, C int K, (see 7.1.2). Thus according to
Theorem 2.3 there is a countable locally finite refinement B of & such
that B consists of balls. Let B = U,B,, where B, is a finite cover of
K, \ int Ko—1(Ko = #); put B, = {Bnk :1<k< Pn}' Arrange matters
so that B, N B,, = @ for n # m. For each n > 1 let L, be a compact set
with K, \int K,_, Cint L, C L, C UxBni. According to Proposition 2.4
there are continuous functions {fax : 1 < k < p,} such that 0 < fnx < 1,
support fnx € By, and E:;l fak(z)=1for all z in L,.

Now choose €, > 0 so that it is simultaneously less than dist(K, \
int Kn—1,R \ Ly) and dist(support fuk,@Bnk); Put ¥nk = ¢, * frk
where ¢., is a regularizer. The function ¥, is infinitely differentiable
by the preceding proposition and it is clearly positive. Also the defini-
tion of ¥n. shows that for any point z, Ynk(z) < [¢e. = 1. Since
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€n < dist(support fak,0Bak), the preceding proposition implies that sup-
port Ynx C B Finally, if z € Kn \int Kn-1,

Pn Pn

Y vns(e) = [ deule =) Y o) dAW)

k=1 k=1
But ¢, (z — y) = 0 unless |z — y| < &n. By the choice of z this implies
that y € L, and 80 322, fak(y) = 1. Thus 3°52, ¢ax(z) = 1 for all z in
K, \int Kn_;. Hence ¢(z) = ey Xhe; ¥nk(z) 2 1 for all z in G. If
Onk = ¥ni/¥, it is easy to check that {¢ni:1 <k <pnandn 2> 1} is the
sought after partition of unity. O

We now state a somewhat abstract form of Leibniz’s rule for differenti-
ating under the integral sign.

3.9 Theorem. Let (Y, X, ) be a measure space, let G be an open subset

of R, and let e; be the j-th basis vector in R. Suppose f:GxY —=Cisa

measurable function that satisfies the following conditions:

(8) Jor each z in G the function y — f(z,y) belongs to L'(u);

(b) 72 f(z,y) ezists fora.e. [uly inY and allz in G;

(c) for each z in G there is o function g in L' (i) and a function 0 defined
for small real numbers such that 6(t) = 0 ast — 0 and

flztien) 2 JED) _ 2 (a,1) = stwiote)

a.e. [u]. Then F(z) = [ f(z,y) du(y) exists and is differentiable with
respect to z, with

ggm - / %{;(z.y) du(y).

3.10 Corollary. If ¢ is a continuously differentiable function with compact
support and f € L' (A), then ¢ » f is continuously differentiable and 9(¢ *
f)/0z; = (8¢/0z;) * f for 1 < j < d.

Now to reset the definitions and results for convolution on the circle.
Since 3D is compact, all regular Borel measures on the circle are finite and
so the discussion of convolution is simplified. It is no longer necessary to
consider locally integrable functions. Let M (D) be the space of complex-
valued regular Borel measures on 9D. If u and v € M(AD), define L :
C(0D) = Cby

311 L(f) = /a ] /a _ f(z) duz) do(w)
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for all f in C(8D). If L : C(0D) — C is defined as in (3.11), then L is a
bounded linear functional and ||L|| < ||u||||v]|. Since this linear functional
L is bounded, the Riesz Representation Theorem implies there is a unique
measure on D corresponding to it.

3.12 Definition. If u and v € M(3D), then p * v is the unique measure
in M(0D) such that

[rdsn) = /8 ) /a _ few) dute) dv(w)

for all f in C. The measure u * v is called the convolution of u and v.

3.13 Proposition. If u, v, and n € M(9D), the following hold.

(a) wov=vepand|lpxvll < llullllv.
(b) If u and v are positive, then u*v > 0.

() (mxv)sn=p=*(vsn).

(d) pr(v+n)=pxv+psxn

(e) If 6, is the unit point mass at 1, then 8y * = p = p + 6.

There is an equivalent way to define u * v as a function defined on the
Borel subsets of 9 D. See Exercise 3.

3.14 Proposition. If f andg € L'(0D), p= fm, v =gm, and h : D —
C is defined by
we) = [ fem) gtw) dmw)

for z in 9D, then h € L'(OD) and p*v = hm.

3.15 Definition. If f and g € L', then the convolution of f and g is the
function

(f * 9)(2) = / £(2) g(w) dm(w).

Note that the preceding proposition shows that the definitions of convo-
lution for measures and functions are consistent. Also the basic algebraic
properties for the convolution of two functions can be read off from Propo-
sition 3.13. In particular, it follows from part (a) of Proposition 3.13 that

ILf * gl < 1I£1a lglls-
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Exercises
1. Is Proposition 3.1 valid if it is not assumed that ¢ is continuous?

9. If f € L(p*v), show that [ fdu=v = [[ f(z-y)du(z) dv(y). State
and prove the analogous fact for convolution on the circle.

3. If E is a Borel subset of R¢, show that (u+v)(E) = (s x v)({(z,y) €
R? x R?: z +y € E}). State and prove the analogous fact for convo-

lution on the circle.

4. If 4 and v are finite measures on R? and v << A, then p*v << A.
State and prove the analogous fact for convolution on the circle.

§4 Distributions

In this section we will concentrate on distributions on an open subset of
the complex plane. The definitions and results carry over to distributions
on open sets in R, and we will need some of these facts for distributions
on R. However we will need to see some of the relationships involving
functions and distributions of a complex variable and obtain information
about analytic and harmonic functions. Thus the specialization. It will be
left to the reader to carry out the extension to R.

We make the convention, in line with the mathematical community, that
for any region G in C, D(G) = CZ°(G). The reader should regain acquain-
tance with the notation 3¢ and ¢ from §13.2.

4.1 Definition. If G is an open subset of C, a distribution on G is a linear
functional L : D(G) — C with the property that if K is any compact subset
of G and {¢x} is a sequence in D(G) with support ¢x C K for every k > 1,
and if for all m,n > 1, 6"5'"43,‘(:) —+ 0 uniformly for z in K as k — oo,
then L(¢x) — 0. The functions in D(G) are referred to as test functions.

It is possible to define a topology on D(G) such that D(G) becomes a
locally convex topological vector space and the distributions are precisely
the continuous linear functionals on this space. See §4.5 in Conway [1990).
This observation has more than psychological merit, as it means that results
from functional analysis (like the Hahn-Banach Theorem) apply.

4.2 Example.

(a) fue Lfo (G), then u defines a distribution L, via the formula
Lu(¢) = [updA.

(b) If p is a measure on G, then p defines a distribution L, via the
formula L,(¢) = [ ¢ dp.
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The verification of these statements are left to the reader. Also note that
if L is a distribution on G, then ¢ — L(O¢) and ¢ — L(3¢) also define
distributions on G. This justifies the following definition.

4.3 Definition. If L is a distribution on G, let 8L and 8L be the distri-
butions defined by dL(¢) = —L(d¢) and 3L(¢) = —L(3¢).

The minus signs are placed here in the definition so that if u is a contin-
uously differentiable function on G, then L, = L, and 8L, = Lz, , as
can be verified by an application of integration by parts.

For the most part we will be concerned with distributions that are de-
fined by locally integrable functions, measures, and the derivatives of such
distributions. Be aware, however, that the derivative of a distribution de-
fined by a function is not necessarily a distribution defined by a function.
If u € L!_(G), we will often consider du as the distributional derivative of
u. That is, du is the distribution dL,, and the caution just expressed is the
reminder that du is not necessarily a function. Similar statements hold for
Su and all higher derivatives.

In Lemma 13.2.6 and Lemma 13.2.10 it was shown that for any w in C
the functions z — (z —w)~! and z — log |z — w| are locally integrable. The
derivatives in the sense of distributions of these functions are calculated
below. These will see special service later in this book. For the sake of
completeness, however, some additional distributions are introduced.

4.4 Lemma. Ifn > 1 and ¢ € C?, then

lim ?Q dA(z)
) e—0 |z12e ¥4
exists and is finite.
Proof. Let R be sufficiently large that support ¢ C B(0; R). By Taylor’s
Formula (13.2.4) ¢ = p(z,Z) + g, where p is a polynomial in z and Z of
degree < n — 1, each derivative of g of order < n — 1 vanishes at 0, and
|9(2)} < C|z|™ for some constant C. Thus

= A=) = /n>|z|>¢ 2(—2-"'2_) A=)+ / o dAG)-

n
lz|2e 2 2z R2Jz)>e 2"

Now the first of these two integrals is a linear combination of integrals of
quotients of the form z*z™ /2" for k,m >0 and k + m < n. But

zkz—m‘ R 2
/ d.A(Z) = / [/ ei(k—m—n)oda] rk+m—n-ldr
R2|z|2e 2" o Lo

=0
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since k — m — n # 0. On the other hand g/z" is bounded so that
im [ = [ L),
lst<R 2

e—0 (s> Z"

a finite number. O
4.5 Proposition. Forn > 1 define PV,, : D — C by
PVa(9) = %2) 4aca).

n
|z|ez

Then PV, defines a distribution and
8PV,. = —ﬂPVn+l1 5PVn = ("1)"(

LA

where & is the unit point mass at the origin.

Proof. The preceding lemma shows that PV,,(¢) is defined and finite. It
must be shown that it is a distribution. So let R be a positive number,
let {¢;} be a sequence of test functions with supports all contained in
B = B(0;R), and assume that for all k,m > 0 8*8" ¢; — 0 uniformly
on B. Again use Taylor’s Formula to write ¢; = p; + g;, where p; is a
polynomial in z and Z of degree < n — 1 and each derivative of g; of order
< n — 1 vanishes at 0. From the proof of the preceding lemma it is known

that 45 4, o
¢i(2) / 9i(2)
jsj2e 2" A=) = R2|z|2e 2" ()
and
o) = [ 2D ag).
lsI<rR 2
But Taylor's Formula also implies that for each j > 1,
lgi(2)l _ 1 7
k4j=n
Thus |g;(2)|/]z|* — 0 uniformly on B. Therefore PV, (¢;) — 0 and PV, is
a distribution.
To find OPV,, fix a test function ¢ with support contained in B =
B(0; R) and write ¢ = p+ g as in Taylor’s Formula. Using the definition of
the derivative of a distribution

oPVa(#) = -tim [ 234y

e—0 1212e 2n

Iy #(z) -n
2 Izl >e [ e ¥ 08z )] ()

(z)

= nPVen@)-lim [ a(ge)AAG)
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So we must show this last limit is 0. To do this it suffices to show that
the complex conjugate goes to 0 as € — 0. This permits the application of
Green's Theorem and so

[ o aae) = [ @A)
|z|2e R2\zi2¢

= -—1 .—?%dl

2i |,|_¢

2% {10\
= - i(f.e_‘.lEe d0

2 0 e"e“"‘

_ 1 (ee®) ”
- 2en—1 A e—i(n+1)6

-—

2%
~8),i(n+1)8
~5enTt /; g(ee®)ei "+ qp.

But there is a constant C such that |g(z)] < C|z|" for |z} < R. Therefore

max |g(ce™)}

[ weraae)| <
Iz(2e

e"‘
< Cre,

-—

which converges to 0 as € — 0.

Now to find 3PV,,. Let ¢,p, g, and B(0; R) be as above. Once again an
application of the definition of the derivative of a distribution and Green'’s
Theorem show that

3PVa(¢) = ~lim= [ L4z

2 1]

¢(€e’ ).
¢—02 e"e"" edp
e—0 2en-1

Now substitute p+g for ¢ in this integral. It is left to the reader to show that
the limit of the integral for g is 0. For the integral involving the polynomial
p, note that the integral of all the terms involved are 0 save possibly for
the term with z"~1. Here we have that

/ (eew)n-—l -t(n—l)odo .

2x
= lim —— ¢(eei0)e—i(n—l)0d0'
0

2e"‘

Now the coefficient of z"~! in the expression for p is "~1¢(0)/(n — 1)!.
Assembling these pieces produces

BPVA(8) = =1y 0"'6(0)
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s

PSR!

= (i

a

Two special cases of this are worth underlining. Note that in the preced-
ing proposition when n = 1 the functions z~! and z~1 are locally integrable
and thus define a distribution. Combining this with Exercise 3 we get the
following.

4.6 Corollary. For any point w in C,
A(z - w)™Y) = 7y, d(z - w)™Y = -PV;
J(Z-©)"Y) = -(PVe)* 9((z-w)"}) = nbg,
where §,, is the unit point mass at w.
4.7 Proposition. If w € G, then, in the sense of distributions on G:
(a) Ologlz —w| = [2(z — w)]~! and Blog|z — w| = [2(z - D)]");
(b) Aloglz — w| = 276, where &, is the unit point mass at w.

Proof. (a) If ¢ € D(G), let ' be a smooth positive Jordan system in G
suchthatsupport¢CU insI' C G and w € U. Let € be a positive
number such that B, = B(w;¢) C U and let U, = U\ B,. So using Green’s
Theorem

Bloglz - wll($) = - / (36) 1og |z - w] dA(z)
- lim/ (3¢) log |z — w| dA(z)

i

]

~tim [ (Blg(e)1og]: -
~ ¢(2)log |z — w|} dA(2)
lim { 51{ /a ’ #(2) log |z — wldz

€—0
+ %/U é%%d.«{(z)}.

—/ &(z)log|z - w|dz
88,

2x
—eloge d(w + ee*®)ie?do
0

f

But

/ &(z)log |z — widz
U,



190 18. Fundamental Concepts

and this converges to 0 as ¢ — 0. This proves the second half of (a). To get
the first half, just apply Exercise 3.

(b) This is a consequence of (a), the preceding corollary, and the fact
that A = 489. O

Note that it is not possible to define the product of two distributions, but
if L is a distribution on G and ¢ is a test function, then ¢L(¢) = L(¢¥)
defines another distribution on G. This produces a product rule.

4.8 Proposition. If L is a distribution on G and ¢ is a test function, then
8(¢L) = (8¢)L + ¢(8L) and (L) = (3¢)L + ¢(BL).

The proof is left as an exercise.

Say that a distribution L on G is positive if L(¢) > 0 whenever ¢ is
a non-negative test function. An example of a positive distribution is one
defined by a positive measure. The next proposition provides a converse.

4.9 Proposition. The distribution L on G is positive if and only if there
is a positive measure u on G such that L(¢) = [ ¢dp.

Proof. To prove this proposition it must be shown that for any compact
subset K of G there is a constant C = Cx such that |L(¢)} < C}|¢|le for
every real-valued test function ¢ with support contained in K. Indeed, if
this is done, then the fact that the infinitely differentiable functions with
support contained in K are dense in Cy(int K) allows us to extend L to a
bounded linear functional on Cy(int K'). From here we produce the measure
on G (details?).

Let ¢ be a test function with compact support in G such that 0 < ¢ <1
and ¥ = 1 on K. (See Exercise 1.) If ¢ is a real-valued test function with
support included in K and {|¢|lec < 1, then —% < ¢ < ¢. Because L is
positive, this implies that ~L(¢) < L(¢) < L(¥). That is, {L(¢)| < C,
where C = L(y). Thus |L(¢)] < C||¢|leo for any real-valued test function
with support included in K. O

4.10 Weyl’s Lemma. Ifu € L} _(G) and 33u = 0 as a distribution, then
there is a harmonic function f on G such that u = f a.e. [Area/.

Proof. Let {¢.} be a mollifier. Fix § with 0 < ¢ < § and put G5 = {z €
G : dist(2,0G) > 6}. Note that £ (d.(w ~ 2)) = — & (¢e(w - 2)). Hence if
¥ € D(Gs), then

/ YOB(pe s u)dA = / 3B (w)(de + u)(10) dA(w)

[ [ [ Bt - 2) dacw)] a4



18.4. Distributions 191

[ 50| [ w1 i o= 2] d(w)] aAce)

It

[ e [ 2 outo - ) )] ke

= [verzz | [t~ auw)] aa
= [u@8B6. ) aA)

35Lu(¢c *9)

= 0.

That is, 85(¢. *u) = 0 on Gs. Since ¢, +u € C*, ¢, *u is harmonic on G
when 0 < & < §. By part (d) of Proposition 3.6, [, |¢c * u — u|dA — 0 as
€ — 0 for any compact subeet K of G;s. Since Bergman spaces are complete,
u € L} (U) for any open set U with cl U C Gs. Since § was arbitrary, the
result follows. O

4.11 Corollary. If u is a locally integrable function on G and Bu = 0 in
the sense of distributions, then there is an analytic function f on G such
that u = f a.e. [Area/.

Proof. Since 3u = 0, 89u = 0. But Weyl’s Lemma implies that u is
harmonic on G. In particular, u is infinitely differentiable. It now follows
that u is analytic (13.2.1). O

This corollary is also referred to as Weyl’s Lemma. Indeed there is the
mother of all Weyl Lemmas, which states that if L is a distribution on G
and D is an elliptic differential operator such that D(L) = 0, then L is
given by an infinitely differential function u that satisfies Du = 0. Both &
and 8 are examples of elliptic differential operators.

Exercises

1. If K is a compact subset of the open set U in C, this exercise shows
how to construct an infinitely differentiable function that is 1 on X
and has compact support inside U. (a) Define g, on R by a(z) =
exp(—z~?) for z > 0 and gy(z) = 0 for z < 0. Show that g, is a
C function. (b) Put g(z) = g1(z)g1(1 - z) for all z in R and show
that g is a C* function, g > 0, and g(z) = 0 for z ¢ (0,1). (c) If
M = [ g(z)dz and h(z) = M~! [7 g(t)dt, then h is a C> function,
0<h<1,h(z) =0for z <0, and h(z) = 1 for z > 1. (d) Define
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k(z) = 1 — h(2z — 1) for z > 0 and extend k to the negative real
axis by letting k(z) = k(~z) for £ < 0. Show k is a C* function,
0< k<1, k(z) =1 for |z| < 1/2, and k(z) = 0 for |z| > 1. (e) Now
define f : C — R by f(z) = k(|z|) and show that f is a C* function,
0<f<1, f(z)=1for 2] <1/2, and f(z) =0 for |z| > 1. If £ > 0,
define f.(z) = f(z/e) and put C = [ f(z)dA(z). Check by using
the change of variables formula that [ f.(z) dA(z) = Ce?. If ¢.(z) =
[Ce?)~ f(z), then ¢ is a C™ function, ¢, > 0, [ @(z)dA(z) =1,
and ¢.(z) = 0 for |z| > €. So {@c} is a mollifier as in (3.6). (f) Let
K be a compact set, let U be open, and suppose that K C U. Let
% be any continuous function with 0 < ¢ <1, ¥(z) =1 for z in K,
and 9(z) = 0 for z ¢ U. Show that for an appropriate choice of €,
¢ = ¢ x 1 is a C® function with compact support contained in U,
0<¢<1, and ¢(z) =1forall z in K.

2. Show that if u is locally integrable such that du exists a.e. [Area] on
G and Ou is locally integrable, then L, = Lg,,.

3. Show that for any distribution L, L*(¢) = L() defines a distribution
and (QL)* = 8L*, (OL)* = 4L".

§5 The Cauchy Transform

In this section we introduce and give the elementary properties of the
Cauchy transform of a compactly supported measure on the plane. This
is a basic tool in the study of rational approximation, a fact we will illus-
trate by using it to give an independent proof of Runge’s Theorem.

If u is any compactly supported measure on C, let

A(w) = / oy dla)

when the integral converges, and let i(w) = oo when the integral diverges.
It follows from Proposition 3.2 that i is locally integrable with respect to
area measure. Thus  is finite a.e. [Area). (Also see Lemma 13.2.6.) Since
pe Lllo o» the following definition makes sense.

5.1 Definition. If 4 is a compactly supported measure on the plane, the
Cauchy transform of u is the function /i defined a.e. [Area] by the equation

A(w) = / —— dulz).

In fact the Cauchy transform is the convolution of the locally integrable
function z~! and the compactly supported measure p.
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5.2 Proposition. If u is a compactly supported measure, the following
statements hold.

(a) 4 is locally integrable.
(b) 4 is analytic on Cx \ support(u).
(c) For w in C\ support(u) andn > 0,

iw) = (~1)"n! / (2 = w)™"Ydu(z):

(d) fi(00) = O and the power series of 1 near oo is given by

s =3 ([ duta)) o

n=0

Proof. The proof of (a) follows the lines of the discussion preceding the
definition. Part (c), and hence the proof that /i is analytic on C\support(u),
follows by differentiating under the integral sign. Note that as w — oo, (z-
w)~! = w~!(z/w —1)"! — 0 uniformly for z in any compact set. Hence
has a removable singularity at oo and ji(o0) = 0.
It remains to establish (d). This is done by choosing R so that support(u) C

B(0; R), expanding (z—w) ™! = —w™ (1~ z/w)~! in a geometric series for
|w| > R, and integrating term-by-term. O

A particular Cauchy transform deserves special consideration.

5.3 Proposition. If K is a compact set having positive area and
fa)= [ (¢~ 27aAQ)

for all z in C and f(o0) = 0, then f : Coo — C is a continuous function
that is analytic on Co \ K with f'(00) = —Area K. In addition,

1f(2)| < [r Area(K)]'/2.

Proof. The fact that f is analytic on C\ K and f(co) = 0 follows from
the preceding proposition. That f is a continuous function on C, is left as
an exercise for the reader (see Exercise 1). Since f is continuous at oo, oo
is a removable singularity; because f(co) = 0, f/(oo) is the limit of zf(z)
as z — 00. But 2f(z) = [ (¢/z - 1)"'dA(¢) — —Area K as z — oo since
¢/z — 0 uniformly for ¢ in K.

It remains to prove the inequality for |f(z)|. This inequality is due to
Ahlfors and Beurling {1950], though the proof here is from Gamelin and
Khavinson {1989]. From the properties we have already established and the
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Maximum Modulus Theorem, f attains its maximum value at some point
of K. By translating the set K, we may assume that 0 € K and f attains
its maximun at 0. In addition, if K is replaced by a suitable unimodular
multiple of itself, we may assume that f(0) > 0. Thus

£(2)] < £(0) = /K Re %«u«).

1/2
Let ¢ = %[m] and let a = 1/2c. It is elementary to see that

the closed disk D = B(e;a) is {z : Re(1/z) > c} and that D and K
have the same area. Thus A(D N K) + A(D \ K) = A(D) = A(K) =
A(DNK) + A(K \ D); hence A(D\ K) = A(K \ D). On the other hand,
Re(1/¢) < cfor ¢ in K \ D and Re(1/¢) > c for ¢ in D \ K. Therefore

f0) < Re »dA + cA(K \ D)
knD §
= Re LdA +cA(D\ K)
knp §
< Reldd+ [ Rel
knp nk ¢
1
= /Dngzd.A.

We leave it to the reader to show that for 0 < r < a,

2%
1
/ w2
o G+re a

by converting this to an integral around the circle z = a + re®®. Hence
converting to polar coordinates, we get that

1 2= 1
/Re-d.A = f'/ Re — ' dbrdr
p ¢ o Jo a + re’f
2” 1
/;Re/o a+re"dordr
= /az_wrdr
o G
ra
"[AMK 1/3
x

L.g

[x Area K)'/3,
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Note that if u = &, then ji(z) = (a — z)~!. So in general the Cauchy
transform of a compactly supported measure is not continuous.

Since j is locally integrable, it defines a distribution on C and so it can
be differentiated.

5.4 Theorem. If u is a compactly supported measure on C, then
Op = —mp.

Moreover, [i is the unique solution to this differential equation in the sense
that if h € Llloc such that Oh = —mp, h is analytic in a neighborhood of 0o,
and h(oo) =0, then h = ji a.e. [Area).

Proof. If ¢ € C2°, then

5i9) = - [ Boda

_ / 3¢(z) [ / (w- z)-xdp(w)] dA(z)
/ [ / 0¢(z)(z —w)™! d.A(z)] dp(w).

By Corollary 13.2.9 this becomes 8i(¢) = —n [ ¢ du, whence the first part
of the theorem.

For the uniqueness statement, suppose h is such a function. It follows
that 3(i — h) = 0. By Weyl’s Lemma (4.11), /s — h is almost everywhere
equal to an entire function f. But f = i — h has a removable singularity
at oo and is 0 there. Hence f =0. O

5.5 Corollary. If G is an open set, s is a compactly supported measure
on the plane, and ji =0 a.e. [Area] on G, then |u|(G) = 0.

Proof. If ¢ € C2(G), then [ ¢dp = —n='§ji(¢) = 0. It follows by Propo-
sition 3.7 that {i|(G) =0. O

5.6 Corollary. If G is an open set, u is a compactly supported measure
on the plane, and ji is analytic on G, then |u}(G) = 0.

The Cauchy transform is the premier tool in uniform rational approxi-
mation and in the next section this statement will be borne out.

Exercises

1. If £ is a function that is integrable with respect to Lebesque measure
and has compact support, show that the Cauchy transform of p = fA
is a continuous function on C,.

2. When does equality occur in the inequality in Proposition 5.3?
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3. Using the method used in proving Proposition 5.3, show that for any
compact set K, [ |z — w|"'dA(w) < 2[1:Area(K)}1/2 When does
equality occur?

4. Let pu be a measure with compact support and suppose g is a con-
tinuously differentiable function with compact support. If v = gu ~
n~1(8g)s - A, then ¥ = gji.

5. (a) If p and v are measures with compact support such that i and
i are continuous functions, show that f is the Cauchy transform of
vp+ pv.

(b) Show that if K is a compact set, then {h : h is a bounded}.
Borel function with compact support and h = 0 a.e. on K} is a dense
subalgebra of R(K).

(c) If K is compact and E is a Borel subset of K, define R(K, E) to
be the closure in C(K) of {h : h is a bounded Borel}. function with
compact support and h = 0 a.e. on E}. Show that R(K, E) is a sub-
algebra of C(K) with the following properties: (i) R(K) € R(K, E);
(ii) a measure u supported on K is orthogonal to R(K, E) if and only
if 4 = 0 a.e. on C\ E; (iii) if Area(E) = 0, R(K, E) = C(K); and if
Area(K \ E) =0, R(K,E) = R(K).

§6 An Application: Rational Approximation

In this section the Cauchy transform will be applied to prove two theorems
in rational approximation: the Hartogs-Rosenthal Theorem and Runge’s
Theorem. But first a detour into some general material is required. The
next result shows that by means of the Hahn-Banach Theorem questions of
rational approximation in the supremun norm can be reduced to questions
of weak approximation.

6.1 Definition. If K is a compact set in the plane, R(K) is the uniform
closure in C(K) of Rat(K).

Note that R(K) is a Banach algebra.

8.2 Theorem. If K is a compact subset of C and u is a measure on K,
then p L R(K) if and only if i(w) = 0 a.c. [Area] on C\ K.

Proof. Assume plR(K) and note that for w ¢ K, (z — w)~! € R(K).
Hence i(w) = 0 off K. Conversely, assume that 2 = 0 a.e. [Area] off K;
since f is analytic off K, /i is identically 0 off K. This implies that all the
derivatives of i vanish on C, \ K. From (5.2.c) and (5.2.d) we get that
4 annihilates all polynomials and all rational functions with poles off K.
Hence uLR(K). O
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Here is a classical theorem on rational approximation obtained before the
introduction of the Cauchy transform. Note that it extends the Weierstrass
Approximation Theorem.

6.3 Hartogs-Rosenthal Theorem. If Area(K) = 0, then R(K) = C(K).

Proof. Let p € M(K)suchthat uLR(K);so jz = 0off K. Since Area(K) =
0, this implies that 3 = 0 a.e. [Area] on C. By Corollary 5.5, 4 = 0. By the
Hahn-Banach Theorem R(K) = C(K). O

One of the main ways in which Cauchy transforms are used is the fol-
lowing device. Assume y is supported on the compact set X and let f
be analytic on an open set G with K C G. Let I' be a positively ori-
ented smooth Jordan system in G such that K C insT. Thus for every
zin K, f(z) = (273)™! [ f(w)(w — 2)~'dw. An application of Fubini’s
Theorem now implies that

6.4 / fa)du(z) = ~ - ﬁ £(w) () dw.

6.5 Runge’s Theorem. Let K be a compact subset of C and let E be a
subset of Coo \ K that meets each component of Coo \ K. If f is analytic
in a neighborhood of K, then there are rational functions {f,} whose only
poles are in the set E such that f, — f uniformly on K.

Proof. Let p be a measure on K such that { gdu = 0 for every rational
function g with poles contained in E. It suffices to show that [fdp=0
for every function f that is analytic in a neighborhood of X.

Fix a component U of C, \ K and let w € U N E; assume for the moment
that w # oco. Using (5.2.c) we get that every derivative of ji at w is 0. Thus
i#(z) =0on U. If w = oo, then the assumption on y implies that fpdu=0
for all polynomials. Thus using (5.2.d) we get that i(z) = 0 on U. Hence i
vanishes on the complement of K (and so u L R(K)). If G and T are chosen
as in the discussion prior to the statement of the theorem, (6.4) shows that

ffdp=0. O

Uniform rational ap;;roudmation is a subject unto itself; Conway (1991],
Gamelin [1969], Stout [1971) are a few references.

Exercises

1. Let K be a compact subset of C and let 4 € M(K). If ¢ is any smooth
function with compact support, put us = ¢u ~7#~113¢ A. Prove the
following. (a) i3 = ¢ji. (b) pLR(K) if and only if pelR(K) for all
smooth function ¢ with compact support. (c) R(K) = C(K) if and
only if for every closed disk D, R(K N D) = C(K N D).
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2. If K is a closed disk or an annulus, show that R(K) = A(K), the
algebra of continuous functions on K that are analytic on its interior.

3. Show that there are open disks {A;} of radius r; having the following
properties: (i) cl A; C D and cl A;Ncl A; = B for i # j; (ii)
2., 15 < oo; (iii) K = cI D\J; A; has no interior. The set K is called
a Swiss cheese. For j > 1, let 75 be the boundary of A;. with positive
orientation and let v; be the measure on K such that [ fdv; =
—f,” f for every f in C(K). Note that ||lv;|| = r;. Let 4 be the
positively oriented boundary of D and let v, be the measure on K
such that [ fdyy = [, f for every f in C(K). Let p = v + 3, v,
a measure in M(K). Show that 4L R(K) and, since s # 0, R(K) #
C(K) even though K has no interior.

§7 Fourier Series and Cesaro Sums

Throughout this section, normalized Lebesgue measure on 3D will be de-
noted by m, and the Lebesgue spaces of this measure will be denoted by
LP(8D) or simply L?. Note that since m is a finite measure, L(@Db) C
L}(8D) for 1 < p < co. So results obtained for functions that belong to
L! are valid for functions in LP. We also will be concerned with the space
of continuous functions on 8D, C = C(8D), and its dual, the space of
complex-valued regular Borel measures on 8D, M = M(9D).

7.1 Definition. If 4 € M(9D), then the Fourier transform of u is the
function fi : Z — C defined by

i(n) = / Fdy.
oD

(First our apologies for using the same notation for the Fourier transform
of u as for the Cauchy transform, but here is an instance where tradition
is best followed.) Now if f € L', then du = fdm is a measure and so its
Fourier transform can also be defined. Here the notation used is f=i
For any measure 4 we call {ji(n) : n € Z} the Fourier coefficients of u.
The series 3.0 ji(n)z" is called the Fourier series for the measure p.
The idea here is that we would like to know if the measure or function
can be recaptured from its Fourier series. That we should have any right
to have such a hope stems from the density of a certain set of functions. A

trigonometric polynomial is a function in C(8D) of the form 35 _ _ ax2*.

7.2 Proposition. The trigonometric polynomials are uniformly dense in
C(8D) and hence dense in LP(OD) for 1 < p < co; they are weak” dense
in L*(3D). Thus {z" : n € Z} is an orthonormal basis for L2(3D).



18.7. Fourier Series 199

Proof. The first part is an easy consequence of the St'one-Weierstrass The-
orem. The last statement only needs the calculation necessary to show that

the functions 2™ are orthonormal. O

7.8 Corollary. If u € M and (n) = 0 for all n in Z, then i is the zero
measure.

The preceding corollary says that a measure is completely determined
by its Fourier coefficients. Thus we have the hope that the measure can be
recaptured from its Fourier series. At least in the case of functions in the
space L? this hope is borne out.

7.4 Theorem. If f € L*(8D), then f € &(Z). If V : L*(8Z) — £(Z) is
defined by V f = f, then V is an isomorphism of the Hilbert spaces.

Proof. The first part, that f € £2(Z), as well as the statement that V is
an isometry, is a direct consequence of Parseval’s Identity and the fact that
{z"} is a basis for L?(8D). If f = 2™, then it is straightforward to check
that f(n) = 0 if n # m and f(m) = 1. Thus the range of V is dense and
80 V must be an isomorphism. O

Theorem 7.4 says that, at least in the case of an L? function, the Fourier
series converges to the function in the L? norm. This is not the case for
other functions and measures, but the intricacies of this theory are more
appropriately handled by themselves. Instead we will concentrate on what
is true and will have value for later in this book. ,

The reader interested in pursuing convergence of Fourier series can see
Chapter II of Katznelson {1976). In particular it is proved there that the
Fourier series of a function in L?, 1 < p < 00, converges to the function iz
norm and that this is false for L'. He also gives an example of a continuous
function whose Fourier series diverges at a point and thus cannot converge
uniformly to the function. The story for pointwise convergence is much
more complicated. It was proved in Carleson [1966] that the Fourier series
of a function in L? converges a.e..This was extended in Hunt [1967] to
L?, p > 1. An exposition of the Carleson and Hunt work can be found in
Mozzochi [1971]. In Katznelson [1976] is the proof of a result of Kolmogorov
that there is a function in L! whose Fourier series diverges everywhere.

For any formal Fourier series Y o> _ . caz", 2 in 8D, let s,(2) be the n-
th partial sum of the series, s,(z) = Yp__, ckz*. The n-th Cesdro means
of the series is defined for z in 8D by

n-~1

oa() = = 3 sa(a).
k=0

It is worth noting that a Cesiro mean is a trigonometric polynomial. By
the n-th partial sum and the n-th Cesaro mean for the measure u, we
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mean the corresponding quantity for the associated series. To indicate the
dependence on u, these sums are denoted by s, (u, z) and on(p, 2); if f €
L?, sn(f,2) and o4(f, 2) are the corresponding sums.

Recall that M = C*, and hence M has a natural weak® topology.

Here is the main result of this section.

7.5 Theorem.

(a) IffelL?, 1 <p<oo, theno,(f,z) = f in the LP norm.
(b) If f € C, on(f,2) = f uniformly on dD.
(c) If f € L™, on(f,2) = f in the weak® topology of L.

(d) Ifpe M, on(p,2) — p in the weak® topology of M. (Here we think
of the Cesdro mean o,(u, z) as the measure a,(u,z) - m.)

The proof will be obtained by a recourse to operator theory on a Banach
space. If X is one of the Banach spaces under consideration (that is, X =
L?, C, or M), define 0, : X — X by letting g,(z) = the n-th Cesaro
sum of z. (If X = M and u4 € M, then o,(u) is the measure that is
absolutely continuous with respect to m whose Radon-Nikodym derivative
is the trigonometric polynomial o,(s).) To prove the theorem, it must be
shown that if ¥ = L?, 1 < p < oo, or C, then ||on(2) — z|| — 0, and if
X = L* or M, then g,(z) — = weak® for every z in X. Actually we will
see that the last part follows from the first part and a duality argument.
But first we will see that o, is actually an integral operator.

If f € L' with Fourier series }_o- ___ c,2", then

wif) = Y | [ rwiFane)]
k=-~-n
= / f(w) LZ (Wz)"} dm(w).
Therefore
78 onlfr2) = / $(w)Kn(@2) dm(w),

where K, is the n-th Cesaro mean of the formal series 3°2° ___ ¢". This
kernel K, is called Fejer’s kernel. The same type of formula holds for a
measure u:

7.7 on(, 2) = / Ka(Wz) dp(w).

To properly study o, we need to get a better hold on the kernel X,,. To
do this, let’s first look at the n-th partial sum of the series 320 (™. So
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if ¢ = €*,

3a(C) > ¢

=-n

k=0 k=1
_ 1_<n+l + l_cnjl -1
1-¢ 1-¢
Re("—Re("'“
1-Re(
cosné — cos(n + 1)8
1 - cosf )

From here it follows that

_171-Re¢"} 1 1 - cosnf
78 K"(O‘E{J—Rg(]"n[l-cosa]'

7.9 Lemma. For eachn > 1, K, >0, K,(¢) = Ka(C), and [ Kndm =1.

Proof. Applying the half angle formulas from trigonometry to (7.8), it
follows that K,(¢) = n~}{(sin(n8/2))/sin(8/2))? > 0. It is also clear from
(7.8) that the second part is valid. For the last part, use (7.6) with f = 1.
0

7.10 Lemma.

(@) If 1 < p < oo and q is the index dual to p, then the adjoint of the
operator 0, : L — LP is the operator o, : L9 — L9.

(b) The adjoint of the operator o, : C — C is the operator 0, : M — M.
Proof. Only part (a) will be proved. Let f € L? and g € L?. By inter-

changing the order of integration and using the preceding lemma, it foliows
that

{on(f), 9)

[ ot2)| [ ) a(2) () aime

[ )| [ ate) k@) ame)| )

[ )| [ sta) n(z0) )| dme)
(fr0n(9)).
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We can now state a general Banach space result that, when combined
with the preceding lemma, will show how parts (c) and (d) of Theorem 7.5

follow from parts (a) and (b).

7.11 Proposition. Let X be a Banach space and let {T,} be a sequence
of bounded operators from X into X.

(a) If supn||Ta|| < 00, D is a dense subset of X, and ||T,z — z|| — 0 for
allz in D, then ||Taz —z|| = 0 forallz in X.

(b) If||Ta(z) —z|| = O for all z in X, then for every z* in X*, Tyz* — z*
weak® in X'*.

Proof. (a) If z € X and ¢ is a positive number, let y € D such that

llz—yl|| < min(e/2¢,€/2), where ¢ = sup,||Tn||. Then ||T,z~z|| < ||Ta(z—

Y)ll +IToy - yll +ly — =l < 2¢/3+(|Tay — yl|- This can be made less than

¢ for all sufficiently large n.
(b) This is easy: |(z, Tpz* — z°)| = |(Tnz - 7,2°)| < [|Taz — 2l|||z*]] — 0.
[m]

We can now prove the main theorem.
Proof of Theorem 7.5. (a) Let f € LP and let g € L, where ¢ is dual to p.

First note that, by a change of variables, 7a(f, 2) = | (1) Kn(®z)dm(w) =
[ £(€2) Kn(€) dmi(). Hence

[ 960 { [ Ku(@e) dmw)] amee
= |[ 500 f st@n(c)dm(c)] amic
= |[ 50| st21G2) am(e)| amic)

/ Ka(Q) / |(2)£@2)| dm(z) dm(Q).

it

|(on(£). 9)

IN

Applying Holder's inequality and using the fact that [ f(Cz)dm(z) =
J fdm, we get

Kon(£)9)l < / Ka(Ollgllell fllpdm(c)
Halgll il

IA

since [ Kndm =1.

Hence ||lona|| < 1 for all n. It is easy to check that for any integer k,
on(z¥) — z* uniformly as n — oco. Thus for a trigonometric polynomial
f, oa(f) = f uniformly as n — oo. Since the trigonometric polynomials
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are dense in L? for all finite p, part (a) follows from part (a) of the preceding
proposition.

(b) This is easier than part (a). If f € C, then |on(£,2)| < [|f(w)| Ka(w2)
dm(w) < [[f]le and 80 [{onf| < 1. Since convergence holds for the trigono-
metric polynomials, part (b) follows.

As mentioned before, parts (c) and (d) follow from parts (a) and (b) via
the second part of the preceding proposition. O

Exercises
1. Compute the Cesiro means of §,, the unit point mass at 1.
2. If 4 and v € M, show that ji* ¥(n) = i(n)d(n) for all n in Z.

3. In this and succeeding exercises a concept is presented that can be
used to give some of the results of this section a unifying treatment.
For details see Katznelson [1976], p. 14. For any function f on D
and z in D, define f,(w) = f(wZ). A linear manifold X in L' is
a homogeneous space if: (i) X has a norm || - || such that ||f|| >
[If]h for all f in X and with this norm X is a Banach space; (i)
f: € X whenever f € X; (iii) ||fl| = ||f:|| for all f in X and all
z in dD; (iv) for each f in X, the map z — f, is a continuous
function from D into X. (a) Show that C(3D) and L?, 1 < p < oo,
are homogeneous spaces. (b) Show that L™ satisfies properties (i)
through (iii) in the definition, but is not a homogeneous space. (c) If
X is a linear manifold in L' that satisfies conditions (i) through (iii)
in the definition of a homogeneous space and X, is defined as the set
of all fin X such that the function z — f; is a continuous function
from 8D into X, show that X, is a closed subspace of X (and hence
a homogeneous space). If X = L, show that X, =C.

4. This exercise continues the preceding one; X denotes a homogeneous
space. (a) If f € X and g € L?, show that f »g € X. (b) If o,(f) is
as in (7.6), show that )jon(f) ~ f|| — O for every f in X. (c) Show
that the trigonometric polynomials are dense in X.

5. If X and A, are as in part (c) of Exercise 3, show that o,(f) € X,
for all f in X. Prove that X, is the closure in X of the trigonometric
polynomials.

6. This exercise continues Exercise 4 and maintains its notation. If z* €
X* and z € OD, define z}(f) = z*(f,) for all f in X. (a) Show that
[lz]| = |lz*|| and z — =z} is a continuous function from 4D into
(X*,wk*). (b) If o, is as in (7.6) and o}, : X* — X" is its dual map,
show that o (z*) — z°(wk*) in X* for all z* in X™.






Chapter 19

Harmonic Functions Redux

In this chapter a treatment of the Dirichlet problem for sets in the plane is
presented. This topic will be continued in Chapter 21 when harmonic mea-
sure and logarithmic capacity are introduced and applied. Some material
from Chapter 10 must be restated in the more general setting needed for
the more extensive study of harmonic functions. In Chapter 10 all functions
considered were continuous; here measure theory will be used to broaden
the class of functions. The attitude taken will be that usually results from
Chapter 10 will be restated in the more inclusive context, but proofs will be
furnished only if there is a significant difference between the proof needed
at present and the one given for continuous functions.

The chapter begins by returning to a closer examination of functions
defined on the unit disk, D.

§1 Harmonic Functions on the Disk

The notation from §18.7 remains in force. Recall the definition of the Pois-
son kernel: for w in D and |z| < 1,

Re(w+z)

w—2z

Re(1+171)
1-2z2w

(@)t + > (zw)"
n=1

n=0

i

P.(w)

The reader should review the properties of the Poisson kernel from Propo-
sition 10.2.3.
If 4 € M and |z| < 1, define ji(z) = [ P;(w) du(w). Similarly, if f € L,

define f(z) = [ f P, dm. These definitions are consistent since fm = f. It
is not difficult to prove the following.

1.1 Proposition. If 4 € M(8D), then i is a harmonic function in D.

Note that we are dealing with complex valued harmonic functions here.
If f € C(0D), then we know that f is the solution of the Dirichlet problem
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with boundary values f (see Theorem 10.2.4). Indeed, this is given another
proof in Theorem 1.4.a below.

Ifu:D— Cand0<r <1, define u, : 8D — C by u.(w) = u(rw) for w
in &D. We will sometimes want to consider the function u, as defined on
D or cl D by the same formula, but no separate notation will be employed.

If u € M and 0 < r < 1, then ji, is an element of C( D) by the preceding
proposition. Thus if 1 < p < oo and f € L?, fr € L” and so0 we can define
the operator T, : LP — L? by T, f = f; similarly, we can define T, : C = C
by T, f=frand Trp: M = Mby T, p =4, -m.

1.2 Proposition.

(8) ForX=LP, C,or M, T, : X — X is a bounded linear operator with
Tl <1 for alir.

(b) If1 < p < oo and q is conjugate to p, the dual of the map T, : L? —
[P isthemap T, : L9 — L9.

(c) Thedualofthe mapT,:C —C isthemap T, : M —- M.

Proof. (a) This will only be proved for X = LP. Let f € L and let h € L9,
where ¢ is the index that is conjugate to p. Thus

@) = [ RO
13 = [ |[ 1) Pctw)dm)] a0y émc).
Substitute w( for w in this equation and use the following two facts: this

change of variables does not change the value of the integral and Pr¢(w() =
P, (w). This gives

|(T+£, b}

| #6001 P w) )| mccy amcc)|

[ 2| [ 110t bl dm)] amw

1Ay l1Aile,

since [ P,(w)dm(w) = 1. This shows that ||T;|| < 1 for all 7. It is easy to
see that T, is linear.

(b) If f € L and h € LY, then use the fact tnat Prc(w) = P5({) =
Pry(€) for jw| = [¢] =1 to obtain

/ [ F(w) Pru(0) dm(w)] h(¢) dm()

[ [ 46) Pt )] 101 e
(1T,

IA

IA

(T:f,h)
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The proof of (c) is similar. O

1.4 Theorem.

(a) If f € C(8D), then ||f - frllop =0 as T — 1—.

(b) If1<p<oco and f € LP(3D), then ||f ~ frllp — 0.

(c) If p € M(OD) and if p, is the element of M(OD) defined by pr =
(@) - m, then u, — p weak® in M(8D).

(d) If f € L®(8D), then f, — f weak® in (D).

Proof. It is easy to check that T,2™ = r"2" for all n in Z. Hence for a
trigonometric polynomial f, 7,.f — f uniformly on dD as r — 1. Since
[IT+]| < 1 for all r, Proposition 18.7.2 implies that (a) and (b) hold. Parts
(c) and (d) follow by applying Proposition 18.7.11.b and Proposition 1.2.c.
=]

As was said before, part (a) of the preceding theorem shows that, for f
in C(9D), f bas a continuous extension to cl D, thus solving the Dirich-
let problem with boundary values f. For f in L?(8D) we can legitimately
consider f as the solution of the Dirichlet problem with the non-continuous
boundary values f. Indeed, such a perspective is justified by the last the-
orem. Further justification is furnished in the next section when we show
that f can be recaptured as the radial limit of f.

Now suppose that u : D — C is a harmonic function. What are necessary
and sufficient conditions that u = /i for some measure u? Before providing
an answer to this question, it is helpful to observe the consequences of a few
elementary manipulations with the basic properties of a harmonic function.

If u is harmonic and real valued, there is an analytic function f : D — C
with ¥ = Re f. Let f(z) = 3, anz" be the power series expansion of
fin D. So for w in 8D and 0 < r < 1 the series 3, a,r"w" converges
absolutely and thus

wlw) = [f(rw)+ f(ru)]

1 Lod (oo
3 z anr"uw”™ + Z Grtw™
n=0

n=0

o0
- Z cnr'n'w",

n=-—00

where co = Re ag, ¢a = }a, for n positive, and ¢, = @, for n < 0. For
a complex valued harmonic function u : D — C, a consideration of its real
and imaginary parts shows that for jw| =1 and r < 1,

(od
1.5 w(w)= Y carur

n=-00
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for some choice of constants c,. Moreover the series (1.5) converges uni-
formly and absolutely for w in @D. It follows that (1.5) is the Fourier
series of the function u,. The next lemma formally states this and gives
the analogous fact for measures.

1.6 Lemma.

(a) Ifu:D — C is a harmonic function and 0 < r < 1, the Fourier
series for u, is given by the formula (1.5).

(b) If u € M(OD), then the Fourier series of the function fi, is given by

oo

Z ri™ ()"

n=-—00

and the convergence is uniform and absolute for w on 9 D.

The next theorem is the principal result of this section and characterizes
the harmonic functions that can arise as the Poisson transform of a measure
or a function from one of the various classes.

1.7 Theorem. Suppose u : D — C is a harmonic function.

(a) There is a p in M(8D) with u = i if and only if sup, llurlhh < oo.

(b) If1 < p < oo, there is a function f in LP(OD) with u = f if and only
if sup, ||ur||p < co.

(c) There is a function f in L}(D) with u = f if and only if {us} is L!
convergent.

(d) There is a function f in C(OD) with u = f if and only if {u,} is
uniformly convergent.

Proof. (a)Ifu = ji, then [[u,|ly = [ lur|dm < [ |[ Pra(w) du(w)| dm(2) <
I Pro(w) dipl(w) dm(z) = [I[ Pr. () dm(2)dipsl(w) = ||l

Now assume that u is a harmonic function on D and L is a constant such
that ||u,|]; < L for all r < 1. Put v, = the measure u, - m in M(8D). So
{v+} is a uniformly bounded net of measures on 3 D. By Alaoglu's Theorem
there exists a measure u in M(9D) that is a weak® cluster point of this
net. Hence

Up(n) = / widy, = / uwhdm — ) i(n).

But Lemma 1.6 implies that i.(n) = f.(n) = ri*le, — ¢, as r — 1.
Hence ji(n) = cn. This implies that the weak* cluster point of {v,} is
unique. Hencev, — u weak*® in M(9D). An examination of the series in
Lemma 1.6 shows that u = j.
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(b) This proof is like that of part (a). For 1 < p < oo, the weak com-
pactness of bounded sets in LP(3D) is used instead of weak® compactness.
The weak® topology on L>°(9D) is used when p = oo.

The proofs of (c) and (d) are left as exercises. O

Part of the proof of this theorem needs to be made explicit.

1.8 Corollary. Suppose u : D — C is a harmonic function.

(a) If sup, |lurlly < 00, then the measures u, - m — p weak® in M(@D),
where u is the measure such that u = .

(b) If1 < p < oo and sup, ||urlly < 00, then u, — f weakly in LP (weak®
in L™ if p = 00), where f is the function in LP(3D) withu = f.

If the proof of Theorem 10.2.4 is examined closely, a “point” theorem
results. This next result not only improves (10.2.4) but provides a means
of obtaining various estimates for harmonic functions as the subsequent
corollary illustrates.

1.9 Theorem. If-f € L' and f is continuous at the point a, then the
function that is defined to be f on D and f on 0D is continuous at a.

1.10 Corollary. If f € L' and a € D, then
lim sup f(2) < limsup £(¢).

z—a (—

¢(ca3b

Proof. Let a be the right hand side of this inequality. If @ = oo, there
is nothing to prove; thus it may be assumed that a < co. By definition,
for every € > 0 there is a § > 0 such that for ( in 9D and [( ~ a| <
6, f(¢) < a +¢€. Define fy on 9D by letting f,(¢) = f(¢) for [z —af > §
and fi(¢) =a+efor|[(—a| < 6.5 f € L' and f < fi; thus f < fy.
Using the preceding theorem,

limsup f(z) < limsup fi(z) =a +e¢.

z—a z—a

Since £ was arbitrary, the proof is complete. O

The final result can be taken as a corollary of Theorem 1.7.

1.11 Herglbtz’s Theorem. If u is a harmonic function on D, thenu =
for a positive measure u on 3D if and only if u > 0 on D.

Proof. It is easy to see that since the Poisson kernel is positive, for any
positive measure u, u = i > 0 on D. Conversely, assume that u(z) > 0 for
[z < 1. Then {[ur|ly = [ ur(w) dm(w) = u(0) by the Mean Value Theorem.
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By Corollary 1.8, there is a 1 in M(8D) such that » = i and u,-m — p
weak®. Since u, > 0, it must be that 4> 0. O

Exercises

1. Let p(z,Z) be a polynomial in z and Z and find a formula for the
function u that is harmonic on D, continuous on cl D, and equal to
p(2,Z) on 3D.

2. If 4 € M(OD) has Fourier coefficients {/i(n)}, show that for |z| <
1, B(2) = Yoroi(n) 2" + Y ou, s(—n)z". Examine Exercise 1 in
light of this.

3. Let u be a real-valued harmonic function on D and show that there
is a real-valued measure u on 3D such that 4 = j if and only if u is
the difference of two positive harmonic functions.

4. Prove the following equivalent formulation of Herglotz’s Theorem. If
f is an analytic function on D, then f takes its values in the right half
plane and satisfies £(0) > 0 if and only if there is a positive measure
4 on 8D such that

f(z) = /8 )

w2

5. Let C be the set of analytic functions on D such that Re f > 0
and f(0) = 1. Show that C is a compact convex subset of H(D) and
- characterize its extreme points. (Hint: Use Exercise 4.)

§2 Fatou’s Theorem

We have seen in the preceding section that for a measure u in M = M(8D),
the measure u can be recaptured from f, the solution of the Dirichlet
problem with boundary values u, by examining the weak® limit of the
measures (), - m (1.4). In this section we will look at the radial limit of
the function (z). For an arbitrary measure we recapture u if and only if u
is absolutely continuous with respect to m. This will essentially prove the
results stated in §13.5.

There is a standard temptation for all who first see Fatou's Theorem.
If f € L', then we know that f, — f in the L' norm. Thus there is a
sequence {r,} that converges to 1 such that f, (¢) — f({) a.e. on 8D.
That i8,f(rn) — f(¢) a.e. This is sufficiently close to the existence of
cadial limits a.e. on 3D that it seems that a proof of their existence is
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just ahead of us. Unfortunately no one has ever been able to parlay this
into a proof. It remains only an intuitive argument that makes the result
believable.

Recall some measure theory, or rather a part of measure theory that is
not universally exposed in courses on measure theory. If 4 € M(9D), there
is a corresponding measure on [0, 27}, which will also be denoted by u,
such that [ fdu = [ f(e*)du(t) for every f in C(0D). The corresponding
measure on [0, 2] is not unique. For example, if 4 = é; in M(9D), then
either 8 or 82, can be chosen as the corresponding measure on [0, 27]. This
is, however, essentially the only way in which uniqueness fails. (What does
this mean?)

For a measure u on [0,2n] there is a function of bounded variation u
on [0,27] such that [ fdu = [ f(t)du(t) for every continuous function
f, where this second integral is a Lebesgue-Stieltjes integral. It might be
worthwhile to recall how this correspondence is established, though no
proofs will be given here. The proofs can be found in many of the treat-
ments of integration theory.

If 4 is a positive measure on [0, 27}, define a function u : [0,27] — R
by letting u(0) = 0 and u(t) = p([0,t)) for ¢t > 0. The function u is
left continuous, increasing, and [ fdu = [ f(t)du(t) for all continuous
functions f on [0, 27]. If 4 is an arbitrary complex-valued Borel measure on
[0,27], let u = py — p2+1(pu3 — pq) be the Jordan decomposition and let u =
u) —uz +1(us —uq), where u; is the increasing function corresponding to the
positive measure u,. This establishes a bijective correspondence between
complex-valued measures u on [0,2r] and left continuous functions u of
bounded variation that are normalized by requiring that u(0) = 0.

The next proposition gives the basic properties of this correspondence
between measures and functions of bounded variation.

2.1 Proposition. Let u € M[0, 27| and let u be the corresponding normal-
ized function of bounded variation.

(a) The function u is continuous at to if and only if u({te}) = 0.

(b) The measure u is absolutely continuous with respect to Lebesgue mea-
sure if and only if u is an absolutely continuous function, in which
case [ fdu = [ f(t)u'(t)dt for every continuous function f.

(c) IfE ={t:u/(t) exists and is not 0}, then E is measurable, u|E is ab-
solutely continuous with respect to Lebesgue measure, and u|([0, 2]\
E) is singular with respect to Lebesgue measure.

In §13.5 the concept of non-tangential limit was introduced; namely for
wo in 8D, z — wp (n.t.) if z approaches wo through a Stolz angle with
vertex wo and opening a, 0 < a < 7/2.

2.2 Lemma. Given a Stolz angle with vertez wy = €% and opening a,
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Figure 19.1.

there is a constant C and a 6 > 0 such that if z = re*? belongs to the Stolz
angle and |z — wo| < 6, then |6 — 6y| < C(1 — ).
Proof. It suffices to assume that 8y = 0 so that wg = 1. If L is the straight

line that forms an edge of the Stolz angle, then a reference to Figure 19.1
will show that for z = re* on L, sin(a + ) = %22 Hence as § — 0+

1 sin(a + 0) - sina

0  sin(a+6) [ 0 — cota

Thus 1%'- — tana as § — 0+. Since the tangent function is increasing, the
lemma now follows. O

2.3 Fatou’s Theorem. Let 4 € M|[0,2n] and let u be the corresponding
function of bounded variation; extend u to be defined on R by making u
periodic with period 2w. If u is differentiable at 6o, then u(z) — 27 u'(6o)
as z — €% (n.t.).

(Note: We are identifying M(8D) and M[0, 2. Also the only reason for
extending u to be defined on R is to facilitate the discussion at 0 and 27.)

Proof. It suffices to only consider the case where 8y = 0, so we are as-
suming that u’(0) exists. We may also assume that u'(0) = 0. In fact. if
u'(0) # 0, let v = p — 27 w/(0)m. The function of bounded variation cor-
responding to v is v(0) = u(@) — u’(0)8, since m is normalized Lebesgue
measure. So v’(0) exists and v'(0) = 0. If we know that #(z) -0 as: — 1
(n.t.), then i(z) = o(z) + v'(0) — u'(0) as z — 1 (n.t.).

So assume that u'(0) = 0. We want to show that

24 /R 17 du(t) — 0
) —x 1 = 2rcos(t - ) + r2 H

as z = re'® — 1 (n.t.). Using the preceding lemma, it suffices to show that
(2.4) holds if, for some fixed positive constant C. § — 0 and r — 1 while
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Figure 19.2.

satisfying
2.5 0] < C(1-r).

Let T be the set of z = re*® satisfving (2.5).

Recall that if the Poisson kernel is considered as a function of  with r
fixed. then P.() = (1 — r?)/(1 - 2rcos® + r?) and so differentiation with
respect to 6 gives that

2r(1 — r2)sinf
(1 - 2rcosf + r2)*’

Pl(8) =

Fix € > 0. Since u'(0) exists and equals 0. there is a § > 0 such that
lu(t)] < eft| for |t] < 6. Thusif : =re® €T,

B(z) = ./_7:, P(t - 0)du(t) = [/:: T/nzmzo} P.(t - 6)du(t).

Examining Figure 19.2 we see that if 0 < §, < 4. there is a neighborhood U,
of 1 such that if z € FNU, and |t| > 6. then |t — 8| > §,. Thus Proposition
10.2.3.d implies 8, and U, can be chosen so that P,(t - 0) < ¢ for |t| > §
and : € 'NU,. Therefore

é
26 2] < elluil + / Pt = 0)dutt)

Using integration by parts, for z = re'® in T N U,

IN

&
) e =00 + | [ ulo)Pete - )

-6
[u(8)Pr(6 - 6) — u(=8)Pr(~6 - )]

é
/ u(t) P.(t — ) dt

-4

6
/ Pt )dut

+
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']
< 26e* + / u(t) Pi(t — 0) dt|.
-6

From (2.6) we infer that

]
2.7 muNsmmua&%+/ u(t) Pt - 0) dt| .
-6

Now fix z and assume that & > 0. The case where § < 0 is treated
similarly and will be left to the reader. Also assume that U, is sufficiently
small that 6 < §/2 for z = re* in U,. Hence

[iu(t)}{(t-t?)dt = (£+/020+£)H(t—o)u(t)dt

2.8 = X+Y+2

Now since |u(t)| < [t| for |t] < 6,

v = /o’” 2r(1 — r2) sin(t - 0)u(t) &

(1 — 2rcos(t — 8) + r?)2

_ay [ lsin(t—0)let
il )/o (1 ~ 2r cos(t - 8) + r?)?

IA

But (1-2rcos(t—6)+r?) > 1-2r+r2 = (1~r)? and | sin(¢t-0)| < |t—0) <8
for 0 <t < 26. Hence

2er(l —1?)
M s THear o/ tdt

er(1 +r) 0(46%)
=3
8¢63
= T-np

By (2.5) we get
Y] < 8eC3.

Now for the term Z in (2.8). f20 <t < §,then0 <t -20 =2(t - 9) —t
and so t < 2(t ~ 6). Hence |u(t)| < 2¢(t ~ 8). Thus

Y]
12| /2 RAGUICL

IN

]
2 /2 (-Pie-0) (- 0)at
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|

% / " Py tds
(]

2 [ TPttt
0

= 2(-tnN+2 [ RO)

2
< 2rm (-l——:—) + 2em

< 4ne,

A

provided U, is chosen sufficiently small. (That is, we force r to be very
close to 1.)
For the term X in (2.8), observe that

0+6

/o P/(t - 0)u(t)dt = P(t)u(6 - t) dt.
-6 [}
Now for 0 <t<0+6,0<t—-0<6andso
0+6
IX|<e / (~PL(t)) (¢ - ) dt.
(]

Using the preceding methods we obtain the fact that for some constant M,
[X| < Me. '

Referring to (2.7) and (2.8), we get that there is a constant C’' that
is independent of £ such that for all z in I' and in a sufficiently small
neighborhood U) of 1, |i(2)] < C'e. O

2.9 Corollary. If u € M(GD), then i has non-tangential limits a.e. |m]
on 0D.

Proof. Functions of bounded variation have finite derivatives a.e. O

The reader might wonder if it could be concluded that i can have a
limit at points of the circle. In other words, is it really necessary to impose
the restriction in the preceding corollary and its ancestors that the limits
be non-tangential? The answer is emphatically no; only the non-tangential
limits are guaranteed. This is sketched in Exercise 1.

2.10.Corollgry. If u is a non-negative harmonic function on D, then
lim, . u(re®®) ezists and is finite a.e. on [0, 2x].

Proof. According to Herglotz's Theorem, u = j for some positive measure.
u]

2.11 Corollary. If u is a measure on 3D that is singular with respect to
Lebesgue measure, then the non-tangential limits of i are 0 a.e. on OD.
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Why doesn’t this contradict the Maximum Principle for harmonic func-
tions?

The next result is also a corollary of Fatou’s Theorem but it is sufficiently
important to merit a more proclamatory label.

2.12 Theorem. If1 < p < o0 and u : D — C is a harmonic function such
that sup, ., |Ju,|l, < oo, then

flw) = hm_ u(rw)
ezists and is finite a.e. [m] on OD. If 1 < p < oc, then f € LP(m) and
u=f If p=1, then u = i for some measure p in M|[0,27] and f 15 the
Radon-Nikodym derivative of the absolutely continuous part of p.

Proof. This proof is actually a collage of several preceding results. First
assume that 1 < p < oc. By Theorem 1.7 there is a function g in L? such
that u = §. By Fatou’s Theorem, g = f a.e. [m]. Now suppose p = 1. Again
Theorem 3.8 implies that u = j for some u in M[0.2n]. Let u = pq + p, be
the Lebesgue decomposition of u with respect to m. Let g be the Radon-
Nikodym derivative of u, with respect to m. Thus if w is the function of
bounded variation on [0, 27r} corresponding to . then w’ = g a.e. It follows
by Fatou's Theorem that g = f a.e. O

Note that the preceding theorein contains Theorem 13.5.2 as a special
case.

2.13 Example. If u = §,. the unit point mass at 1 on 8D. ji(2) = [ P.dp =
P.(1) = Re ( ) Here the conclusion of Fatou's Theorem can be directly
verified.

Exercises

1. Let f € L' and put g(z) = f(z) for |2 < 1and g(e*) = lim,_,_ f(re®)
when this limit exists; so g and f agree a.e. on 9D. Let E be the set
of points on O D where g is defined. (a) Show that if f(z) — g(e*?)
as z — € with z in D (tangential approach allowed), then g, as a
function defined on DU E, is continuous at e*’. Let E. be the set of
points in 3D where g is continuous. (b} Show that E. has measure
zero if and only if f is not equivalent to any function whose points
of continuity have positive measure. (Two functions are equivalent if
they agree on a set of full measure and thus define the same element
of L'.) The rest of this exercise produces a function f in L! that is not
equivalent to any function whose points of continuity have positive
measure. (Note that the characteristic function of the irrational num-
bers is equivalent to the constantly 1 function.) Once this is done. the
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harmonic function f will fail to have a limit a.e. on 3D even though
it has a non-tangential limit a.e. (c) Let K be a Cantor subset of oD
with positive measure and show that the set of points of continuity of
xx is 3D\ K. (d) Construct a sequence {Kn} of Cantor sets indD
that are pairwise disjoint and such that d D\ U, K, has zero measure.
Show that U, K, contains no interval. (e) Define f on 3D by letting
f(z) = 1/2" for z in K, and f(z) = 0 for z in D\ UnKn. Show
that if g is any function equivalent to f, then the set of points of
continuity of g has measure zero.

2. Give an example of an analytic function on D that fails to have a
non-tangential limit at almost every point of 9 D.

3. Suppose f € L' and f is real-valued. Show that if a € 9D and
lim,_q f(2) = +00, then lim,_; f(ra) = +oo0.

§3 Semicontinuous Functions

In this section we will prove some basic facts about semicontinuous func-
tions (lower and upper). Most readers will have learned at least some of this
material, but we will see here a rather complete development as it seems
to be a topic that most modern topology books judge too specialized for
inclusion and most analysis books take for granted as known by the reader.
We will, of course, assume that the reader has mathematical maturity and
omit many details from the proofs.

3.1 Definition. If X is a metric space and u : X — [—00, +00), then u is
upper semucontinuous (usc) if, for every ¢ in [—00, +00), the set {z € X :
u(z) < c} is an open subset of X. Similarly, u : X — (—o00, +00] is lower
semicontinuous (Isc) if, for every cin (—oo0, +00], the set {z € X : u(z) > c}
is open.

Note that the constantly —oo and +o0o functions are upper and lower
semicontinuous, respectively. This is not standard in the literature. Also a
function u is upper semicontinuous if and only if —u is lower semicontinu-
ous. In the sequel, results will be stated and proved for upper semicontinu-
ous functions. The correct statements and proofs for lower semicontinuous
functions are left to the reader. Throughout the section (X,d) will be a
metric space.

The reason for using the words “upper” and “lower” here comes from
considerations on the real line. If X = R and u is a continuous function
except for jump discontinuities, u will be upper semicontinuous if and only
if at each discontinuity zo, u(zo) is the upper value.

3.2 Proposition. If X s a metric space and u : X — [—00.00), then the
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following statements are equivalent.

(a) wu is usc.

(b) For every c in [-00,00) the set {z € X : u(z) > c} is closed.

(¢) If o € X and u(zo) > —o0, then for every ¢ > 0 there isa § > 0
such that u(z) < u(zo)+¢ whenever d(z,zo) < §; if u(zg) = —oco and
M <0, then there is a § > 0 such that u(z) < M for d(z,zo) < 6.

(d) If zo € X, then u(zo) > limsup,_, u(z).

3.3 Proposition. If K is a compact subset of X, u is an usc function
on X, and u(z) < oo for all z in K, then there is an zo in K such that
u(zo) > u(z) for allz in K.

Proof. First let U, = {z € X : u(z) < n}. Then K C U,U, and each U,
is open. By the compactness of K, there is an n such that K C U,. Thus
a =sup{u(z) : £ € K} < co. Now put K, = {z € K : u(z) > a —-n"1}.
Each K, is a compact and non-empty subset of K and Kn41 C K,. So
there is an zo that belongs to each K, and it must be that u(zy) > u(z)
forallzin K. O

3.4 Proposition.

(a) Ifu) and uy are usc functions, then u; +uz and u; Vuz = max{u,uz}
are usc functions.

(b) If {ui} is a collection of usc functions, then Au, = inf; u; is usc.

Proof. (a) Let u = uj+ugz, fixcin([~00,00),and let U = {z : u(z) < c}. If
zg € U, then u)(z¢) < c and uz(zo) < c —u;(zo). Hence Uy = {z: u)(z) <
c} and U; = {z : uz(z) < ¢ — u1(zo)} are both open neighborhoods of z¢
and U, NU; C U. Since o was arbitrary, U must be open.

Now if 4 = u; Vup and ¢ € [~00,00), then {z: u(z) < ¢} = {z: u(z) <
c} N {z: uz(z) < ¢}, and so u is usc.

(b) If u = Au; and ¢ € [~00,0), then {z : u(z) < ¢} = U{z : ui(z) < c}.
.}

3.5 Corollary. If {u,} is a sequence of usc functions on X such that for
every T, {un(z)} is decreasing, then u(z) = limua(z) is usc.

A sequence of functions satisfying the hypothesis of this corollary is called
a decreasing sequence of functions.

3.6 Theorem. Ifu: X — [—00,00) is usc and u < M < +00 on X, then
there is a decreasing sequence of uniformly continuous functions {f,} on
X such that f, < M and for every z in X, fo(z) | u(z).



19.3. Semicontinuous Functions 219

Proof. If u is constantly equal to —oo, then the result is trivial. So assume
that this is not the case. If d is the metric on X, define f, : X — R by

fa(z) = sup{u(y) — nd(z,y) : y € X}.

For any z and y in X, fa(z) > u(y) — nd(z,y) > u(y) — (n + 1)d(z, y); so
fa(z) 2 frs1(z) 2 u(z) for all z in X. Alse f, < M for all n.

Let € be a positive number, let z € X, and fix n > 1. By definition,
there is a y in X such that f,(z) < u(y) — nd(z,y) +¢€. If d(z,z) < ¢, then
d(z,5) < d(z,y) +¢. Thus fo(2) > u(y) —nd(z,y) > u(y) —nd(z, y) - ne >
fn(z) = (n + 1)e whenever d(z,z) < €. That is, fo(z) > fa(z) = (n + 1)
whenever d(z, z) < €. Now interchange the roles of z and z in the preceding
argument to get that fn(z) > fn(2) ~ (n + 1)e when d(z, 2) < €. Therefore
[fa(z) = fa(2)| < (n + 1) when d(z,z) < €. That is, f, is uniformly
continuous.

It remains to show that f,(z) — u(z) for all z in X. So fix o in X and
let € be a positive number. Assume that u(z¢) > —o00. (The case in which
u(zp) = —oo is left as an exercise.) Since u is usc, there is a § > 0 such that
u(y) < u(zo)-+e for d(y, 7o) < 6. Thus u(y)—nd(y, o) < u(zxo)+e whenever
d(y,zo) < 8. Now suppose that d(y,zo) > §; here u(y) — nd(y,zo) <
u(y) ~nd < M — nd. Choose ng such that M — né < u(zg) + ¢ for n > ny.
Thus for n > ng and for all y in X, u(y) —nd(y,zo) < u(zo) + €. Therefore
%(zo) < fa(zo) < u(zo) +€forn>ng. O

Exercises

1. Give an example of a family U of usc functions such that sup U is
not usc.

2. If u is a monotone function on an interval (a,b) in R, show that u is
usc if and only if for each discontinuity z of u, u(z) = lim,_.o4 u(t).

3. Show that the uniform limit of a sequence of usc functions is usc.

4. If X is a metric space, E is a subset of X, and u is the characteristic
function of the set E, show that u is upper semicontinuous if and
only if E is closed.

5. Let X be a metric space. Show that u is an upper semicontinuous
function on X if and only if A = {(z,t) e X xR:t S u(z)} isa
closed subset of X x R.

6. Suppose A is any closed subset of X x R such that for each z in
X the set A, = {t € R : (z,t) € A} is either empty or bounded
above. Define u : X — [-00,00) by u(z) = —o0 if A, = @ and
u(z) = sup A, otherwise, and show that u is upper semicontinuous.
Show that A = {(z,t) € X x R: t < u(z)}.
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7. Let f: X — [—00,00) be any function and let I' = {(z, f(z)) : z €
X and f(z) > —00} € X xR. If A = cI T, show that if u(z) is defined
as in the preceding exercise, then u(z) = limsup, . f(y) for all z in
X.

8. Suppose G is an open subset of a metric space X and f : G —
[—00, 00) is any function such that for each ¢ in G, u(¢) = lim sup{f(z) :
z € G and = — (} < oc. Show that u is upper semicontinuous.

84 Subharmonic Functions

Subharmonic and superharmonic functions were already defined in 10.3.1,
but it was assumed there that these functions were continuous. This was
done to avoid assuming that the reader’s background included anything
other than basic analysis. In particular, it was assumed that the reader
did not know the Lebesgue integral and thus could not discuss the integral
of a semicontinuous function. It is desirable to go beyond this and extend
the definition to semicontinuous functions. Propositions for semicontinu-
ous subharmonic functions that were stated for the continuous version in
Chapter 10 will sometimes be restated here. If the proof given in Chapter
10 extends naturally to the present situation, it will not be repeated and
the reader will be referred to the appropriate result from the first volume
of this work.

4.1 Definition. If G is an open subset of C, a function u : G — [~00, 00) is
subharmonic if u is upper semicontinuous and, for every closed disk B(a; )
contained in G, we have the inequality

2r
4.2 u(a) < 51;/0 u(a + re'®)dd.

A function u : G — RU {+o0} is superharmonic if —u is subharmonic.

Some remarks are in order here. Since u is upper semicontinuous, the
fact that u(a +re*?) < oo for all @ implies u is uniformly bounded above on
this circle. Thus it is not being assumed that the integral in the definition
is finite, but the integral is defined with the possibility that it is —oo.
In fact it may be that the function is constantly equal to —0co on some
or all of the components of G. We will see below (Proposition 4.11) that
this is the only way that a subharmonic function can fail to be integrable
on such circles. There is a slight difference between this definition of a
subharmonic function and that given by many authors in that the function
that is identically equal to —oo is allowed to be subharmonic. In fact, since
G is not assumed to be connected, u may be constantly equal to —co on
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some components and finite valued on others. This is also usually excluded
as a possibility in the definition of a subharmonic function.

Results will usually be stated and proved only for subharmonic functions.
The statements and proofs for superharmonic functions will be left to the

reader.

4.3 Example. If f : G — C is an analytic function, then log|f| is a
subharmonic function on G. In fact this is an immediate consequence of
Jensen’s Formula (11.1.2).

For a compact subset K of C, let C,,(K) denote the continuous functions
on K that are harmonic on int K.

4.4 Definition. Say that a function u : G — [—00, 00) satisfies the Mazi-
mum Principle if, for every compact set K contained in G and every h in
Cwh(K), u < hon K whenever u < hon 3 K.

4.5 Theorem. Ifu: G — [-00,00) is an upper semicontinuous function,
then the following statements are equivalent.

(a) u is subharmonic.
(b) wu satisfies the Marimum Principle.

(¢) If D is a closed disk contained in G and h € Cy(D) with u < h on
aD, thenu < h on D.

(d) If D =B(a;r) C G, then

1
u(e) < ;5/;1441/1.

Proof.  (a) implies (b). (This part of the proof is like the proof of Theorem
10.3.3.) Let K be a compact subset of G and assume that h € Cy(K )
with u < h on 9 K. By replacing u with u — h, it is seen that it must be
shown that u < 0 on K whenever u is subharmonic and satisfies u <0
on 9 K. Suppose there is a point zy in int K such that u(zp) > 0 and
let 0 < & <u(z) Put A={z€ K :u(z) > ¢} Because u is usc, A is
compact. Also, if b € K, 0 > u(b). By standard compactness arguments,
this implies there is a neighborhood V of 8 K with V C G and u(z) < € for
all zin V. Hence, A C intK. Again the fact that u is usc implies that there
is a point a in A with u(a) > u(z) for all z in A. It follows that u(a) 2 u(z)
for all z in K. Let H be the component of intK that contains a and put
B ={z€ H :u(z) =u(a)}.

Clearly B is a relatively closed non-empty subset of H. If w € B, let
B(w;r) € G. So B(w;r) C H and, for 0 < p < 7, 2ru(w) < foz' u(w +
pe')df < 2mu(w) since u(w + pe'®) < u(a) = u(w) for all 4. That is,
the integral of the non-negative function u(a) ~ u(w + pe*?) is 0 and so
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B(w,r) C B. Thus B is open and so B = H. But this implies that if
be OH C OK, then 0 2 u(b) > limsup{u(z) : z € H,z — b} = u(a) >0,
a contradiction.

(b) implies (c). Clear.

(c) implies (d). Suppose B(a;r) C G and let {f.} be a sequence of
continuous functions on J B(a;r) such that fn(z) | u(z) (Theorem 3.6).
Let D = B(a;r) and let h, € Cy(D) such that h, = f, on 8 D. By (c),
u < h, on D. By Exercise 10.1.6,

u(@) < hn(a)
1

m/pf,.«u.

But f, fadA — {udA by monotone convergence.

(d) implies (b). This is like the proof that (a) implies (b) and is left to
the reader.

(b) implies (a). This is like the proof that (c) implies (d) and is left to
the reader. O

An examination of the appropriate results in Chapter 10 shows that the
newly defined versions of subharmonic and superbarmonic functions also
satisfy the various versions of the Maximum Principle given there. These
will not be stated explicitly.

4.8 Proposition.

(a) Ifu) and u; are subharmonic functions on G, then u, +u, and uy Vu,
are subharmonic.

(b) Let U be a family of subharmonic functions on G that is locally
bounded above and let v = supU. If u(z) = limsup,,_., v(w), then
u is subharmonic. If v is upper semicontinuous, then v = u.

(c) IfU is a family of subkarmonic functions such that for all u; and u,
tn U there is a ug in U with uz < u; Aug, then inf U is subharmonic.
In particular, if {un} is a sequence of subharmonic functions such
that un > Un4y for all n, then limu,, is subharmonic.

(d) If {un} is a sequence of positive subharmonic functions such that
u = 3} up is upper semicontinuous, then on each component of G
either u is subharmonic or u = oo.

(¢) If {ua} is a sequence of negative subharmonic functions, then u =
3 tn is subharmonic.

Proof. (a) It i8 clear that u, +u; is a subharmonic function. Since Uy Vus is
upper semicontinuous, the proof that this function is subharmonic is given
in the proof of part (b).
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(b) First note that u(z) < oo for all z in G because U is locally bounded
above. It follows from Exercise 3.8 that u is upper semicontinuous. To show
that u is subharmonic, we will show that u satisfies the Maximum Principle.
So let K be a compact subset of G and let k € Ci(K) such that u < h on
OK.Fixv' inU;nowu>v>u' onG.Henceh > v on 9K and so h > o’
on K since v’ is subharmonic. Since u’ was arbitrary, h > v on K, whence
we have that h > u. By Theorem 4.5, u is subharmonic.

If v is upper semicontinuous, then the same proof shows that v is sub-
harmonic. The fact that v = u is a consequence of Proposition 4.8 below,
which is worth separating out.

(c) By Proposition 3.4, u = infU is usc and clearly u{z) < oo for all
z. Suppose D = B(a;r) € G. By Theorem 3.6 there is a sequence of
continuous functions {f,} on 8D such that f,(z) | u(z) for z in 3D. It
may be assumed that u(z) < fa(2) for all n and all z in dD. Fix n for the
moment. So for every z; in 8D there is a 4, in U such that u;(z1) < fa(21).
But {z: u1(z) - fa(z) < 0} is an open neighborhood of z,. A compactness
argument shows that there are functions u,, .. ., 4, in I/ such that for every
z in 8D there is a ux, 1 < k < m, with ux(z) < fa(z). By hypothesis,
there is one function v in & with v(z) < fa(2) for all z on D. Thus
21 u(a) < 27 v(a) < f: "v(a +re'?)dd < f: " fo(a + re®) dd. By monotone
convergence of the integrals, it follows that u is subharmonic.

(d) This proof is like the proof of part (b).

(e) This is immediate from part (c). O

4.7 Example. If f : G — C is an a.nalytlc function, then log [fl is a
subharmonic function on G. In fact, log* |f| = 0 V log|f].
Following are two results that will prove useful as we progress.

4.8 Proposition. If G is any open set and u is a subharmonic function
on G, then for any a in G, u(a) = limsup,_, , u(z).

Proof. Since u is usc, u(a) > limsup,_,, u(z). On the other hand, if > 0
such that B, = B(a;r) C G,
1 ‘
<
@) < 5 [ ueaae)

sup{u(z) : z € B,z # a}.
By definition this says that u(a) < limsup,_,, u(z). O
4.9 Propositnon. If u is a subharmonic function on G and B(a, r) CG,

then (2x)~! j;) u(a + pe'?) df | u(a) as p | 0. Similarly, (xp?)" fa(a Y
dA | u(a) asp| 0.

Proof. Let I, = (27)- lfo u(a + pe?)dd. f o < p < r, let {f,} bea
sequence of continuous functions on 3 B(a; p) such that folu Let h, €
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Ch(B(a; p)) such that h, = fn on 8 B(a:p). Thus u < hy on B(a: p) and
so, by monotone convergence.

I, < 2% 02 hn(a + ge®) do
= ha(e)
1 o y
= 5 A hn(a + pe'®) dé
i Ip

as n — oo. Therefore I, decreases as p decreases. But u(a) < I, for all p
and so, by Fatou’s Lemma, u(a) < lim,.o/, < 5'; f02 T limsup,_ou(a +
pe®)df < u(a). O

After the next lemma, it will be shown that a subharmonic function on a
region G belongs to L} _(G) and § — u(a+re*) is integrable if B(a:t) C G.

loc

4.10 Lemma. If G is connected. u is a subharmonic function on G. and
{z € G : u(z) = —oc} has non-empty interror. then u(z) = —x.

Proof. Let B = {z:u(z) = —oc} and let A = int B. So, by hypothesis, 4
is a non-empty open subset of G. It will be shown that A is also relatively
closed in G and hence A =G.

Let a € GNcl A and let r be a positive number such that B(a:r) C G. If b
is any element of B(a;r/4), then B(b;7/2) C G and, because a € B(b;r/2),
B(b;7)N A # 0. Thus there is a p, 0 < p < r/2, such that dB(b:p)N A # 0.
Since u is subharmonic. u(b) < 2= f: " u(b + pe*®)df. But the fact that
OB(b; p) meets the open set A implies that b + pe® € A for some interval
of 8’s. Therefore f: "u(b + pe®)dd = ~oo and so u(b) = ~oc whenever
la - b] < r/4. That is, B(a;r/4) C Bandsoa €intB=A4. O

4.11 Proposition. If G is connected and u is a subharmonic function on
G that is not identically —oo, then:

(a) uw€ L (G);

loc
(b) f:" u(a + re®)dd > —oo whenever B(a;r) C G. That is. § —
u(a + re'®) is integrable with respect to Lebesgue measure on (0.2
whenever B(a;r) CG.

Proof. Let A= {z € G:u(z) = ~o00}. By Lemma 4.10, int 4 = 0.

(a) Let K be a compact subset of G. Since u is usc, and consequently
bounded above on K, to show that u € L'(K, .A) it suffices to show that
JudA > —oo. But since int A = @, there is a finite number of disks
B(ax;r) with B(ax;7) C G, u(ax) > —oo, and K C UgB(ax;r). Thus
—00 < mrlu(ax) < fB(uk;r) udA. Hence [, udA > —oo.
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(b) Suppose that D = B(a:r) € G and put [, = = fozw u(a+pe?) dd. By
Proposition 4.9, , is decreasing as p decreases. So if there is an g<r such
that I, = —oc, then I, = —oc for all p < 0. Hence [udA = [/ I,pdp =
—o0, contradicting part (a). O

Recall the definition of a convex function (6.3.1). We extend the definition
a little.

4.12 Definition. If —0o0 < a < b < +oc. a function ¢ : [a.b] — [—oc, 00)
is convez if:

(a) ¢ is continuous on |a.b|:
(b) ¢(z) e Rif z € (a.b);
(c) d(az+(1-a)y) < ap(z)+ (1 ~a)o(y) for z.yin (a.b)and 0 < a < 1.

It is not hard to show that a twice differentiable @ function is convex if
and only if ¢” > 0. In particular the exponential function is convex while
the logarithm is not.

4.13 Proposition. (Jensen's Inequality) If (.X.Q. p) is a probability mea-
sure space, f € L'(p), —00 < a< f(x) <b< oo ae [pf. and 6 : [a.b] —
[~00,00) 15 @ convez function, then ¢([ fdp) < [¢o fdu.

Proof. It may be assumed that f is not constant. Thusa < [ = [ fdp < b.
Put S = sup{[#(I) — &(t)]/[I —t] : @ < t < I}. By Exercise 4. S < 00. So
fora<t<lI.

414 o(I) + S(t - I) < ¢(2).

If I < t < b. then Exercise 4 implies that S < [¢(¢) — &()}/[t — I}; equiva-
lently. (4.14) holds for I < t < b and hence for all ¢ in (a.b). In particular,
letting t = f(z) implies that 0 < ¢(f(z)) — &(I) — S(f(z) = I) a.e. {u].
Since u is a probability measure, 0 < [do fdu - ¢(I) - S [ffd;z - I] =
[éofdu-o(l). O

The reader should be warned that in the literature there is more than
one inequality that is called “Jensen's Inequality.”

4.15 Theorem. If u is a subharmonic function on G with —00 < a <
u(z) < b < oo forall zin G and ¢ : [a,b] — [—00,00) is an increasing
convez function, then ¢ o u is subharmonuc.

Proof. 1t is immediate that ¢ o u is upper semicontinuous. On the other
hand, if B{a;r) C G. then Proposition 4.13 and the fact that ¢ is increasing

imply that ,
od(u(a)) < 1 (pou)(a+ re®)ds.
2T 0
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Hence ¢ o u is subharmonic. O

4.16 Example. If f : G — C is an analytic function, then [f[? is a
subharmonic function on G for 0 < p < oo. From Example 4.3 we know
that log|f| is subharmonic. If ¢(t) = ™, then ¢ is increasing and convex.
By the preceding proposition, |f(2)[? = ¢(log|f(2)|) is subharmonic.

4.17 Proposition. Let H be an open subset of the open set G and let
u be a subharmonic function on G. If v is an usc function on G that is
subharmonic on H and satisfies v >u on H andv=u on G\ H, thenv
is subharmonic on G.

Proof. Ifbe d HNG and B(b;p) C G, then f:" v(b+pe¥?) df > _[02’r u(b+
pe®) df > 2w u(b) = 27 v(b). The details of the rest of the proof are left to
the reader. O

Recall that for a function u defined on the boundary of a disk B, @
denotes the solution of the Dirichlet problem on B with boundary values u
(§1). The next corollary is an extension of Corollary 10.3.7 to the present
definition of a subharmonic function.

4.18 Corollary. Let u be a subharmonic function on G and B(a;r) C G.
If v : G — R is defined by letting v = u on G\ B(a;r) and v = @ on
B(a;r), then v is subharmonic.

Proof. Let B = B(a;r). First note that Proposition 4.11 implies that u
is integrable on 8B and so 4 is well defined on B. To apply the preceding
proposition it must be shown that v is upper semicontinuous and v > u.
To show that v > u, first use Theorem 3.6 to get a decreasing sequence of
continuous functions {¢»} on 3B that converges to u|0B pointwise. Thus
én > u on B by the Maximum Principle. But ¢,(z) — @(2) for each z in
B by the Monotone Convergence Theorem for integrals. Hence & > u on
B. Also for z in cl B, v(z) = limy, $a(2). Since @, is continuous on cl B, v
is usc on cl B (3.5). It follows that v is usc on G and thus is subharmonic.
a

With the notation of the preceding corollary, the subharmonic function
v is called the harmonic modification of u on B(a;r).

In the next result we will use the fact that the mollifier {¢.} bas the
property that ¢(z) = ¢.(|z}).
4.19 Proposition. Let u be a subharmonic function on the open set G
and for @ mollifier {¢.} let u, = u* d,. Then:
(a) u, is @ C*® function on C;
(b) if K is a compact subset of G, then [, |u — u,|dA — 0;
(c) u, is subharmonic on {z € G : d(2,8G) > €};
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(d) for each z in G, uc(z) L u(z) ase 0.
Proof. Parts (a) and (b) follow from Proposition 3.6.
(c)If z € G = {w € G : d(w,8G) > €}, then a change of variables in
the definition of u, gives that
4.20 ue(2) = / u(z — ew) ¢(w) dA(w).
o
So if B(a;r) C G,

2® 2= .
/ ue(a+re®)dd = / / u(a + re’® — ew) ¢(w) dA(w) df
0 o Jo
2%
= / é(w) / u(a +re® ~ ew) df dA(w)
o (i

> 2 / #(w) u(a — cw) dA(w)
D
= 2nruc(a).

Therefore u, is subharmonic on G,.

(d) Let & < §; we will show that u, < us on G5 and u.(z) — u(z) for all
zin G. So fix § and fix a point z in Gs. Using (4.20) and Proposition 4.9,
we have that for r < ¢

ue(z) = /D u(z — ew) $(w) dA(uw)

/: ré(r) {/:* u(z — ere?) dO} dr
< /01 T ¢(r) {/02* u(z — 6re'd) dO} dr

= us(2).

To show convergence, again according to (4.9), j;,z " u(z—ere®) df — 2m u(z)
as € — 0. Thus using the just concluded display of equations and the
Monotone Convergence Theorem, we get that as € — 0, u.(z) = fu(z —
ew) $(w) dA(w) — [u(z) p(w) dA(w) = u(z). O

4.21 Corollary. If u is subharmonic on C, there is a decreasing sequence
{un} of continuous subharmonic functions that converges pointwise to u.

The next corollary can be interpreted as saying that a locally integrable
function that is locally subharmonic almost everywhere is globally subhar-
monic.

4.22 Corollary. If u € L. (G) such that whenever B(a;r) C G there is a
subharmonic function v on B(a;r) that is equal to u a.e. [Area], then there
is a subharmonic function U on G such that u = U a.e. [Area).
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Proof. Define u, as in the preceding proposition. Fix § > 0 and let K be a
compact subset of {z € G : d(2.9G) > 26}; s0 K, = {z:d(z. K) < 6} is a
compact subset of G. It follows from the hypothesis that there is a subhar-
monic function v on int K, such that u = v a.e. [Area]. Hence u.(2) = v.(z)
for all z in K and € < 6. This implies several things. First, u.(z) decreases
with € and, by the preceding proposition, u.(z) — v(z) as ¢ — 0. Also,
since K was arbitrary, it follows that U(z) = lim,_.¢ u¢(z) exists for all z
in G. Moreover, by what has just been proved. U is subharmonic.

On the other hand, || i 1ue —uldA — 0 for every compact subset K of G.
So for any compact set K there is a sequence {¢;} such that ¢; — 0 and
u,,(2) — u(z) a.e. [Area} on K. Thus u = U a.e. [Areajon G. O

Subharmonic functions have been found to be quite useful in a variety
of roles in analysis. This will be seen in this book. The discussion of sub-
harmonic functions will continue in the next section, where the logarithmic
potential is introduced and used to give another characterization of these
functions, amongst other things. The work Hayman and Kennedy (1976]
gives a full account of these functions.

Exercises

1. Show that if u is a subharmonic function on G. B(a:r) C G, and p
is a probability measure on [0.r] that is not the unit point mass at

0, then u(a) < 5= f[o.r] foz" u(a + te'®) df du(t).

2. Show that for any complex number zp, the function u(z) = |z ~ 2|
is subharmonic.

3. Show that Definition 4.12 extends Definition 6.3.1.

4. A function ¢ : [a.b] — [—00.00) is convex if and only if conditions
(a) and (b) from Definition 4.12 hold as well as

é(u) - ¢(z) < 9y) — ¢(u)

4.23 <
u-z y—u

fora<z<u<y<hb.

5. A function ¢ : [a,b] — [—00,00) is convex if and only if conditions
(a) and (b) from Definition 4.12 hold as well as the condition that
{z +iy:a <z <band ¢(z) > y} is a convex subset of C.

6. Show that if u is subharmonic on C and u is a positive measure with
compact support, then u * u is subharmonic.

7. Let G be an open set and let a € G. If u is a subharmonic function
on G\ {a} that is bounded above on a punctured neighborhood of
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a. show that u can be defined at the point a in such a way that the
resulting function is subharmonic on G.

8. If u is a subharmonic function on Q and 7 : G — (2 is an analytic
function, then u o r is subharmonic on G. (Hint: Use the Chain Rule
to show that 83u > 0 as a distribution.)

9. Let G, and G- be open sets with G, € G2 and put G = G, UGa. If
u; is a subharmonic function on G,,j = 1.2, and u; < up on G, NGy,
show that the function u defined on G by u = u; on G, and u = uz
on G \ G, is subharmonic.

§5 The Logarithmic Potential

Recall from Lemma 13.2.10 that the logarithm is locally integrable on the
plane. Thus it is possible to form the convolution of the logarithm and any

compactly supported measure.

5.1 Definition. For a compactly supported measure u on C, the logarith-
mic potential of u is the function

L2) = [ toglz = ul™" duu)

So for any compactly supported measure g, the function L, is defined
at every point of the plane. The elementary properties of the logarithmic
potential are in the next proposition, where it is shown, in particular, that
L, is a locally integrable function. Recall that i is the Cauchy transform
of a compactly supported measure (18.5.1)

5.2 Proposition. For a compactly supported measure pu, the following hold.

(a) L, is a locally integrable function.

(b) L, is harmonic on the complement of the support of pu.

(c}) If p is positive, L, is a superharmonic function on C.

(d) 8L, = —27'i1 and 8L, = —2"'ji , the Cauchy transform of the
conjugate of p.

Proof. Part (a) is a consequence of Proposition 18.3.2 and the fact that a
measure is finite on compact sets. Part (b) follows by differentiating under
the integral sign. Part (c) is a consequence of Exercise 4.6. Part (d) follows
by an application of Proposition 18.4.7; the details are left to the reader.
a
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Let’s fix the nieasure u and let K = support u. Note that
w,_
Lu(2) + w(K) loglz| = [ logl1 = Z|du(w)
K V4

and hence L,(z)+ u(K)log|z| — 0 as z — oo. This proves part of the next
theorem.

5.3 Theorem. If u is a compactly supported measure, then
AL, =-2mp

and L,(z)+u(K) log |z| — 0 as z — co. Moreover L, is the unique solution
of this equation in the sense that if h is e locally integrable function such
that Ak = =27 p and h(z) + p(K)log|z| — 0 as 2 — o0, then h = L, a.e.
[Area).

Proof. The fact that AL, = —2r u is just a combination of (5.2.d) and
Theorem 18.5.4. It only remains to demonstrate uniqueness. So let k be 3
locally integrable function as in the statement of the theorem. Thus A(L, -
h) = 0 as a distribution. By Weyl's Lemma, L, - h is equal a.e. to a function
v that is harmonic on C. But we also have that v(z) — 0 as z — co. Thus
v must be a bounded harmonic function on the plane and hence constant.
Thusv=0,orh=L,. O

5.4 Corollary. If ;4 is a compactly supported measure, G 1s an open set,
and L,(z) =0 a.e. [Area] on G, then |u|(G) = 0.

Proof. If ¢ € D(G), then [pdu=—(27)"! fApdA=0. O

5.5 Corollary. If u is a compactly supported measure and G is an open
set such that L, is harmonic on G, then |u|(G) = 0.

Why define the logarithmic potential? From the preceding theorem we
have that for a fixed w, A(log|z — w|) = —2n,,, where §,, is the unit
point mass at w. Thus the logarithmic potential is the convolution of the
measure u with this fundamental solution of the Laplacian and L, solves
the differential equation AT = —2r p.

The reader may have noticed several analogies between the Cauchy trans-
form and the logarithmic potential. Indeed Proposition 5.2 shows that there
is a specific relation between the two. Recall that a function u is harmonic
if and only if O u is analytic. This will perhaps bring (5.2) a little more into
focus. Also as we progress it will become apparent that the logarithmic
potential plays a role in the study of approximation by harmonic functions
like the role played by the Cauchy transform in rational approximation.
For example, see Theorem 18.6.2. But for now we will concentrate on an
application to the characterization of subharmonic functions.
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5.6 Theorem. If u is a locally integrable function on the open set G, then

the following statements are equivalent.

(a) The function u is equal to a subharmonic function a.e. [Area] in G.

(b) The Laplacian of u in the sense of distributions is positive.

(c) There is a positive extended real-valued measure v on G such that if
G, is a bounded open set with cl G, C G and u = v|G,, then there
is a harmonic function h on G, with

u|G) =h —2r L, a.e.[Area).

Proof. (a) implies (b). Assume that u is a subharmonic function on G; it
must be shown that, for every ¢ in D(G) such that ¢ > 0, fuA¢ddA > 0.
So fix such a ¢ and let 0 < rp < 2~ !dist(supp®,8G). Let K = {z :
dist(z,supp @) < ro}. Let r be arbitrary with 0 < 7 < ry. So if z € K, then
B(z;7) C G and 27 u(z) < f: " u(z + re'®) df. Therefore

o /G w(z) $(z) dA(z) < /K #(2) /0 " uz+re®) dBdA(z)

2x
/ u(2) #(z — re'®) do d A(z).
K ()
Hence
5.7 0< / u(z) [ " #(z —re'®)do - 2r ¢(z)] dA(z)
~ Jk 0 '

Now look at the Taylor expansion of ¢ about any point z in supp ¢ to
get

2x 2n
$(z~-re)ds = A [6(2) + (@) (2)][-re™*] +[(89)(2)][re"]

+51@B8)2)re 2 + Z1(@0) ) fre P
+%[(52¢) (2)[re™)? + (2 - re®)|do
= 21 ¢(2) + 2mr?[(809)(2)] + Wy (z,7).

Now the nature of the remainder term ¥,(z,r) is such that there is a
constant M with (¥1(z,7)] < M3 for all z in K. Substituting into (5.7)
and dividing by r2, we get
[ wa) [F20() + 290 (21m)] aAe)

K 9 1\<,

4 /K u(z) Ad(z) dA(z) + /K u(z) 72, (2,7) dA(2).

0

IA
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Since |¥1(z.7)| < M 3 for all 2 in K. this second integral can be made as
small as desired for a suitably small choice of r. So letting r — 0, we get
that

OsquqbdA.

(b) implies (c). Since Au is a positive distribution on G, there is a positive
regular Borel measure v on G such that Au = v (18.4.9). (It may be that v
is unbounded.) That is, for every ¢ in D(G), qu¢ dA = f¢du. Let G,
be any bounded open set with cI G} C G and put u; = u|G, and p = v|G,.
So j has compact support and L, is well defined. Also, as distributions on
G1, A(uy +27 L,) = 0. By Weyl’s Lemma. there is a harmonic function h
on G, such that uy + 27 L, = h. Thatis, uy =h - 2r L.

(c) implies (a). Since L, is superharmonic, (c) implies that, for every
closed disk B contained in G, u equals a subharmonic function a.e. {Area]
on the interior of B. Part (a) now foliows by Corollary 4.22. O

Part (c) of the preceding theorem is called the Riesz Decomposition
Theorem for subharmonic functions. Another version of this will be seen
in Theorem 21.4.10 below.

5.8 Corollary. If u € C*(G). then u is subharmonic if and only if Au > 0.

The reader can now proceed, if desired, to the next section. A few es-
sential properties of the logarithmic potential are appropriately obtained
here. however. We will see these used in Chapter 21. The key to the proof
of each of these results is the following lemma.

5.9 Lemma. If 4 is a positive measure with support contained in the com-
pact set K end a € K such that L,(a) < oo, then for any ¢ > 0 there is
a 6 > 0 with the property that for |z — a|] < § and Kk any point in K with
dist(z, K) = {z — x| we have

Lu(2) < £+ Lyu(k).

Proof. Notice that the fact that L,(a) < oo implies that u does not have
an atom at a. So if € > 0, there is a p > 0 such that for D = B(a;p),
u(D) < €. Look at the two logarithmic potentials

u(z) = /D log [w — 21~ du(w), ug(z) = /K st =2l dutw)

So uy is harmonic on int D (5.3). For each z in C let x(z) be any point
in K such that |z — x(2)| = dist(z, K). (So x(z) is not a function.) Now if
: — a, K(z) — a. Therefore § > 0 can be chosen so that § < p and for
|z — a} < 6 we have |(z) — a| < p and {uz(z) — up(x(z))| < e.
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For all w in K. |w — &(z)| < |w — 2| + |z — &(z)| £ 2|w — z|. Hence

-1
/ log | Y—12)
D

3 dp(w)

log 2u2(D) + w1 (k(2))
< elog2+ uy(x(z)).

w — K(2)

IA

uy(2)

]

Thus for |z — a| < 6,

Ly(z) u1(z) + uz(2)
clog2 + uy(x(2)) + up(k(z)) + ¢

e(1 +log2) + L,(k(z)).

IN IA

Q

The next result is often referred to as the Maximum Principle for the
logarithmic potential.

5.10 Proposition. If u is a positive measure unth support contained in
the compact set K and 1f L,(z) < M for all z in K, then L,(z) < M for
all z in C.

Proof. Without loss of generality we may assume that A/ < >c. By the
Maximum Principle, L, < M in all the bounded components of the com-
plement of K. Let G be the unbounded component of C\ K.

Fix € > 0. The preceding lemma implies that for any point a in K there
is a 6 > 0 with the property that whenever |z — a| < § there is a point & in
B(a;6) N K for which L,(2) < e+ L,(xk) <e+ M. Thatis. L, <+ M
on B(a;8). The collection of all such disks B(a:§) covers K. Extracting a
finite subcover we get an open neighborhood U of K such that L, <&+ M
on U. But L,(z) = —00 as z — 00. Therefore L,(z) < e+ M in G by the
Maximum Principle. Since ¢ was arbitrary, this completes the proof. O

Here are two important points about the last proposition. First. the
upper bound M in this result may be infinite. For example, if K is the
singleton {a}, then the only positive measures u supported on K are of the
form u = (38, for some 3 > 0. In this case L, = oo on K. There are non-
trivial examples of compact sets K for which each measure u supported on
K has supy L,(z) = co. See (21.8.17) below. The other point is that this
result says nothing about the lower bound of the logarithmic potential. In
fact, for a compactly supported measure u, L, is always bounded below on
its support (Exercise 1) while, according to Theorem 5.3, L,(z) — —oo0 as
z — 00. :

The next result is called the Continuity Principle for the logarithmic
potential.
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5.11 Proposition. If u is a positive measure with support contained in the
compact set K, a € K such that L,(a) < 0o, and if L,|K is continuous ata
as a function from K into the extended real numbers, then L, is continuous
at a as a function defined on C.

Proof. Fix € > 0 and choose 8 > 0 such that if x € K and |a — x| < &y,
then |L,(x) — L,(a)| < €. Now apply Lemma 5.9 to get a § with 0 <
§ < 8¢ such that whenever |z — a| < § there is a point x in B(a;6) N K
for which L,(z) < € + L,(x). But this implies L,(z) < € + L,(a) +¢.
What this says is that limsup,_, L,(z) < Ly(a). But L, is Isc and so
Lu(a) <liminf,_4 L,(2). O

Potential theory is a vast subject. If other kernel functions are used be-
sides log |z — w| ™!, other potentials are defined and the theory carries over
to n-dimensional Euclidean space. Indeed, the logarithmic potential is pe-
culiar and annoying in that it is not positive; a cause of pain and extra effort
later in this book. Various properties and uses of these general potentials
are found in the literature. In particular, most have properties analogous
to those for the logarithmic potential found in the last two propositions.
The reader interested in these matters can consult Brelot [1959], Carleson
(1967], Choquet [1955], Frostman [1935), Hedberg [1972b], Helms [1975],
Landkof [1972], and Wermer [1974].

Exercises

1. For a positive compactly supported measure u, show that L,(z) >
—oo for all z in C, and for any compact set K there is a constant m
such that m < L,(z) for all z in K.

2. If p,p1,p2,... are measures whose supports are contained in the
compact set K and pn — u weak® in M(K), show that L,(z) <
liminf, L, (z) for all z in C.

3. Let G be an open set and K be a compact subset of G. Show that if u
is a real-valued harmonic function on G\ K, then u = ug + u,, where
u, is harmonic on G, ug is harmonic on C\ K, and there is a constant a
such that ug(z)+alog|z| — 0 as z — oco. (Hint: Let ¢ € CF such that
0<¢<1,suppp CG,and ¢ =1on Ks = {z:dist(z,K) < 6} CG.
Define the function ¥ : G — Rby ¥ = (1-¢)uon G\K and ¥ = Oon
intK;s. Let u be the measure (A¥)xg\x and put V = —(2r)"'L,,.
Show that V' is a subharmonic function that is locally integrable,
AV = pu, and, if @ = —(27)"'u(L), then V(z) + alog|z| — 0 as
z — 00. Define the function up : C\ K — R by letting up = u¢p +V
on G\ K and up = V on the complement of supp ¢. Defineu, : G — R
by letting u; =¥ -V on G\ K and u; = -V on intKj.)
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4. Show that the functions ug and u, in Exercise 3 are unique.

5. In Exercise 3, show that if both G and u are bounded, then so is u;.

§6 An Application: Approximation by Harmonic Functions

In this section we will see that the logarithmic potential plays a role in
approximation by harmonic functions similar to the role played by the
Cauchy transform in approximation by rational functions (see §18.6).

6.1 Definition. If K is a compact subset of C, let H(K) be the uniform
closure in C(K) of the functions that are harmonic in a neighborhood of
K. Hgr(K) denotes the real-valued functions in H(K).

Note that H(K) is a Banach space but is not a Banach algebra. On the
other hand, if a function belongs to H(K), then so do its real and imaginary
parts. This will be helpful below, since a measure annihilates H(K) if and
only if its real and imaginary parts also annihilate H(K’). This was not the
case when we studied the algebra R(K).

6.2 Theorem. If K is a compact subset of C, u is a real-valued measure
on K, and {a,,as,...} ts chosen so that each bounded component of the
complement of K contains one element of this sequence, then the following
are equivalent.

(a) L H(K).
(b) Lu(z) =0 forallzin C\ K.
() u L R(K) and L,(a;) =0 for j =1,2,...

Proof. (a) implies (b). If z ¢ K, then w — log|z ~ w| is harmonic in a
neighborhood of K. Thus (b).

(b) implies (c). Since L, vanishes identically off K, 4 = ~20 L, =0 on
C\ K. By Theorem 18.6.2, u L R(K).

(c) implies (a). Since p is real-valued, Theorem 18.6.2 together with
Proposition 5.2.d imply that 8L, and 3L, vanish on the complement of
K. Thus L, is constant on components of C\ K; the other condition in part
(c) implies that L,, vanishes on all the bounded components of C\ K. On the
other hand, for |a| sufficiently large there is a branch of log(z ~ @) defined
in a neighborhood of K so that this function belongs to R(K) by Runge’s
Theorem. Thus L, also is identically O in the unbounded component of
C\K. O

Note that the only place in the proof of the preceding theorem where
the fact that u is real-valued was used was in the proof that (c) implies
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(a). Conditions (2) and (b) are equivalent for complex measures. In fact, if
L, =0o0n C\K, then L, = 0 there. where v is either the real or imaginary
part of u.

The next theorem can be taken as the analogue of Runge’s Theorem. To
set the notation, fix K and let E be a subset of C \ K that meets each
bounded component of C \ K. Let Hg(K, E) be the uniform closure of all
the functions of the form Re f + Y ;_, cklog|z — ak|, where f is analytic
in a neighborhood of K, n > 1, the constants c, are real, and a; € E for
1<k<n.

6.3 Theorem. If K is a compact subset of C and E is a set that meets each
bounded component of C\ K, then Hg(K, E) = H(K), where Hg(K,E) is
defined as above.

Proof. Clearly Hp(K,E) C H(K). It suffices to show that if x is a real-
valued measure supported on K and g L Hg(K, E), then 4 L H(K). But
since [ Re fdu = 0 for every function f analytic in a neighborhood of K
and p is real-valued, 4 L R(K). Also L,(a) = O for all a in E. By the
preceding theorem, 4 L H(K). O

The proof of the next corollary is similar to the proof of Corollary 8.1.14.

6.4 Corollary. If G is an open subset of C and E is a subset of C\ G that
meets every component of C\G, then every real-valued harmonic function u
on G can be approzimated uniformly on compact subsets of G by functions
of the form

n
Re f(z) + ) _ b log)z - axl.
k=1

where f 1s analytic on G, n 2 1, and a),...,a, are points from E.

We will return to the logarithmic potential when we take up the study
of potential theory in the plane in Chapter 21.

Exercises

1. Let K be a compact subset of C. For x4 in M(K) and ¢ a smooth
function with compact support, let uy = ¢ + 71 (10 ¢ + 10 §)A -
(27)~'L,A¢ A. Prove the following. (a) L,, = ¢L,. (b) u L H(K)
if and only if gy 1 H(K) for all smooth functions ¢ with com-
pact support. (c) H(K) = C(K) if and only if for every closed disk
D, HIDNK) = C(DNK). (Compare with Exercise 18.6.1.)

2. If K is either a closed disk or a closed annulus, show that H(K) is
the space of continuous functions on K that are harmonic on int K.
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§7 The Dirichlet Problem

This topic was discussed in §10.4 and we will return to examine various
aspects of the subject in the remainder of this book. We begin by recalling

the following definition.

7.1 Definition. A Dirichlet set is an open subset of C, with the property
that for each continuous function u : 0,G — C there is a continuous
function h : ¢l xG — C such that h is harmonic on G and £[0xG = u.
The function h is called the classical solution of the Dirichlet problem with
boundary values u. A connected Dirichlet set is called a Dirichlet region.

The sets G in this definition are allowed to contain the point at infinity.
so let’s be clear about what is meant by being harmonic (or subharmonic)
at infinity. Suppose K is a compact subset of C and u : C\ K — R is
harmonic. Thus u(z~!) is harmonic in a deleted neighborhood of 0. We
say that u is harmonic at infinity if u(z"') has a harmonic extension to a
neighborhood of 0. According to Theorem 15.1.3, there is a real constant
c and an analytic function h defined in this punctured neighborhood such
that u(z~') = c log|z| + Rek(z). Thus u(z) = —c log|z| + Reh(z"1!). So u
is harmonic at oo precisely when this constant c is 0 and % has a removable
singularity at 0. In most of the proofs we will assume that G is contained
in the finite plane. Usually the most general case can be reduced to this
one by an examination of the image of G under an appropriate Miibius
transformation chosen so that this image is contained in C.

Some of the results of §10.4 will be used here. It is shown there that if each
component of 8,,G consists of more that one point. then G is a Dirichlet
set. It is also shown there that the punctured disk is not a Dirichlet set.

In this section we will not concentrate on the classical solution of the
Dirichlet problem. This topic will be encountered in §10 below. when we
discuss regular points. Even though there are open subsets of C that are
not Dirichlet sets. each function on 8, G gives rise to a “candidate” for the
solution of the Dirichlet problem as we saw in Theorem 10.3.11. We recall
this result in a somewhat different form to accommodate our new definition
of a subharmonic function and to extend the functions that are admissible
as boundary values. Let R, = RU {*oc} with the obvious topology; that
is, Ry, is the “two point” compactification of R. An extended real-valued
function is one that takes its values in R.

7.2 Definition. If u is any extended real-valued function defined on 9,,G,
let

Pu,G) = {¢ : ¢ is subharmonic on G. ¢ is bounded above, and

limsup o(z) < u{a) for every a in DxG} .

—a
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P(u,G) = {¥: is superharmonic on G, ¥ is bounded below,
and zlim inf ¢(z) 2 u(a) for every a on 8°°G}.

These collections of functions are sometimes called the lower and upper
Perron families, respectively, associated with u and G. It is somewhat useful
to observe that —P(—u,G) = P(u, G). Also define functions i and 2 on G
by

i(z) = sup{¢(z): ¢ € P(u,G)},
u(z) = inf{¥(z): ¢ € P(u,G)}.

These functions are called the lower and upper Perron functions, respec-
tively, associated with u and G. They will also be denoted by i¢ and i¢g
if the dependence on G needs to be emphasized, which will be necessary at
certain times._

Note that P(u, G) contains the identically —oo function, so that it is a
non-empty family of functions. Thus @ is well defined, though it may be
the identically —oo function. Of course if u is a bounded function, then
P(u,G) contains some finite constant functions and so 4 is a bounded
function. Similar comments apply to P(u,G) and 4. Usually results will
be stated for the lower Perron family or function associated with u and G;
the corresponding statements and proofs for the upper family and function
will be left to the reader. The proof of the next proposition is left to the
reader. (See Corollary 4.18.)

7.3 Proposition. If ¢, and ¢ € 13(14, G), thensois$ Vo If p € P(u, G)
and B(a;r) C G, then the harmonic modification of ¢ on B(a:r) also
belongs to P(u,G).

7.4 Lemma. Assume that P is a family of subharmonic functions on G
with the properties:

(i) if 1 and ¢2 € P, then so is ¢ V ¢2;

(ii) if ¢ € P and B(a;r) C G, then the harmonic modification of ¢ on

B(a;r) also belongs to P.

If h(z) = sup{@(z) : ¢ € P}, then on each component of G either h = oo
or h is harmonic.

Proof. The proof of this lemma is like the proof of Theorem 10.3.11, but
where Corollary 4.18 is used rather than Corollary 10.3.7. The details are
left to the reader. O

7.5 Proposition.

(a) If u is any function, 4 and @ are harmonic functions on any compo-
nent of G on which they are not identically +oo.
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(b) If c is a non-negative real number, then & = ci and cu = ci.

(c) If c is a non-positive real number, then i = ci and cu = cii.

(d) Ifv is a finite-valued Junction ()ll_éooG such that ¥ and ¥ are finite
onG, theni+9<(u+v)<(u4+v)<u+1d.

(e) Ifu is a bounded function, —||u||leo < @t < % < |}u|oo.

Proof. Part (a) is immediate from Proposition 7.3 and the preceding
lemma. The proofs of parts (b) and (c) are routine. The proof of (d) is
a combination of basic mathematics and an application of the Maximum
Principle, which implies that if ¢ € P(u,G) and % € P(u,G), then ¢ < .
The proof of (e) follows by observing that certain constant functions belong
to the appropriate families of subharmonic and superharmonic functions.
0

If u € Cr(0G) and there is a classical solution k of the Dirichlet prob-
lem with boundary values u, then & = & = h (Exercise 1). So in order to
solve the Dirichlet problem, it must be that & = %. Suppose that this does
indeed happen and 4 = 4. Define k : cl,oG — R by letting h = & = 4 on
G and h = u on 9,,G. There are two difficulties here. First, how do we
know that k is continuous on cl,,G? Indeed, it will not always be so since
we cannot always solve the Dirichlet problem. Second, how can we decide
whether 4 = 47 The first question was discussed in §10.4 and will receive
a more complete discussion as we progress. The second question has an
affirmative answer in most situations and will be addressed shortly. But
first we show that it is only necessary to consider connected open sets. As
is customary, results will be stated and proved for lower Perron functions,
while the analogous results for the upper Perron functions will be left to
the reader to state and verify.

7.8 Proposition. If G is any open set, H is the union of some collection
of components of G, u : 3G — [—00,00], and v = u|0o H, then iig = iy
on H.

Proof. 1t is easy to see that if ¢ € P(u,G), then ¢|H € P(v, H); thus
g < 9y on H. Now suppose ¢ € P(u, G) and ¢y € P(v, H) and define ¢,
on G by ¢1(z) = ¢(z) V do(2) for z in H and ¢,(z) = ¢(z) otherwise. The
reader can check that ¢; € P(u,G) and, of course, ¢o(z) < ¢,(2) for z in
H. Thus 94(z) < dg(z) forall zin H. O

The previous proposition is generalized in Proposition 21.1.13 below.

7.7 Corollary. IfG is any open set and u : 3G — [—00,00), then &t = 4 if
and only if for each component H of G, iy = iy on H, where v = u|0oH.

7.8 Proposition. Let G be an arbitmry open set and assume u is an
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arbitrary extended real-valued function on 05G.

(2) There is a sequence {On} in P(u.G) such that for every = in G.
{pn(2)} is increasing and ¢n(z) — @(z). If a is a real constant such
that u(z) > a for all z in 8. G, the sequence {@n} can be chosen such
that ¢,, > « for all n.

(b) There is an increasing sequence {u,} of upper semicontinuous func-
tions on 0,.G such that each u, is bounded above. u, < u. and
in(z) — @(z) for all 2 in G. If a is a real constant such that u(z) > «
for all z 1n 8,G. the sequence {u,} can be chosen such that u, > a
for all n.

Proof. (a) This will only be proved under the additional assmmption that
G is connected. The proof of the general case is left to the reader. If P(u. G)
only contains the constantly —x function, i = —~ and we can put ¢, =
~00 for all n. Assume that & is not identically —>. Fix a point a in G
and let {@,} be a sequence in P(u.G) such that ¢,(a) — @(a); it can be
assumed that ¢, is not identically —x. Replacing @, by 0, V...V 0.
we may assume that for each : in G.{on(z)} is an increasing sequence.
Now write G as the union of regions {G,} such that for every n > 1, a €
Ghn, ¢l Gn € Gy, and Gy, is a Jordan system. Let ¢, be the function on
G that agrees with ¢,, on G\ G, and on G, is the solution of the Dirichlet
problem with boundary values o,. It follows from the Maximum Principle
that {0,} is also an increasing sequence, each ¢, € P(u.G), and ¢n < @n.
Thus ¢, (a) — a(a).

Let h(z) = lim, oa(z) = sup,, on(z) So h < i and by Harnack’s Theo-
rem either A = 20 or h is harmonic. If h = x. then so is ¢ and we are done.
Otherwise, h < @ and h(¢) = @l«) and so, by the Maximum Principle.
h=u.

If u > a. then replace each o, by o, 7 a.

(b) First assume that u is bonunded above. Let {0, } be as in part (a) and
define up(¢) = limsup,_.; ®n(z) for all ¢ in 3G. According to Exercise
3.8. un is upper semicontinuous and clearly u,, < u: since o, is bounded
above. 50 is u,. Also ¢, € 7:7(f. G)and so o, < Uy, < & Thus u,(3) — a(z)
for all zin G.

If u is not bounded above. consider u A m. obtain a sequence {ul'} of
usc functions as in the preceding paragraph, and put u, = uj. G

To facilitate the discussion we make the following definition.

7.9 Definition. Say that a function u : 3,0,G — R is solvable if & = i
and this function is finite-valued on G. If u is a solvable function. then i
will be called the solution of the Dirichlet problem with boundary values u.
If G is an open set such that every continuons function on J,,G is solvable.
say that G is a solvable set.
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Because % and u are harmonic functions and @ < 4 on G, in order for u
to be solvable it suffices, by the Maximum Principle, that the functions are
equal and finite at one point of each component of G. In Theorem 21.1.12
below the solvable functions will be characterized for solvable open sets G.
Solvable sets will be dealt with at length as we progress through this chapter
and given another characterization in §10. From Chapter 10 we know that
all regions whose boundary has no trivial components is a solvable set. It
is also the case that C is solvable; a somewhat unfortunate turn of events
as most results on solvable sets will have to omit this particular one.

The tiresome aspect of considering open sets G that are not connected is
that a function u on 395G can be solvable on some components while not
being solvable on others. However in light of Corollary 7.7 we have that the
function u is solvable on G if and only if it is solvable for each component
of G.

7.10 Proposition. If S(G) is the collection of all finite-valued solvable
functions on G, then S(G) 1s a real linear space. If u and v € S(G) and
a.B €R, then au + dv = ad+ Ji. If §(G) is the collection of all bounded
solvable functions on 0,G, and §(G) s endowed with the supremum
norm, then S*°(G) 1s a real Banach space. If {un} is a sequence in S™(G)
and un — u in the supremum norm, then @, — @ uniformly on G.

Proof. The fact that S = S(G) is a real linear space is a consequence
of (b). (c), and (d) of Proposition 7.5. If Proposition 7.5 is massaged in
the appropriate manner. it will produce the fact that. if v and v € S and
a,B € R, then au + Bv = ai + B5. The massaging is left to the reader.

To show that S* = S™(G) is complete. let {u,} be a sequence of
functions in S and assume u : 3G — R is a bounded function such
that |lun — ullgg _— 0. Using parts (d) and (e) of Proposition 7.5, we
have that & = (v - un +u,) < (uff,,) + in < |lu = up)| + n; also
U= U= tUp + Uy > U= Uy + i > —|lu — up|| + i,. Since @, = i,,
0<u-a<2||u~uyll Hence u € S=.

Using (7.5.e) we have that {i(z) ~ @n(2)] = |u = un(2)] < [|% = tn]|oo-
Thus @, — @ uniformly on G. O

We will retain this notation. For any open set G. §* = $®(G) will
denote the bounded solvable functions defined on 8, G furnished with the
supremum norm and S = S(G) will denote the collection of all solvable
functions.

7.11 Proposition. Assume G is connected. If for eachn > 1, u, € S(G)

with u, >0 and if u = Y u,, then either:

(a) u € S(G) and u = }_, n, where the convergence of this series 1s
uniform on compact subsets of G: or
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(b) 4 =& = 0o and ), in(z) converges to co uniformly on compact
subsets of G.

Proof. Let v, = Yp_, uk; 50 vn € S(G) and ¥, = }_;_, t. Since v, <
u, tn <t Thus ¥ tn < . Similarly, 3 iy < 4.

Note that since u, > 0, Proposition 7.8 implies we may restrict our
attention to the positive functions in P(un,G). Fix a point z in G and
an € > 0. For each n > 1, let ¥n € P(un,G) such that ¥, is positive and
¥Yn(20) < @n(20) + €/2". According to Proposition 4.6.c, ¥ = ). ¥n is

superharmonic. If a € 8,G, then
o0 o0
.. . N _ .
hﬂ Tf ¥(z) > ,,E__., lllzIE‘{lf Yn(z) > ,,E=1 un(a) = u(a)

Thus ¥ € P(u,G). Hence 1i(z0) < ¥(20) < 3, in(20) + €. Since z and ¢
were arbitrary, this implies that 4 < Zn iin. Since the reverse inequality
was already established, this implies that 3 dn < & < & = Y @ =
Yo ntin. Thusd = 1.

If u is solvable, then because the harmonic functions in the sum 4(z) =
3. tn(2) are all positive, the convergence is uniform on compact sets. Part
(b) also follows by Harnack’s Theorem. O

7.12 Corollary. Assume G is connected. If {u,} is an increasing sequence
of solvable functions on 3G and u(() = lim, ua((), then either u is solv-
able and @,(z) — 1(z2) uniformly on compact subsets of G or &4 = 4 = o0
and 4y, (2z) — oo uniformly on compact subsets of G.

This allows us to prove a useful fact about solvable open sets as defined
in (7.9).

7.13 Corollary. If G is a solvable set, then every bounded real-valued Borel
function on 8,G is solvable.

Proof. The hypothesis implies that S is a collection of bounded func-
tions on 9,G that contains the continuous functions and, according to
Corollary 7.12, contains the bounded pointwise limit of any increasing or
decreasing sequence in S®°. This implies that > contains the bounded
Borel functions. (A result from measure theory says that if we take the
increasing limits of continuous functions, then take the decreasing limits of
the resulting functions, and continue to repeat this transfinitely up to the
first uncountable ordinal, the resulting class of functions is precisely the
Borel functions.) O

Now to get a rich supply of examples of solvable sets. The next lemma
extends Exercise 1.
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7.14 Lemma. If ¢ is a real-valued function that is continuous on cloG
and subharmonic on G, then ¢|0xG is solvable.

Proof. Let u = ¢|8G and ¢1 = ¢|G; it follows that ¢, € P(u,G) and
hence that ¢, < @ on G. Thus liminf,_, @(2) 2 liminf, ., $1(2) = ¢(a) =
u(a). That is, @ € P(u,G). Therefore & < i. But we always have that
i < 1 by (7.5.). Thus u is solvable. O

The next theorem is due to Wiener.

7.15 Theorem. If G is a bounded open set, then G is solvable.

Proof. Let u be a real-valued continuous function on 9 G and let {pn(2,%)}
be a sequence of polynomials in z and Z that converges to u uniformly
on 8G. (The boundedness of G is being used here.) Let c, be a positive
constant that is sufficiently large that A(p, + ¢a)z|?) > 0 on cl G (again
the boundedness of G). By Corollary 5.8, p, + cn|z|? is subharmonic on
G. The preceding lemma implies that p, + c,|z|? is solvable. Thus both
Pn + ¢nl|2|? and c,|2|? are solvable. Therefore p, is solvable by Proposition
7.10. This same proposition implies that u, the limit of {p,}, is solvable.
O

With a little work this collection of solvable sets can be enlarged. This
requires a preliminary result that has independent interest.

7.16 Proposition. If G is a solvable set and T : clewG — Ccloo§ s a
homeomorphism such that T is analytic on G, then Q is a solvable set.

Proof. It is not difficult to see that with the assumptions on 7, for any
function v : 00! = Rand u =vor, P(u,G ={¢orT: ¢e'P(v, Q)} and
P(u,G) ={¢por:9 € P(v,Q)}. The rest readlly follows from this. O

7.17 Theorem. If G is not dense in C or if G is a Dirichlet set, then G
ts a solvable set.

Proof. Suppose G is not dense. So there is a disk B(a;r) that is dis-
joint from the closure of G. But then the image of G under the Mdobius
transformation (z —a)~! is contained in B(a;r). By Theorem 7.15 and the
preceding proposition, G is a solvable set.

If G is a Dirichlet set, then for every continuous function u on 8, G there
is a classical solution & of the Dirichlet problem. According to Lemma 7.14
(or Exercise 1) this implies that u is solvable. O

7.18 Corollary. If G is not connected, then G is solvable.

Proof. According to Corollary 7.7, G is solvable if and only if each com-
ponent of G is solvable. But if G is not connected, then no component of
G is dense and hence each component is a solvable set. O
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An examination of the preceding theorem and its corollary leads one to
believe that an open subset of a solvable set is also solvable. This is the case
and will follow after we characterize solvable sets in Theorem 10.7 below.

This last result leaves the candidates for non-solvable sets to those of
the form G = C\ F, where F is a closed set without interior in C. If no
component of F is a singleton, then G is a Dirichlet set (10.4.17) and so G
is solvable. So a typical example would be to take G = C, \ K, where K
is a Cantor set. Note that such open sets are necessarily connected.

It is not difficult to get an example of a non-solvable set. In fact the
punctured plane is such an example. To see this we first prove a lemma
that will be used in a later section as well.

7.19 Lemma. If ¢ is a subharmonic function on the punctured plane, Cq,
such that ¢ < 0 and limsup,_, ¢(2) < a for some a, then ¢ < a.

Proof. Let € > 0; by hypothesis, there is a § > 0 such that ¢(z) < a+¢
for |z| < 8. Take b to be any point in Cq and let r be an arbitrary number
with r > [b]. If h,(2) = (log(6/r)] [ + €] log |z/r|, then h, is harmonic in
a neighborhood of the closure of the annulus 4 = ann(0;4,r). For |z| = 6,
it is easy to see that h,(z) > ¢(z). For |z| = r,h.(z) = 0 > ¢(2). Thus the
Maximum Principle implies that k, > ¢ on cl A; in particular, ¢(b) < h.(b).
Since r was arbitrary, ¢(b) < lim, o, hr(b) = a + €. Since € was arbitrary,
#(b)<a O

7.20 Example. The punctured plane Co is not a solvable set. Define
4(0) = 0 and u(o0) = 1. If ¢ € P(u,Cp), then limsup,_,¢(2) < 0 and
limsup,_,, #(z) < 1. Applying the preceding lemma to the subharmonic
function ¢ — 1, we have that ¢ — 1 < —1 so that ¢ < 0; thus @ < 0. If
¥ € P(u,Cop) and the preceding lemma is applied to —4(1/z), we deduce
that ¥ > 1; thus % > 1. Therefore Cy is not solvable.

Exercises

1. Suppose h is a continuous function on cl,G that is harmonic on G
and put u = h|0,G. Show that &t = 4 = A.

2. In Proposition 7.8 show that the sequence {¢,} converges to # uni-
formly on compact subsets of G.

3. If a is a real constant, ¢ € P(u, G) such that ¢(z) > a for all z in G,
and zg € 05G with u(z) = a, then ¢(z) - a as z — z, z in G.

4. Show that if u and v are solvable functions, then so are max(u, v)
and min(u, v).

5. Show that if F = {an}, where a, — o0, then G = C\ F is not a
solvable set.
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6. Show that C is a solvable set.

§8 Harmonic Majorants

This short section presents a result that will be useful to us in this chapter
as well as when we begin the study of Hardy spaces on arbitrary regions in

the plane.

8.1 Theorem. Let G be an arbitrary open set in the plane. If u is a subhar-
monic function on G that is not identically —oc on any of its components,
and if there 13 a harmonic function g on G such that g > u on G, then
there is a unique harmonic function h on G such that:

(a) h 2 u on G;
(b) if f is any harmonic function on G such that f > u. then f > h.

Proof. Clearly it suffices to assume that G is connected. Let {T'n} be a
sequence of smooth positively oriented Jordan systems in G such that if
Gn = ins 'y, then ¢l Gq € Gn41 and G = U,G,. Let h, be the solution
of the Dirichlet Problem on G, with boundary values u. Note that if ¥ €
P(u,Gp), then u < ¥ on G,; hence u < h, on G,. For any n, hny is
continuous on cl G, and dominates u there. Thus hnyy > h, on G,. If
n is fixed, this implies that h, < hny) < hny2 < ... on G,. This same
type argument also shows that on Gn,hn4i < g for all £ > 0, where g is
the harmonic function hypothesized in the statement of the theorem. Thus
Harnack’s Theorem, and a little thought, shows that h(z) = lim, h,(z2)
defines a harmonic function on G such that h < g. Also since hp4x > u on
Gn, h2uonG.

Now suppose f is as in condition (b). The Maximum Principle shows
that for eachn > 1. f > h, on Gp. Thus f > h.

The uniqueness of the function k is a direct consequence of part (b). O

8.2 Definition. If G is an open set and u is a subharmonic function on
G that is not identically —oo on any of its components and if there is
a harmonic function k on G that satisfies conditions (a) and (b) of the
preceding theorem, then h is called the least harmonic majorant of u. In a
similar way, the greatest harmonic minorant of a superharmonic function
is defined.

So Theorem 8.1 can be rephrased as saying that a subharmonic function
that has a harmonic majorant has a least harmonic majorant. Particular
information about the form of the least harmonic majorant of a subhar-
monic function can be gleaned from the proof of Theorem 8.1 and is usefully
recorded.
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8.3 Corollary. With the notation of the preceding theorem, if G is con-
nected and {Gn} is any sequence of Dirichlet regions such that cl Gn. C
Gny1 and G = UGy, and if hy is the solution of the Dirichlet Problem on
G, with boundary values u|G,, then h(z) = lim, hy(2) is the least har-
monic majorant of u.

Exercises

1. If G is a bounded Dirichlet region and u : ¢l G — [—00,00) is an
upper semicontinuous function that is subharmonic on G and not
identically —oo, then u has a least harmonic majorant.

2. Fix an open set G in C and let H,(G) denote the real-valued bounded
harmonic functions on G. For u and v in Hy(G), let u V v be the
least harmonic majorant of max{u,v} and let u A v be the greatest
barmonic minorant of min{u, v}. Show that, with these definitions of
join and meet, Hy(G) is a Banach lattice.

§0 The Green Function

We extend the definition of a Green function that was given in §10.5.

9.1 Definition. For an open subset G of Co, a Green function is a function
g: G x G — (—00,00] having the following properties:

(a) for each a in G the function g,(z) = g(z, a) is positive and harmonic
on G\ {a};

(b) for each a # oo in G, z — g(z,a) + log|z — a| is harmonic in a
neighborhood of a; if 0 € G, z — g(z,00) — log|z| is harmonic in a
neighborhood of oo;

(c) g is the smallest function from G x G into (—o00,00] that satisfies
properties (a) and (b).

Several observations and notes are needed before we proceed. If in part
(b) 0o ¢ G, then the function g(z,a) + log |z — a| is harmonic throughout
G; the restriction to a neighborhood of a is only needed when G contains
the point at infinity. Also the reason for the statement that if oo € G,
z — g(2,00) — log|z| is harmonic in a neighborhood of oo rather than
throughout G is due to the possibility that 0 € G. After all if 0 € G, then
9(2,00) is harmonic near 0 and log |z| is not. See Exercise 1.

Why the minus sign in g(z,00) — log|z|? Don’t forget that to say that
9(2,00) - log|z| is harmonic near oo is to say that g(z~!.00) —log|z~!| =
g(z™?, 00} + log|z| is harmonic near 0.
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The next point to be made is that this definition extends Definition
10.5.1. So let G be a region in C (we need not consider the case that
oo ¢ G) and let g(z,8) = ga(2) be as in Definition 10.5.1. Note that
ga(z) — 00 as z — a while g4(z) — 0 as z approaches any point on
the extended boundary of G. Thus g is a positive harmonic function on
G \ {a}. Clearly condition (b) above is also satisfied. It remains to show
that g is the smallest such function. So let f : G x G — (—00,00] be a
function having properties (a) and (b) in Definition 9.1. If f,(2) = f(z,a),
then fo(z) - ga(2) = [fa(2) +log|z — a]] — [ga(2) + log |z — a]] is harmonic
on G. Since f, is positive and for any w in 8G, ga(z) — 0 as z — w,
liminf,—y[fa(2) = 9a(2)] = 0. Therefore the Maximum Principle implies
that fo(z) > ga(2) for all zin G.

The essence of the generality that the above definition has over Defini-
tion 10.5.1 lies in its applicability to arbitrary open sets, not just Dirichlet
regions. The fact that G is not assumed to be connected does not truly rep-
resent a gain in generality. The Green function for an open set is obtained
by piecing together Green functions for each of the components of G. In
most of the proofs only regions will be considered as this obviates the need
for certain awkward phrasings.

9.2 Proposition. Let G be a region in the extended plane.

(a) If there is a Green function for G, then it is unique. In fact if a is
a fized point in G and f is a positive harmonic function on G \ {a}
such that f(z) + log|z — a| is harmonic near a and f is the smallest
such function, then f(z) = g(z,a) for all z in G.

(b) If g is the Green function for G and a € G, then g,(z) = g(z,a) for
z # a and g,(a) = oo defines a superharmonic function on G.

(c) If Q is another region in C,, 7: Q@ — G is a conformal equivalence,
and g is the Green function for G, then h({,a) = g(7(¢), 7(a)) is the
Green function for Q.

(d) IfG is a simply connected region in the extended plane and for each a
in G, 7, : G — D is the Riemann map with 7,(a) = 0 and 7,(0) > 0,
then g(z,a) = —log|74(2)| is the Green function for G.

(e) The greatest harmonic minorant of the superharmonic function g,
defined in (b) is the zero function.

Proof. The point here is that to get uniqueness it is only necessary to
verify that the properties hold for one fixed choice of the singularity a.
If f is as described, then, as in the argument that Definition 9.1 extends
Definition 10.5.1, we have that f > g, on G. Since f is the smallest such
function, f = g,.

Part (b) is an easy exercise. To prove part (c) it suffices to assume that
neither G nor € contains occ. If h is as in (c), then clearly h is positive
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and for each a in Q, { — h((,a) is harmonic on Q\ {a}. If 7(a) =
a, h(¢,a) + log|¢ — a| is the composition of g, + log|z — a| with 7 and
therefore must be harmonic on . It remains to verify condition (c) of the
definition. But if f is another function on  x § satisfying conditions (a)
and (b), fo (7! x 771) is such a function on G x G. The fact that g is
the smallest such function on G x G implies that h is the smallest such
function on  x Q.

We note that —log(|z ~ a|/|1 — @z|] is the Green function for D. If we
fix a point @ in G, then for any point b in G, m(2) = c[ra(2) ~ 7a(b)]/[1 -
Ta(b)7a(2)] for some constant ¢ (dependent on b) with |c| = 1. With these
observations, part (d) follows from part (c).

To prove (e) first note that 0 is a harmonic minorant of g,. Let h, be
the greatest harmonic minorant of g,; 80 0 < h, < ga. Thus g, — hg is
a positive superharmonic function on G that is harmonic on G \ {a} and
such that (g, — hs) + log|z — a| is harmonic on G. From the definition of
the Green function we have that g, — hq > g4, so that hy <0. O

Part (d) of the preceding proposition can be used to compute the Green
function for a simply connected region provided we know the conformai
equivalence. See Exercise 2.

Of course the Green function may not exist for a specific region G. This
question of existence is crucial and is, as we shall see, intricately connected
to other questions about harmonic functions. Note that if there is a Green
function g for G, then there are non-constant negative subharmonic func-
tions on G; viz, —g, for each a in G. This leads us to the following classi-
fication of regions.

9.3 Definition. An open set G in C, is hyperbolic if there is a subharmonic
function on G that is bounded above and not constant on any component
of G. Otherwise G is called parabolic.

The comments preceding the definition show that if G has a Green func-
tion, then G is hyperbolic. By subtracting a constant function, we see that
to say that G is hyperbolic is equivalent to the statement that there is
a negative subharmonic function on G that is not constant on any com-
ponent of G. Every bounded region is hyperbolic since Re z is a bounded
subharmonic function. Since any region that is conformally equivalent to
a hyperbolic region is clearly hyperbolic, this says that any region that is
not dense in the extended plane is hyperbolic. Thus the only candidates for
a parabolic region are those of the form C,, \ F, where F is some closed
subset of Co.

9.4 Proposition. If G is an open set that is not connected. then G is
hyperbolic. An open subset of a hyperbolic set is hyperbolic.

Proof. If G is not connected, then no component of G is dense. Hence on
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each component we can find a non-constant negative subharmonic function.
The proof of the second statement is trivial. O

9.5 Proposition.

(a) If G is a solvable region and 3G is not a singleton, then G is hyper-

bolic.
(b) If G is parabolic, then K = Cy \ G is totally disconnected and K =
0K =K.

(c) C is a parabolic region.

Proof. (a) Assume that co ¢ G. Since G is not the whole plane, 8,,G
has at least 2 points (7.20). Let u : oG — [0, 1] be a continuous function
that assumes both the values 0 and 1. If ¢ € P(u,G), then ¢ — 1 is a
negative subharmonic function. If G were parabolic, then it would follow
that each funttion in ’l:’(u, G) is a constant and that 4 = 0. Similarly, if G
were parabolic, it would follow that 4 = 1 and so G is not solvable.

(b) Assume that co ¢ G. If K # 8 K, then G is not dense and therefore
solvable; by (a) G cannot be parabolic. Similarly, if K # K, G is not
connected and is thus hyperbolic (9.4). If K is not totally disconnected, it
contains a component X that has infinitely many points. Put H = C, \ X.
Let 7 : H — D be the Riemann map with 7(co0) = 0 and put ¢ = log|7|. So
¢ is a subharmonic function on H with ¢ < 0 and H must be hyperbolic.
Therefore G is hyperbolic, a contradiction.

(c) Let ¢ be a negative finite-valued subharmonic function on C and fix
two points a and b. Since limsup, __, ¢(z) < ¢(a), Lemma 7.19 implies that
¢(a) > ¢(z) for all z in C; in particular, ¢(a) > ¢(b). Reversing the roles
of a and b, we get that ¢(a) = ¢(b). Therefore ¢ is constant. O

In Theorem 10.7 in the next section it will be shown that a hyperbolic
region is solvable, thus establishing the converse to part (a) of the preced-
ing proposition. But now we concentrate on the connection of hyperbolic
regions to the existence of the Green function.

9.6 Proposition. Let G be a region in Coo and let v be a Jordan curve
in G such that H = insy C G. Let u denote the characteristic function
of v defined on 8 (G \ cl H) with @ the corresponding Perron function on
G\clH.

(@) @(z) <1 for all z in G\ clH if and only if G is hyperbolic.
(b) @(z) =1 on G\ clH 1f and only if G is parabolic.

Proof. By the Maximum Principle #(z) < 1on Q =G \cl H. Also Q is
connected (why?) and so if @(z) = 1 for any point in €, it is identically
1. Thus the statements (a) and (b) are equivalent. So assume that G is
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hyperbolic and let us show that i(z) < 1 on . Let ¢ be a negative sub-
harmonic function on G that is not constant. Without loss of generality we
may assume that sup{¢(z) : z € G} = 0. Put M = max{¢(z) : z € 7}; so
M < 0. By the Maximum Principle M < 0. By normalization, it may be
assumed that M = —1.

By Theorems 10.4.3 and 10.4.9, u(z) — 1 as z approaches any point on
~. Since u is positive and ¢(z) < —1 on v, —¢ € P(u,Q); thus & < —¢
on Q. Since supg ¢(z) = 0, there is a point a in G with ¢(a) > —1. But
#(z) < -1 for all z in cl H (why?) and so a € . Thus #(a) < 1 and so
i(z) < 1for all zin Q.

Now assume that u(z) < 1 for all z in Q and define ¢ : G — R by letting
#(z) = —u(z) for z in Q and @(z) = -1 for z in cl H. It is left to the
reader to verify that ¢ is subharmonic on G. Clearly it is negative and, by
assumption, it is not constant. O

Let us underscore the fact used in the preceding proof that the function
% has a continuous extension to v where it is constantly 1.

9.7 Theorem. The region G in Co has a Green function if and only if G
is hyperbolic.

Proof. We have already observed that a necessary condition for G to have
a Green function is that G be hyperbolic; so assume that G is hyperbolic.
Fix a in G, a # 00; we will produce the Green function with singularity at
a. (The case where a = oo is left to the reader.)

Define u on 8[G \ {a}] = 8G U {a} by u(a) = oo and u(¢) = 0 for {
in OG. Let g be the upper Perron function @ on G\ {a} corresponding to
the boundary function u. Clearly g is a non-negative harmonic function on
G\ {a}. To see that g satisfies condition (b) of Definition 9.1 takes a bit of
cleverness.

Choose 7 > 0 such that B = B(a;7) € G and let R > 7 such that
B(a; R) C G. Observe that G\ B is a solvable set, let x be the characteristic
function of the circle @ B, and put h = x, the Perron function of x on G\ B.
So 0 < h < 1; according to the preceding proposition, h(z) < 1 for all = in
G\ B. Thus m = max{h(z) : |z — a| = R} < 1. Choose a positive constant
M with mM < M + log(r/R) and define a function ¥ on G by

M h(2) z¢G\B
Yo(2) = .
M +log = 2€B
Claim. vy is a superharmonic function on G.
It is clear that iy is lower semicontinuous; in fact it is a continuous

function from G into Ry. The only place we have to check the integral
condition is when |z — a| = r. To check this we first verify that M h(w) <
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M +log[r/|w—al] for r < |[w—a| < R. Indeed, if |lw~a| =7, h(w) =1 and
so Mh(w) = M = M + log[r/|w — al]; if |w — a] = R, Mh(w) < Mm <
M + log[r/|w ~ a]). The desired inequality now holds by the Maximum
Principle. Now if |z — a| = r and § < R — r, this implies that
L > 5¢%)d8 < M + log ——
2—7;0 ¢o(2+e) < +0g|z~a{
This proves the claim. 5
Note that the function 1y belongs to the Perron family P(u,G \ {a})
and so the harmonic function g satisfies g(z) < ¥o(z) for all z in G\ {a}.
If z€ Band z # a, g(z) +log|z—a|] < ¢o(z) +log|z —a| =M +logr,
a constant. Therefore g(z) + log|z — a| admits a harmonic extension to
B(a;r). This says that g satisfies conditions (a) and (b) of Definition 9.1.
Now to verify condition (c) of the definition. Assume that k is another
function having properties (a) and (b). So k is a superharmonic function
on G. Now lim,_., k(z) = co = u(a). Since k is positive, liminf, ¢ k(z) >
0 = u(¢) for ¢ in GooG. Therefore k € P(u,G \ {a}) and so k > g. Hence g.
is the Green function for G with singularity at a. O

= 1o(2).

The next result can be viewed as a computational device, but in reality
it is only a theoretical aid.

9.8 Proposition. Let {Gn} be a sequence of open sets such that G, C
Gn+1 and G = UG, is hyperbolic. If g, is the Green function for G,
and g is the Green function for G, then for each a in G, gn(z,a) T g(z,a)
uniformly on compact subsets of G \ {a}.

Proof. Fix the point @ in G; we will only consider those n for which
a € Gn. Note that the restriction of gn41 to G, satisfies conditions (a)
and (b) of Definition 9.1. Hence gn+1(z,@) > gn(2,4a) for all z in G,. Thus
k(z,a) = lim, gn(2,a) exists uniformly on compact subsets of G \ {a} and
either k, is harmonic or k, = 0o. But the same type of argument shows that
9(z,a) > gn(2,a) for all n and all 2 in G,. Thus g(z,a) > k(z,a) and so k,
is a harmonic function on G\ {a}. Clearly k > 0 and k(z,a) +log|z —a] is
harmonic near a. That is, k satisfies properties (a) and (b) in the definition
of a Green function. Therefore, k(2,a) > g(z,a). Since we have already
shown that g > k, we get that g = k, proving the proposition. O

Recall the information obtained about the Green function for an analytic
Jordan region in §15.2. In particular, Theorem 15.2.5 gives a formula for the
solution of the Dirichlet problem for such regions involving the conjugate
differential of the Green function. We can use this material together with
the preceding proposition to obtain information about the Green function
for any hyperbolic region.

9.9 Theorem. If G is a hyperbolic region, a and b are points in G, and g
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is the Green function for G, then g(a,b) = g(b,a).

Proof. First assume that G is an analytic Jordan region with positively
oriented boundary ' = {¥,..., 7}, with 7o as the outer boundary. Let
a) = a and a; = b. For j = 1,2, put g;(z) = g(2,q,) and n; = 9 B(a;;)
with positive orientation. (Here r is chosen so that B(ae;;7) € G and ; N
m=10)So A= {v,.--,Y,—M, -} is a positively oriented Jordan
system and both g, and g, are harmonic on the inside of A. By Corollary
15.2.3, 0 = [, (97dg2 — g3dg:). Since g1 and g, vanish on I', Lemma 15.2.4
implies that

0 = - / (91dg2 - 9:dq)
m+n2
= —2rga(ay) + 27 g1(a2) + B(r),

where B(r) - 0asr — 0.

This proves the theorem for the case of an analytic Jordan region. The
proof of the general case follows by taking a sequence {G,} of analytic Jor-
dan regions such that G, C G,,1 and G = U,G,, and applying Proposition
98. O

We finish with a result that will prove useful in further developments.

9.10 Proposition. If G is a hyperbolic region in C, a € G, and g is the
Green function for G, then

g9(z,a) = inf{¥(2): ¢ is a positive superharmonic function on G such
that ¥(z) + log |z — a| s superharmonic near a}.

Proof. Let 9 be a positive superharmonic function on G such that v(z) =
¥(z) + log |z — a| is superharmonic on G. Since z — g(2,a) is a super-
harmonic function having these properties, it suffices to show that (2) >
da(2) = g(z,a) for all z in G. To this end, first note that v(a) < liminf,_,
[¥(2) + log|z — a]] and so ¥(2) — oo as z — a. Thus liminf, ., ¥(z) =
0o = lim, ., ga(2).

Now let {G,} be a sequence of bounded Dirichlet regions, each of which
contains the point a and such that G,, C Gn4) and G = U,G,,. Let g, be
the Green function for G, with pole at a. According to Proposition 9.8,
gn(2) = ga(2) uniformly on compact subsets of G \ {a}. If ¥ = |Gy,
then for any ¢ in 8G,, liminf, ¢ ¥a(2) 2 0 = limsup,_ . ga(2). By the
Maximum Principle, ¥, > g, on G, and the proposition follows. O

Additional results on the Green function can be found in Theorem 21.1.19
and through the remainder of Chapter 21.
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Exercises
1. If oo € G and a ¢ G, then g(z,00) — log|z — a| is harmonic in G.

2. Use Proposition 9.2 to find the Green function for D as well as the
upper half plane.

3. If G is a hyperbolic region in Co, and oo € G, show that g(z, ) =
inf {1(z) : ¥ is a positive superharmonic function on G such that
(z) ~log|z| is superharmonic near co}.

4. Let p(z) = 2"+ ;2" ' +...+an and put G = C \ {2 € C: [p(2)| <
R}. Show that G is connected and g(z,0) = n~!{log|p(z)| - log R)].

§10 Regular Points for the Dirichlet Problem

Here we return to some of the ideas connected with the solution of the
Dirichlet problem in the classical sense. Specifically, we will study the
boundary behavior of the solution of the Dirichlet problem and how this
behavior collates with the actual values of the boundary function. In §10.4
the concept of a barrier was introduced and it was shown that each point
of 8,G has a barrier if and only if G is a Dirichlet region. We begin by
examining more closely the idea of a barrier; in the process some of the
results from §10.4 will be reproved.

Recall the notation that for @ in 8,,G and r > 0, G(a;r) = B(a;r)NG.

10.1 Theorem. If G is an open subset of Co, and a € 35,G, then the
following are equivalent.

(a) There is a barrier for G at a.

(b) There is a negative subharmonic function ¢ on G such that ¢(z) — 0
as z — a and for every open neighborhood U of a, sup{#(z) : z €
G\U}<0.

(c) For everyr > 0 there is a negative non-constant subharmonic function
@ on G(a;r) such that ¢(z) — 0 as z — a in G(a;r).

(d) For everyr > 0, if u is the solution of the Dirichlet problem on G(a;r)
with boundary values { — d(a,() (d is the metric), then u(z) — 0 as
z —a in G(a;r).

(e) There is an v > 0 and a negative non-constant subharmonic function
¢ on G(a;r) such that ¢(z) — 0 as z — a in G(a;T).

(f) There is anr > 0 such that if u is the solution of the Dirichlet problem
on G(a;r) with boundary values ( — d(a,() (d is the metric), then
u(z) = 0 as z — a in G(a;T).
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Note: if @ # 0o, then the metric in (d) and (f) can be taken to be the
usual absolute value; otherwise it is the metric of the extended plane.

Proof. In this proof it will be assumed that a is a finite boundary point
of G; the proof of the case where a = oo is left to the reader.

(a) implies (b). Let {4} be a barrier for G at a and let {r,} be any
sequence of radii converging to 0. Extend ¥, to G by letting it be identically
1on G\G(a;r). Put ¥ = ¢, and ¢ = 3 .(—27")¢n. By (4.6.€) ¢ is
subharmonic and clearly 0 > ¢ > —1. Since ¥,(z) — 0 as z — a for each
n, it is easy to check that ¢(z) — 0 as z — a. Finally, if r > 0 and n is chosen
so that r, < r, then for z in G\ B(e;r), ¢(z) < (-27")Yn(z) = -27".

(b) implies (c). This is trivial.

(c) implies (d). Let 0 < € < r3; put B, = B(a;e). f GN 8B, # 0,
write G N 3B, as the disjoint union of a non-empty compact set K, and a
relatively open set U whose arc length as a subset of the circle is less than
2ne/r. Let g be the solution of the Dirichlet problem on the disk B, with
boundary values rxy. Observe that 0 < g < r and g is continuous at the
points of U with g({) = r there. Writing g as the Poisson integral on the
disk B, it is easy to see that g(a) <e. {GNOB, =0, let g =0.

Let ¢ be as in the statement of (c) and define § : G(a;e) — R by
0 = r(¢/a) + g+¢, where a = max{¢#(z) : z € K,}. Since ¢ is negative and
usc, a < 0. Note that 0 is superharmonic on G(a;¢) and 8 > € there. Now
let n be any function in P(|¢ - af, G(a;1)).

Claim. For any ¢ in dG(a;¢), limsup,_7(z) < liminf, ¢ 6(2).

In fact, 3G(a;e) = (B.NIG)U(GNAB,). If { € BN AG, then
limsup,_.¢n(z) < | —a] < € < liminf,_.¢8(z). If ( € GN I B, then
limsup,-,.7(z) < rand liminf, ¢ (z) > r liminf, .¢(¢(z)/a)+liminf, ..
g(z)+¢.If ( € K., then this gives that liminf,_.; 8(z) > r+liminf,_¢ g(z)+
€ 2 r.If { € U, then we get that liminf,_.¢ 6(z) > 0+liminf,_.¢ g(z) +€ =
r + € > r. This proves the claim.

The Maximum Principle implies < 8 on G(a;¢); so if u is as in (d), then
u < 0 there. Since ¢(z) — 0 as z — a, limsup,_,0(z) = lim, ., 0(z) =
g(a) + € < 2¢. Thus 0 < limsup,_,, u(z) < 2¢. Since £ was arbitrary,
u(z) - 0as z —a.

(d) implies (f). This is trivial.

(f) implies (a). Let r and u be as in the statement of (f). Note that
u(z) = r when z € GNJ B,, so that if ¥, = r~'u on G(a;r) and ¥, =1
on G\ B(a;r), then 9, is superharmonic on G, 0 < ¢, < 1, ¥,(2) = 0 as
z—a,and ¥.(z) = 1asz—(on GNIB,.

Now let 0 < s < r and let v be the solution of the Dirichlet problem
on G(a;s) with boundary values | — af. Since |z - a] is a subharmonic
function, |z — a| € P(|¢ - a|, G(a;r)); therefore |z - a| < u(z) on G(a;7).
Thus u € P(|¢ —a|, G(g; s)) and so v(z) < u(z) for all z in G(a; ). But this
implies that v(z) — 0 as z — a. But's was arbitrary, so if the argument
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of the preceding paragraph is applied to the function v, we get a barrier
{¥,:0<s<r}.

It is trivial that (c) implies (e) and the proof that (c) implies (d) given
above shows that (e) implies (f). O

Note that the existence of a barrier for G at any of its boundary points
implies the existence of a non-constant negative subharmonic function on
G. Thus a region is hyperbolic if there is a barrier at one of its boundary
points.

In the next lemma it is important to emphasize that the set G is not
assumed to be solvable.

10.2 Lemma. Assume there is a barrier for G at a and f is a real-valued
function defined on 8.G.

(a) If f is bounded below, then

lim inf f(z) > min {h?;lgf /(C),f(a)} :

z—a
(€8xG

(b) If f is bounded above, then

lim sup f(z) < max { limsup £(¢), f(a)
(€0uG

(The reason for taking the minimum and maximum in parts (a) and (b),
respectively, is that the definition of the limits inferior and superior of f as
2z approaches a does not use the value of f at a.)

Proof. It suffices to prove only part (a). Let p be the right hand side of the
inequality in (a) and let m be a constant such that inf{f(¢) : ¢ € .G} >
m. We will only consider the case that a # co. If p > 8 > m, let r > 0 such
that f(¢) > B for ( in 8GN B,, B, = B(a;r). Put u = the solution of
the Dirichlet problem on G(a; r) with boundary values |¢ —a; so u(z) — 0
as z — a by the preceding theorem. If u is extended to all of G by setting
u = r on G\ By, then u is superharmonic (verify!). It is easy to check
that 8 — r=!(8 — m)u belongs to the lower Perron family for (f,G). Thus
f2A8-r~'(8-m)uandso

y_zginff(z)ggmf[ﬂ-”""u] = 8.

r

Since 3 was an arbitrary number smaller than p, we have proved the lemma.
m]
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10.3 Definition. Say that a point a on the extended boundary of an
open set G is a regular boundary point for G if for every bounded function
f : 805G — R that is continuous at a,

lim £(2) = f(a) = lim f(2).

So the open set G is a Dirichlet set if and only if every extended boundary
point of G is a regular boundary point. The next proposition was essentially
proved in Theorem 10.4.3. Half the proof was given there; the other half
comes from the preceding lemma.

10.4 Proposition. There 1s a barrier for G at the point a in 0,G if and
only if a is a regular boundary point of G.

The next small result is an emphasis of the fact that the condition that
a point a is a regular point for G is a local property. That is, this condition
is only affected by the disposition of G near a. This is clear from Theorem
10.1.

10.5 Proposition. If a is a regqular point for the open set G and H 1s an
open subset of G such that a € 0, H, then a is a regular pownt for H.

10.6 Lemma. If G is a region and there 1s a negative subharmonic function
¢ on G whose least harmonic majorant is 0, then there 1s a negative subhar-
monic function ¢o on G that is not identically —oo such that if ( € 8,,G
and limsup,_. ¢(z) < 0, then ¢o(z) — —o0 as z — (.

Proof. Let {Gn} be a sequence of smooth Jordan regions with ¢l G, C
Gn+1 and G = U, G,,. For each n define the function ¢, on G by ¢, = ¢
on G\ G, and ¢, = the solution of the Dirichlet problem on G, with
boundary values ¢|3G,. According to Corollary 8.3 and the hypothesis,
én(z) — 0 as n — oo. Fix a point a in G; passing to a subsequence if
necessary, it can be assumed that 3, |¢n(a)| < co. By Proposition 4.6.e,
#0(z) = 3, #a(2) is a negative subharmonic function; by construction it
is not identically —oo.

Now fix a point ¢ in 9.G and assume that limsup,_ . ¢(z) < 0. Let
r > 0 such that ¢(z) < -8 < 0 for z in G({;r). Let n be an arbitrary but
fixed positive integer. There is an r, < r such that B({;r,)Ncl G, = 0.
If 2 € G(¢;Tn), then for 1 < m < n, ¢m(2z) = @(z) < —8. Thus ¢p(z) <
Y or 1 ®m(z) < —né for z in G(¢; ). Since n was arbitrary, ¢o(z) — —oo0
asaz—(¢ O

Now for the promised converse to Proposition 9.5.

10.7 Theorem. If G is a region in C, such that 0,G has at least two
points, then G is solvable if and only if it is hyperbolic.
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Proof. It suffices to assume that G is hyperbolic and prove that it is solv-
able. Since G is hyperbolic, it has a Green function g; let ¢(z) = —g(z,a)
for some a in G. So ¢ is a negative subharmonic function with 0 as its least
harmonic majorant (9.2). Let ¢ be the negative subharmonic function as
in the preceding lemma.

To show that G is solvable, let f : 3,,G — R be a continuous function
and fix an arbitrary positive €.

Claim. If € 9, G, lim, _.¢ sup(f(z) +edo(2)] < f(4)-

If ¢(z) = 0 as z — ¢, then ( is a regular boundary point (10.1) and
so f(z) — f(¢) as z — ¢. Since ¢ < 0. this proves the claim in this
case. In the other case, limsup, .. ¢(z) < 0 and so the lemma implies that
#0(2) — —o0 as z — (. This proves the claim in this case also. ]

But the claim implies that f + ey € P(f,G) and so we have that f +
edo < f < f. Since ¢ was arbitrary, f = f and so G is solvable. O

From this point on the term “solvable set” will be dropped in favor of
“hyperbolic set” since this is standard in the literature.

Now let’s turn our attention to a consideration of the irregular points of
an open set. Recall that at the end of §10.3 it was shown that the origin is
not a regular point of the punctured disk. That same proof can be used to
prove the following.

10.8 Proposition. If G is an open set and a is an isolated point of 9, G,
then a is an wrregular point of G.

10.9 Proposition. If G is an open set and a € 9y, G, then a is a regular
point if and only if for every component H of G either a is a regular point
of Horaé¢cl H.

Proof. Assume a is a regular point of G; let > 0 and let ¢ be a negative
non-constant subharmonic function on G(a;r) such that ¢(z) — 0 as z — a.
If H is a component such that a € clo, H, then a € 8., H and 6 =¢|H(a;r)
is a non-constant negative subharmonic function such that $1(z) = 0 as
z—>a.

For the converse, it only makes sense to assume that G is not connected.
So each component of G is a hyperbolic region. Let {Hn} be the com-
ponents of G and for each n let h, be defined on 9y H, by hn(¢) =
min{d((,a),1/n}. Let up be the solution of the Dirichlet problem on H,
with boundary values A,,. Note that if a € 3., H,, then a is a regular point
of Hp by assumption and so un(z) — 0 as z — a. Define u on G by letting
u = ~u, on H,. So u is a non-constant negative harmonic function.

Claim. lim,_,u(z) =0.
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To see this, let ¢ > 0 and choose ng > e~ ). For 1 <n < ng, let ra > 0
such that either B(a; ) Ncloo Hy = 0 or uy(2) < € for z in Hyp(a;r,). Thus
|u(z)| < € for z in G(a;r), where r = min{r, : 1 < n < ng}. By Theorem
10.1, a is a regular point of G. O

10.10 Corollary. If {H,} are the components of G, then every point in
850G \ UnOoH,, is a regular point.

So in a search for irregular points it suffices to examine the boundary
points of the components of G. The next proposition says that in such a
search we can ignore those points that belong to the boundary of more
than one component.

10.11 Proposition. If a € 0,,G and a is an irregular point, then there is
a unique component H of G such that a € O, H.

Proof. Assume a is an irregular point and let {H,} be the collection of
those components of G such that a belongs to their boundary. The pre-
ceding corollary says that this is a non-empty collection. Suppose there
is more than one such component. If k is arbitrary and j # k, then
a € cloH;j C Cy \ Hi and cl Hj is connected. By Theorem 10.4.9 this
implies a is a regular point of H) for each k > 1. By Proposition 10.9, a is
a regular point of G, a contradiction. O

10.12 Corollary. If a € 3G and there is a component H of G such that
a is a regular point of H, then a is a regular point of G.

Proof. If a were an irregular point of G, then the preceding proposition
would imply that H is the unique component of G that has a as a bound-
ary point. Thus the assumption that a is regular for H contradicts the
assumption that it is irregular for G. O

Later (§21.6) we will return to an examination of irregular points.

Exercises

1. Let G =D\ [{0}uUUs>, Dn), where D, = B(apn;7s) with 0 < an < 1
and the radii r, chosen so that r, < a, and the disks {D,} are
pairwise disjoint. Show that G is a Dirichlet region.

2. Let G =D\ {J., Dn, where {D,} is a sequence of pairwise disjoint
closed disks such that the accumulation points of their centers is
precisely the unit circle, 3D. Show that G is a Dirichlet region.
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§11 The Dirichlet Principle and Sobolev Spaces

In this section a classical approach to the Dirichlet problem is explored. The
idea is that if G is a region and if f is a function on 8 G, then the solution
of the Dirichlet problem with boundary values f is the function uz on G
that “equals” f on the boundary and minimizes the integral [|Vu|?dA.
This will be made precise and proven as the section develops.

We begin by defining a Sobolev space that is suitable for our needs. We
will only scratch the surface of the theory of Sobolev spaces; indeed, we
will use little of this subject other than some of the elementary language.
A fuller introduction can be found in Adams {1975 and Evans and Gariepy
(1992).

Recall that CZ° is the collection of infinitely differentiable functions on
C that have compact support.

11.1 Definition. If ¢, ¢ € C®, define
(¢M)=/¢$¢A+/6¢5¢“¢A+/5¢a‘$u

and let W2 = W2(C) be the completion of C®® with respect to the norm
defined by this inner product.

Of course it must be shown that (, -) defines an inner product on C¢°, but
this is a routine exercise for the reader to execute. (Recall that 3y = 8y

and &y = %). To record the notation, note that
117 = 112 = {161 + 99 + Bl

The space W2 is an example of a Sobolev space. The superscript 2 in
W is there because we have used an L? type norm. The subscript 1 refers
to the fact that only one derivative of the functions is used in defining the
norm. The first task is to get an internal characterization of the functions
that belong to W2. The term weak derivative of a function u will mean the
derivative of u in the sense of distributions.

11.2 Theorem. A function u belongs to W2 if and only if u € L? and
each of the weak derivatives du and Bu is a function in L2.

Proof. First assume that u € W and let {¢,} be a sequence in C®
such that ||lu — ¢,|| — 0 as n — 0. This implies that ¢, — u in L? and
that {8¢,} and {9¢,} are Cauchy sequences in L2. Let u, and u; € L?
such that 3¢, — u; and 8¢ — up in the L? norm. If y € C, then
Jw1¥dA = lim, [(8¢n) WdA = —lim,, [ pnO¥dA = - [udyYdA. Hence
4) = Bu, the weak derivative of u. Similarly u; = Ju.
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Conversely, suppose that u, du, and Ou belong to L2. For each n > 1,
let fn € C° such that 0 < f, <1, fa(z) =1 for |z| < n, fa(z) =0 for
lz| > n+1, and |8fal, |8fn| < 2 throughout C. Let u, = u fn; so up, has
compact support, un, € L?, and u, — u in L2. Also the weak derivative
Oty = (8fn) u + fn(Ou) and f,(Ou) — Ou in L2. On the other hand

/ (8fa) ul’dA = / IR OANEY

< 4 / lu[2dA
n<|zi<n+1
- 0

as n — 00. Hence du, — Su in L2. Similarly Su, — Bu in L2. This
argument shows that it suffices to show that u € W2 under the additional
assumption that u has compact support.

Now let {¢.} be a mollifier. Since u has compact support, ¢, * u — u
in L? and ¢, * u € C™ (18.3.6). Since du € L? and has compact support,
O(¢e *u) = ¢, * Ou — Ou in L2. Similarly &(¢, * u) — Ou in L2 Hence
de*u—uin W2. O

Now to give W2 another inner product that is equivalent to the original
when we restrict the supports to lie in a fixed bounded set. This is done

in the next proposition, though the definition of this new inner product
comes after this result.

11.3 Proposition. If G is a bounded open set in C, then there is a constant
M > 0 such that for all ¢ in CX(G)

616z < 0a° | [100 da + [ Bofiaal.
Proof. Clearly it suffices to show that there is a constant M such that
[1opan<me{ [ 10oraa+ [1Boaal.
To this end, let Q be an open square, @ = {z : [Re 2| < R, [Im 2| < R},

that contains the closure of G. If ¢ € C°(G) and 9, ¢ is its derivative with
respect to the first variable, then for z = z + iy

/ T bt +iy) dt
-R
2 1/2 z 1/2
[ / lzdt] [ 1016(¢ + i) ? dt]
-R -r

R 1/2
V2R [ / [010(t + iy) th} .
-R

lé(z)] =

IA

IA
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Thus R R
/ l6(z + iy)[Pdz < 4R? / 10,6(z + )| dz,
R R

from which we get that

2M = ¢2dA

/ 10| /Q 161

4R? / (191612 + 182617 dA
Q

IA

8R? / [1081* + |06(%] dA.
a
The preceding inequality is called the Poincaré Inequality.

11.4 Definition. For a bounded open set G, let W2 (G) = the closure of
C%(G) in W}. The inner product on W (G) is defined by

115 (u,0)G = / OuTodA + / BududA.

The norm on W (G) is denoted by |jul|% = (u,u)c.

By the preceding proposition, the inner product defined in (11.5) is equiv-

-]
alent to the one inherited from W2. When discussing W? (G) we will almost
always use the inner product (11.5).
(-]

Now to prove a few facts about the functions in W and W? (G). Most
of these results are intuitively clear, but they do require proofs since their
truth is not obvious.

11.6 Lemma. If u € W} with weak derivative 8)u, then there is a function
u* in W such that:
(i) u* =u a.e. [Area);
(ll) 31u' = 31u a.e. [Area],
(iii)) u® is absolutely continuous when restricted to a.e. line parallel to the
real aris.

Proof. As in the proof of Theorem 11.2, it can be assumed that u has
compact support. Since 8,u € L? and has compact support, 3,u € L!. This
implies that for a.e. y in R, the function £ — d,u(z + iy) is an integrable
function on R. Define u* on C by

u'(z +iy) = / Ou(t + iy) dt
—o0
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when this integral exists. Thus u* is absolutely continuous on almost every
line parallel to the real axis and 6 u* = 6,u a.e. [Area]. It remains to show
that u* = u a.e. [Area].

Let f and g be functions in C°(R) with f(z) = 1 in a neighborhood of
Re(supp u) and g arbitrary. Let ¢(z +iy) = f(z)g(y); so ¢ € C=(C). Thus
J #(81u) = — [(81¢)u = 0 since &1¢ = f'(z)g(y) = 0 in a neighborhood of
Re(suppu). Therefore

0

JECL
[ <] 00
= [Cow|[ oute+was) .
But g was arbitrary so we get that
11.7 / Su(z +iy)dz =0
for almost all y in R.

Now if ¢ is any function in C2°(C), then using integration by parts with
0® = ¢,

/wu = /:;[/_:¢(z+iy)/;a,u(t+iy)dtdz} dy

oo

/_ : { [q»(z +iy) /_ l Bru(t +iy) dtL=-°°
¥

®(z + iy)oru(z + iy) d.t} dy.

~00

Now apply (11.7) to get

/¢u‘d.A= —/Qa,ud.A.

If ¢ is a function in CZ°(C) such that 9 = 1 in a neighborhood of supp u,
then

/wau = -/wa,uau
J @ aa
= /¢udA

Since ¢ was arbitrary, u* = u a.e. [Area]. O
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11.8 Lemma. If u € W? and u is real-valued, then for every constant
s > 0 the function u, = min(u,s) € W2 and [|[u,|| < |lu||. In particular
u* = max(y,0) = —min(-v,0), v~ = - min(x,0), end Ju} = u* +u”
belong to W1.

Proof. Let u* be the function obtained in Lemma 11.6. Thus u; = min(u®,
8) is absolutely continuous on the same lines as u*. Also Su; = Ou ae.
[Area) for u} < s and 8iu] = 0 a.e. [Area] for u; > s. On the set where
u? = s it is not difficult to show that 8yu} = 0 a.e. [Area]. Thus dyu; € L*.
But u* = u ae. [Area) so u* = u, a.e. [Area]. Thus &u, € L?; similarly
8u, € L2. Since u, clearly belongs to L?, we have that u, € W? by
Theorem 11.2.
The proof of the remainder of the lemma is left as an exercise. O

o
11.9 Proposition. Let G be a bounded open set. If u eW? (G), thenu =10
a.e. [Area] on C\ G. If u € W? and u is zero off some compact subset of

G, then u €W} (G).

o
Proof. First assume that u €W? (G) and let {¢,, } be a sequence in CZ(G)
such that ||¢, — u|| — 0. So in particular, [ |¢, — u[?dA — 0. By passing
to a subsequence if necessary, it can be assumed that ¢, — u a.e. [Area].
Since each ¢, vanishes off G, u = 0 a.e. [Area] off G.

Now assume that u € W2 and u = 0 off K, a compact subset of G.
It suffices to assume that u is real-valued. By Lemma 11.8 it also can be
assumed that u > 0 and u is bounded. If {¢,} is a mollifier, then ¢, * u €
C2°(G) for all sufficiently small . It is left to the reader to use Proposition
18.3.6 and the fact that 8(¢, *u) = ¢, * u and (¢, *u) = ¢, * Ou to shov

that ||¢. * u — u|| — 0. Hence u eW? (G). O

The preceding result can be improved siginificantly to give a character-
o
ization of those functions in W7 that belong to W2 (G). Using the notion

o
of capacity (§21.7) it can be shown that if u € W2, then u €W (G) if
and only if u is zero off G except for a set having capacity zero. This result
exceeds the purpose of this book and will be avoided except for its role in
justifying a certain point of view, which we now examine. The interested
reader can see Bagby {1972] or Aleman, Richter, and Ross [preprint] for
another description.

Now we return to the study of the Dirichlet problem. The idea here
is to use the preceding proposition to replace or weaken the idea of two
functions having the same boundary values. Specifically we will say that

o

two functions u and v in W} agree on 8G if u —v €W (G). (Of course the
functions will be restricted in some further way.) Since Proposition 11.9
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says that u — v is 0 a.e. on C\ G, this is safe. In light of the referred result
that u — v must vanish on the complement of G except for a set of capacity
0, the stability of the ground on which this statement is based is increased.

Another essential ingredient in this mathematical stew is the next propo-
sition. A small abuse of the language will be employed here; for a function
u in W we will say that u is harmonic (or analytic) on the open set G if u
is equal a.e. [Area} on G to a function that is harmonic (or analytic) on G.

11.10 Proposition. If u € W? and G is a bounded open set, then u is
o
harmonic on G if and only if for every v in W2 (G)

(u,v)g = /[Bugﬁ + 0udv)|dA = 0.

Proof. First notice that in the above integral the fact that the function

v belongs to W (G) implies that it is 0 off G and so the integral can he
taken over G. Consider u as a distribution on G. For any ¢ in C*(G)

(u,9)G = —200u(¢).

__Thus the condition in the proposition is equivalent to the condition that
ddu = 0 as a distribution on G. According to Weyl’s Lemma (18.4.10) this
is equivalent to the condition that u is harmonic on G. O
11.11 Corollary. If G and 2 are bounded open sets with cl G C Q and

o (]
u €WE (Q), then u is harmonic on G if and only if u LW? (G).

11.12 Dirichlet Principle. Let G and Q be bounded open sets with cl
o
G CQandlet f eW? ().

o o
(a) Ifu eW? () such that u is harmonic on G and u — f €W? (G), then

[ 10wl + [BulflaA < [ 100l + Boflan
G G

for all v in W2 (Q) such that v — f eW? (G).

(b) Ifu is the orthogonal projection of f onto W2 (G)L, then u is harmonic
on G andu — f eW? (G).

o o
Proof. Let P denote the orthogonal projection of W32 (2) onto W32 (G)*.
o
Note that for functions w in W (G), ||lwllg = ||w||o. We therefore drop
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the subscripts G and Q from the notation for the norm and inner product
while in this proof. .
(a) Since u is harmonic on G, the preceding corollary implies u LW?

(G). Thus Pf = P(f — u) + Pu = u. Hence if v is as described in (a),
llull = [IPfIl = |[P(f ~ ) + Pv|| = [[Pv]| < [lv[l, proving (a).

o
(b) Now assume that u = Pf eW2 (G)*. By Corollary 11.11, u is
harmonic on G. Also P(u ~ f) =0,s0u~ f €W2 (G). O

Can the Dirichlet Principle be used to solve the Dirichlet problem? The
answer is yes if the region G and the boundary values are suitably restricted.
Indeed this was the classical way in which the Dirichlet problem was solved.
Let’s look more closely at this. First, as we mentioned before. the condition

o
that u — f €eW! (G) says that u and f agree on 8G. So if we are given a
continuous function g on 3G, we would like to get a region Q containing cl
o

G and a function f in W} () that agrees with g on 3G. This is not always
possible if g is only assumed continuous.
Let g € C(OD); we want to get a region §2 that contains ¢! D and a
o

function f in W (Q) with f|dD = g. Clearly we can take Q to be an open
disk about 0 with radius > 1. Thus " |9 f(re*)[2d8 < oo for almost all r,
0 <r < 1+¢. It isleft as an exercise for the reader to show that this implies
(is equivalent to?) the statement that g(e*’) has a Fourier series 3 cae®
with 3° Injea|? < 00. Clearly there are functions in C(9 D) that do not have
such a Fourier series, so without a restriction on the boundary functions
the Dirichlet Principle cannot be used to solve the Dirichlet problem. Once
the boundary function is restricted, however, the Dirichlet Principle does
give the corresponding solution of the Dirichlet problem. Before seeing \his,
the stage must be set.

11.13 Lemma. If G 13 a Jordan region and § < 6§, = min{diam v :
7 is a boundary curve of G}, then for every a in G and allp in W2 (G),

/ I6%dA < 8x26° / 9612 + [Bo2ldA.
B(a:6) B(a:8)

Proof. Without loss of generality we may prove the lemma for functions

¢ that belong to C(G). Fix a in G and let v be the component of G

that contains a. If 0 < & < &, 8B(a;6) Ny # 0. For ¢ in C(G), since

;Iupport ¢ C G foreachr, 0 <r <4, thereis a 4, with ¢(a + rer) = 0.
ence

. ¢ 3¢ :
+re® =/ - *)dt.
od(a + re*®) A 89(a+re )
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Applying the Cauchy-Schwarz Inequality and extending the interval of in-
tegration gives

9¢

2
- t.
a d

(a+re®)

27
I$(a +re)? < 2r /
0

Thus
2n . 27 a¢ " 2
/ |d(a + re®))2do < 47r2/ —{a +re*)
0 o |08

Observe that 2{|8¢|? + |0¢|2] = r~2(|0¢/36|? + |0¢/8r|?]. Now for r < §,
27 2
/ |#(a + re*®)|2df < 4n%82 / L 6
0 0

;—2' % dt.
Now integrate with respect to rdr with 0 < 7 < § and we get
1 0¢

2
dPdA < 4n?8? / - =
-/B(azé)l ! B(a:6) r2 96

dA
826 / (100[2 + [F6fF)dA. O
B(a:6)

dt.

27 .
(a +re*)

IN

The reader will note similarities between the proof of the next lemma
and that of Theorem 7.15.

11.14 Lemma. Let G be a bounded region, let {G, } be a sequence of Jordan
regions such that cl G, C Gp4) for alln and G = UaG,, and let f be a
continuous function on cl G. If u is the solution of the Dirichlet problem
for G with boundary values f{@G and, for each n, u, ts the solution of the
Dirichlet problem for G, with boundary values f|3G,, then uy(z) — u(z)
forallzinG.

Proof. Fix ag in G}; it will be shown that un(ag) ~ u(ao). The proof is
obtained by considering several special classes of functions f. In each such
case u and u,, are as in the statement of the lemma.

First assume that f = p, a polynomial in z and Z that is subharmonic in
a neighborhood of cl G. For each n > 1 define v, : C — C by letting v, = p
on C\ G,, and letting v, = u, on G,. So v, is subharmonic on C; since
G, is a Dirichlet region, v, is also continuous. By the Maximum Principle,
vn > pon Gy,

Because cl G, C Gn41, another application of the Maximum Principle
implies that v, < v,4+, on C. Moreover, each v, belongs to the Perron
family P(p, G) and so, on G, v, < p, the solution of the Dirichlet problem
on G with boundary values p. Thus v(z) = lim, ¥n(z) = lim, u,(2) is
a harmonic function on G and v < p = u. On the other hand, we have
that v, > p on G, so that v > p on G and, hence, v € P(p,G). Thus
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v > u so that, in fact, v = u. This proves the lemma whenever f is such a
polynomial.

Now let f be any polynomial in z and Z and choose a constant ¢ > 0
such that f + cjz|? is subharmonic in a neighborhood of cl G (see the proof
of Theorem 7.15). Let v, (respectively, v) be the solution of the Dirichlet
problem on G, (respectively, G) with boundary values c|z|2. According
to the preceding paragrapl, un(z) + vn(z) — u(2z) + v(2) for all z in G.
But c|z|? is also subharmonic, so again the preceding paragraph implies
vn(2) = v(2) for all z in G. Thus the lemma holds for all polynomials.

Now let f be arbitrary and let ¢ > 0; pick a polynomial p such that
|f(z) = p(2)| < € for all z in cl G. Let v, (respectively, v) be the solution
of the Dirichlet problem on G, (respectively, G) with boundary values p.
Now on 8G,, p—€ < f < p+¢; hence v, ~€ < un < vy +€ on Gp.
Similarly, v — € < u < v+¢€ on G. It follows that |u — u,| < |[v —va| +2¢
on G, and so the lemma holds. O

The preceding lemma will be generalized in Theorem 21.10.9 below.

11.15 Theorem. Let G be a bounded region, let 2 be an open set with cl
G C Q, and assume that f eW? (Q) such that f is continuous oncl G. If
o -]

u is the orthogonal projection of f onto W2 (Q)N W (G)*, then u is the
solution of the Dirichlet problem on G with boundary values f.

Proof. We already know from the Dirichlet Principle that u is harmonic
on G. We first prove this theorem for the case that G is a Jordan region.
Then Lemma 11.14 can be used to prove it for arbitrary bounded regions.

The assumption that G is a Jordan region guarantees that every point
of 3G is a regular point; so we need to show that, for each a in G, u(z) -~
f(2) - 0 as z — a with zin G. So fix a in 3G and let §, be as in Lemma
11.13; let € > 0 be arbitrary. Since f is uniformly continuous on cl G, there
is a §, > 0 such that |f(z) — f(w)| < € for z,w in c] G with |z - w| < .
Now let § be less than both §, and 8y/2; § will be further restricted later in
such a way that it only depends on the point a. Fix z in G with |z ~a| < §.
Letting 6, = dist(z,0G) < |z — a|, the Mean Value Property of harmonic
functions implies

wz)~ f(z) = % /B RLIEC
1 1
11.16 - 7r——6§ v/;(z:&)(u - f) A - m ‘/B(z:6z)lf - f(z)] dA.

Now |f(w) — f(z)| < € for all w in B(z;62) so the absolute value of the last
of these two summands is less than €. Also the Cauchy-Schwarz Inequality
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gives that
2

[ w-nadl <nf [ - sPas
B(z:63) B(z:62)

Now B(z;82) C B(a;26) and 26 < 8y. Using Lemma 11.13, this transforms
the preceding inequality into

/ (u— f)dA
B(z:83)

2

IA

w [ u-fPda
B(a:26)

IN

sertst [ (00— D)+ B~ DlA

Using (11.16) this gives

4

lu(2) - f(2)} < V32r [/;( 26)[I<9(u =P +18(u - fP|dA| +e.

a;
Because d(u — f) and &(u — f) are square integrable, § can be chosen
sufficiently small, depending on a, that |u(z) — f(z)| < 2¢ when |z —a| < .

This proves the theorem for the case that G is a Jordan region. The

details in applying Lemma 11.14 to obtain the arbitrary case are left to the
reader. O

Exercises

1. Show that 9¢3v + 3¢3¢ = 1(V¢ - V) for ¢ and ¥ in C.
2. Show that if u € W? and ¢ € C(G), then ¢u eW? (G).

3. Prove a version of Lemma 11.8 for functions in W3 (G).



Chapter 20

Hardy Spaces on the Disk

In this chapter the classical theory of the Hardy spaces on the open unit
disk will be explored. The structure of the functions belonging to the spaces
HP will be determined, and this will be applied to characterize the invariant
subspaces of multiplication by the independent variable on a Hardy space.

§1 Definitions and Elementary Properties

Here we introduce the Hardy spaces HP of analytic functions on the open
unit disk.

1.1 Definition. If f : D — C is a measurable function and 1 < p < oo,
define

2 1/p
M= [ [ irtretpas]

also define
Mo(r, f) = sup{| f(re®®)| : 0 < 6 < 2}.

For any value of p. 1 < p < 20, let H? denote the space of all analytic
functions on D for which {|f{|, = sup, ., Mp(r, f) < oco.

If f:D—Cand0<r<1,denote by f, the function defined on 8D by
fr(2) = f(rz) (as in §19.1). Thus for any such r, My(r, f) is the L? norm
of f. From this observation it follows that || - ||, is a norm on H?. In fact,
we will see that H? is a Banach space (1.5).

Also from standard LP space theory, HP C H" C H'if 1 < r < p.
In particular H* is the space of bounded analytic functions on D and
H*>™ C HP for all p.

The same definition applies for 0 < p < 1, though the “norm” for this
range of values of p must be redefined (without taking the p-th root). This
will not be pursued here. The interested reader can consult Duren [1970),
Hoffman (1962}, or Koosis [1980] for this topic.

1.2 Proposition. If f : D — C is an analytic function and 1 < p < 00,
then || f]lp = lim, ;- Mp(r, f).

Proof. Assume that p is finite. From Example 19.4.16 we know that z —
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|f(2)IP is a continuous subharmonic function and so (19.4.9) Mp(r, f) is an
increasing function of r. Therefore the supremum must equal the limit.

By the Maximum Modulus Theorem M (r, f) is also an increasing func-
tion of . Thus the proposition also holds for p = co. O

Note that if f € H!, then, by Theorem 19.2.12, there is a measure x on
0D such that f = . Alsoif 1 < p < 00 and f € HP, then f = § for some
g in L?(0D). Moreover in the case that p > 1, f, — g ae. [m]asr — 1.
In particular, each function in HP, 1 < p < oo, has non-tangential limits
at almost every point of 9 D.

There are two questions that occur here. First, when p > 1, which func-
tions g in L, can arise in this way? Note that when we answer this question
we will have identified HP with a certain subspace of L? and thus have the
possibility of combining measure theory with the theory of analytic func-
tions.

The second question concerns the case when p = 1. Here the theory
becomes more subtle and difficult. If f € H?, then Theorem 19.2.12 says
that the radial limit function g for f exists and g = the Radon-Nikodym
derivative of u with respect to m, where f = ji. It will turn out that x is
absolutely continuous with respect_to Lebesgue measure so that, indeed,
f = g. This is the F and M Riesz Theorem proved in §3 below. For now
we content ourselves with complete information when p > 1 and partial
information when p = 1. Recall (18.7.1) that for any function f (respec-
tively, measure u), f (respectively, ji) denotes the Fourier transform of f
(respectively, u).

1.3 Theorem. If1 < p < 00 and f € L? such thatf(n) =0 forn <0,
then f, the Poisson integral of f, belongs to HP. Moreover:

@) Nllp = 1 fllps
(b) f1<p<oo, |fr—fll,—0asr—1~;
(c) f p=oo, fr — f weak® in L® asr — 1-.

Proof. If z = re € D and [w| = 1, then P,(w) = Y20 ___ rinleinfym,
Hence

f(2)

j £() P (w) dm(w)
/ f(w) Z ri*leTT dm(w)

n=-00

Z r""e"'o/f(w)w" dm(w),

n=-2
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since the series converges uniformly in w. Therefore

oo

fly= 3 re?f(n) =" f(n)z"

n=-00 n=0

since, by hypothesis, f(n) = 0 when n < 0. Thus f has a power series
expansion in D and so f is analytic on D.

Also for 1 < p < oo, W= fllp—=0asr—1- (19.1.4). If p = oo, then
"fr“oo < “f”oo Hence’ m elther case, Sllp,. p(r f) = Sl.lp,. ”f"”P < o0
and so f € HP. The remaining details are easily deduced from Theorem
19.14. O

What about the converse of the preceding theorem? Here is where we
must assume that p > 1 and postpone consideration of the case where
p = 1 until later. Suppose that f € HP, 1 < p < oo, and let g be the non-
tangential limit function of f. That is, g(w) = lim f(rw) = lim f, (w) a.e.
[m] on 8D. By Theorem 19.2.12, g € LP. Now if 1 < p < oo, ||fr—gll, — 0.
Thus

a(n) / o(w) T dm(w)

fim [ f.(w) T dm(w)

= r[‘g’_ fr(n)'

But f(z) = 3 g anz™ for |2| < 1, with convergence uniform on proper
subdisks of D. It follows (how?) that f,(n) = a,r™ if n > 0 and f,(n) =0
if n < 0. Therefore §(n) = an if n > 0 and §(n) = 0 if n < 0. By Theorem
1.3, g € HP. But also (see the proof of Theorem 1.3) for |z| < 1,

§2) =Y a(m)z" =Y anz".
0 0

Hence § = f and the desired converse is obtained.

If p = oo, then it is not necessarily true that f. — g in L* norm, but
it is true that f, — g weak® as r — 1—. Since w™ € L! for every n, the
argument of the preceding paragraph shows that §(n) = 0 for n < 0 and

= f. This discussion can be summarized as follows.

1.4 Theorem. If1 < p < 0o and f € HP, then g(w) = lim,_.;- f(rw)
defines a function g in LP with g(n) =0 forn <0 and § = f.

These last two theorems establish a correspondence between functions
in HP (defined on D) and the functions in

HP ={feL?: f(n) =0 for n < 0},
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but only when p > 1. Now it is easy to see that HP is a closed subspace of
L? and we are led to the following.

1.5 Theorem. If 1 < p < oo, then the map that takes f in HP to its
boundary values establishes an isometry of HP onto the closed subspace HP
of LP. Thus HP is a Banach space. For p = 2, HP is a Hilbert space with
{1,2,22,...} as an orthonormal basis. For p = co, H® 1s the dual of a
Banach space since H™® is a weak® closed subspace of L>.

Because of this result we can identify the functions in H?, 1 < p < 20,
with their radial or non-tangential limits. Henceforward this identification
will be made without fanfare. In §3 we will prove this assertion for p = 1;
but first. in the next section, we will investigate another class of analytic
functions on D. This inforination will be used to derive the correspondence
between H! and H'.

Exercises

1. Supply the details in the proof of Corollary 1.5.

2. Let A= {f € C(@D): f(n) =0 for n < 0}. If f € A. show that its
Poisson integral. f. is an analytic functionon . Alsoifg: ¢l D — C
is defined by g(z) = f(2) for |z| < 1 and g(z) = f(z) for |z] = 1. then
g is continuous. Conversely. if g is a continuous function on ¢l D that
is analytic on D and f = g|@D. then g(z) = f(z) for |z| < 1. (See §4.)

3. Give a direct proof that H! is a Banach space.
4. Show that (1 - z)~' ¢ H!.

5. If 1 < p<ocandla] <1, define L, : H? — C by L,(f) = f(a) for
all f in HP. Show that L, € (HP)* and {[L,|} = (1 - |a|?)~"/P. For
p = 2. find the unique function k, in H? such that L,(f) = (f.k,)
for all f in H2.

6. Prove Littlewood's Subordination Theorem: If f and g are analytic
functions on D, f is subordinate to g (17.1.1), and g € HP, then
f € HP and ||f]|p < lgllp-

§2 The Nevanlinna Class

In this section we will study another collection of analytic functions which
is not a Banach space but includes all the Hardy spaces HP.
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2.1 Definition. A function f is in the Nevanlinna class (or of bounded
characteristic) if f is an analytic function on D and
2

sup 1 log* |f(re®®)|df < oo.
r<1 27 Jo

The Nevanlinna class is denoted by N.

Note that since log* |f(z)| is a subharmonic function (Example 19.4.7)

and is also continuous, 3 foz" log™ [f(re*®)] d8 is an increasing function of
r (19.4.9). Thus the definition of a function in the Nevanlinna class can
be weakened by only stipulating the finiteness of the supremum over a
sequence {rn,} with r, — 1. Also

1 2” + 10 — i 1 o + 19
supE[) log™ |f(re*”)}db = rl_l'I{l_ 5;[) log™ |f(re'”)|d0.

r<l

Since logz < P for £ > 1, we have the following.

2.2 Proposition. If 1 < p < ». then HP C N.

Thus every result for the Nevanlinna class is a result about functions
belonging to all the Hardy classes. Our immediate goal is to give a charac-
terization of functions in N {Theorem 2.10 below) and to study the zeros of
these functions. In the next section we will obtain a factorization theorem
for this class. We begin with an elementary but important result.

2.3 Lemma. If {a,} is a sequence in D, the follounng statements are
equivalent.

(8) Yomzi(l-lan]) < oo.
(b} TTox,lan| converges.
(c) 2 ,loglan] < co.

d) JI2,lee (lﬂ-'—“) converges uniformly and absolutely on compact

n=1 a, 1-Qnz

subsets of D.

Proof. The proof that (a), (b), and (c) are equivalent can be found in §7.5.
The fact that (a) implies (d) is Exercise 7.5.4. By evaluating the infinite
product in (d) at z = 0, (b) can be deduced from (d). O

2.4 Definition. A sequence {a,} satisfying one of the equivalent conditions
in the preceding lemma is called a Blaschke sequence. If {an} is a Blaschke
sequence and m is an integer, m > 0, then the function

= lanl { an — 2
2.5 b(;)::’“l’[-;&(l:a_)

n=1
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is called a Blaschke product.

The factor z™ in the definition of a Blaschke product is there to allow b
to have a zero at the origin.

2.6 Proposition. If b is the Blaschke product defined by (2.5), then b €
H™ and [b(w)| = 1 a.e. [m] on 8D. The zeros of b are precisely the points
a;,82,... and, provided m > 0, the origin.

Proof. Let b, denote the product of z™ with the first n factors in (2.5).
It is easy to see that |b,(z)| < 1 on c! D and |ba(w)| = 1 for w in 3D. By
(2.3) |b(z)] <1 on D and so b€ H*. Also for n > k,

/]b,, - b)2dm = 2 [1 - Re/b,,i):dm]
2[1—Re/b—"dm].

br
Because n > k, b,/bi is analytic on D. Thus the mean value property

implies that
[ram=20= ] I
be bk -

j=k+1

Hence

/ [bn — bx|2dm = 2[1 - ﬁ la;1]-

j=k+1

But Lemma 2.3 implies that the right hand side of this last equation can
be made arbitrarily small for sufficiently large n and k. Therefore {b,} is
a Cauchy sequence in H? and must converge to some function f. If |z} < 1
and P, is the Poisson kernel, then P, € L? and s0 ba(z) = [ P,bpdm —
J P f dm. Hence it must be that f = b. That is, b, — b in H>.

Because we have convergence in the L? norm, there is a subsequence
{bn,} such that b, (w) — b(w) a.e. [m]. Since [b,,| = 1 a.e. on 3D, it
follows that [b| = 1 a.e. on dD. Finally, the statement about the zeros of
the Blaschke product follows from (7.5.9). O

We obtained a useful fact in the course of the preceding proof that is
worth recording.

2.7 Corollary. If {a,} is a Blaschke sequence, b is the corresponding
Blaschke product, and b, is the finite Blaschke product with zeros a,, .. ., an,
then there is a sequence of integers {nx} such that b,, — b a.e. on 3D.

The next result is the reason for our concern with Blaschke sequences.
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2.8 Theorem. If f is in the Nevanlinna class and ' f is not identically 0,
then the zeros of f form a Blaschke sequence. Moreover, if b is the Blaschke
product with the same zeros as f, then f/be N. If f € HP, then f/b € HP.

Proof. Tt suffices to assume that f(0) # 0. By Jensen’s Formula (11.1.2)

_l_ 16
2.9 /0 log £ (re®)|d8 = log |£(0)| + ¥ log(] k')

27
laxi<r

where a,, aa, . . . are the zeros of f, repeated as often as their multiplicity,
and 7 is chosen so that |ax| # r for any k. But log z < log" z and so, since

f € N, there is a finite constant M > 0 such that ;- foz' log |f(re'®)|d8 <
M for all r < 1. This implies, with a small argument, that y_4- | log (Tcl_n.\) <
0o. By Lemma 2.3, {ax} is a Blaschke sequence.

Now to show that f/b € N, when b is the Blaschke product with the
same zeros as f. It is left as an exercise to show that if f has a zero at
z = 0 of order m, then f/z™ € N. Thus we may assume that f(0) # 0
and hence b(0) # 0. If g = f/b, then g is an analytic function on D and
never vanishes. If z € D with lg(z)l < 1, then [f(z)| < [b(z)| < 1 and so
log* |g(z)| = 0 < —log|b(2)| = log* | f(2)| — log|b(z)|. If |g(z)] > 1, then
log* |g(z)| = log |g(2)] = log|f(z)| — log|b(z)] < log™ |f(2)| — log b(2)].
Thus we have that, for all z in D,

log* |g(2)| < log* | f(2)| — log b(z2)].
But log |b| is a subharmonic function and so for 0 < r < 1,

1 [ + i0 1 [ i0
- /o log™* 1f(re®)1dd — - /0 log [b(re™®)|d8

1 27!’ .
< L / log* £ (re™®)|df — log [5(0).
27!' 0 .

Since b(0) # 0, this implies that g € N.

Now to show that f/b € HP when f € HP. Let a;, ay, ... be the zeros of f,
repeated as often as their multiplicities, and let b, be the Blaschke product
with zeros ay,...,an. Put gn = f/b, and let M > [|f(rw)|Pdm(w) for all
r < 1. If € > 0, there is an 1o such that for ry < [z| < 1, |ba(2)] > 1 — €.
Therefore

1 + 10
o log™ |g(re™)|do

IA

[lorrupan) < [i7Gup dm
< _M_
T (1~¢)p

for ro < T < 1. Letting r — 1, we get that g, belongs to HP. Since ¢ was
arbitrary, we can let € — 0 to see that ||ga]l, < M for all n. By Corollary
2.7 there is a subsequence {g,, } such that g,, — g = f/b a.e. on 8D.
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Therefore g,, — g weakly in L?. Since each g, belongs to H? (why?),
ge HP. O

Here is the promised characterization of functions in the Nevanlinna
class.

2.10 Theorem. (F and R Nevanlinna) If f is an analytic function on D,
then f belongs to the Nevanlinna class if and only if f = g,/g2 for two
bounded analytic functions g, and g,.

Proof. First assume that f is the quotient of the two bounded analytic
functions g, and gs. It can be further assumed that |g;(z)| < 1 for z in D,
t = 1,2. Since f must be analytic, it also can be assumed that g» has no
zeros in ID. It follows that log |g;(z)| < 0 and so log | f| = log|g:1| — log |g2| <
—~ log |ga]; hence log* |f| < —log|g3| on D. This implies that

| S 1 [ 0
— 3 < —— (1
P /; log” |f(re®)ldd < -—o— /o log |g2(re™)|d8
= - log|g:(0)|
since log |g2| is harmonic. Thus f € N.

Now assume that f € N. By Theorem 2.8 we may assume that f does
not vanish on D. Hence u = log|f| is a harmonic function. Thus

wo) = [ loglseldm
= [1og* If,ldm - 0g™ If,| dm.
(Here log™ £ = — min{log z,0}.) Since f € N and the left hand side of this

equation is independent of r, it follows that sup, ., [log™ |f-|dm < oo.
Therefore

supllufy = sup [ llog £, | dm
r<l . r<l

= sup{log"’ |f,[dm+/log' lf,.ldm}
r<l

< o0

By Theorem 19.1.7, there is a measure u on 3D such that u(z) = i(z) =
J P.dp. Since u is real-valued, u is a real-valued measure. Let u = u, —pu_
be the Hahn decomposition of 4 and put uy = u;; so u, and u_ are
non-negative harmonic functions on D.

Now D is simply connected and f is a non-vanishing analytic function,
so there is an analytic function A on D such that f = e”; stipulate that
h(0) = log|f(0)| so that h is unique. Thus u = Reh and it follows (by



20.2. The Nevanlinna Class 277

uniqueness) that

h(z) = / 1i’“"am(w).

-2

Also let

w+ 2z
ha(e) = [ 222 dpstu)
Thus h = hy — h_ and Re hy = uz > 0. Put g; = e~?- and go = e™+;
so g1 and g; are analytic functions on D with no zeros. Also |gi(2)] =
exp(~Rehy(z)) = exp(—u4(z)) < 1. That is, g, and g2 belong to H™.
Finally, g1/g2 = exp(—h_-)/ exp(~h4) = exp(hy —h_) = f. O

2.11 Theorem. If f € N and f is not constantly 0, then f has a non-
tangential limit a.e. on D and log|f(e*?)| € L.

Proof. We begin by proving the corollary if f € H®. So assume that
[[flloo < 1; we may also assume that f(0) # 0. By Fatou’s Theorem, f
has non-tangential limits a.e. on dD; thus f,(w) — f(w) a.e. on dD. By
Fatou’s Lemma (from real variables)

AN

| poglsill dmiw) < lim i [ g1, (w)il dm(w)
8D -
'_l_igl_ inf [— / log | f,(w)ldm(w)] .

"

But log|f} is subharmonic, so log|f(0)| < flog|f.|dm. Hence
. Boglwll dm(w) < ~ 1og|£0)] < oo

Thus log|f] € L,.

Now let f € N. By the preceding theorem, f = g;/g2 for two bounded
analytic functions g, and g,. Since log |g;| € L,, neither g; nor g, can vanish
on a subset of @ D with positive measure. Thus the fact that both g, and g,
have non-zero non-tangential limits a.e. on & D implies that the same is true
of f. Also, because log |g;| € L, it follows that log [f| = log[g1| —log [g2 €
L,. O

The condition that log |f(e*)} is integrable is to say that f is log inte-
grable.

2.12 Corollary. If f € N and f(w) = 0 on a subset of 3D having positive
measure, then f is identically 0.

2.13 Corollary. If f € HP and f(w) = 0 on a subset of D having positive
measure, then f is identically 0.
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Exercise

1. Suppose f is an analytic function on {z : Rez > 0} and f(n) = 0 for
all n > 1. Show that if f is bounded, then f = 0.

§3 Factorization of Functions in the Nevanlinna Class

In this section we will give a canonical factorization of functions in the
class N. This will also factor functions in the Hardy spaces H?. Actually
the strategy is to factor bounded analytic functions and then use Theorem
2.10 to factor functions in V.

3.1 Definition. An inner function is a bounded analytic function ¢ on D
such that |¢(w)| =1 a.e. [m].

It follows that every Blaschke product is an inner function, but there are
some additional ones.

3.2 Proposition. If u is a positive singular measure on 3D and

33 ‘ ¢(z) = exp (— / :: + i dp(w)) ,

then ¢ is an inner function.

Proof. 1t is easy to see that ¢ is well defined and analytic on D. Let
u(z) = —ii(z) = - [ P(w)du(w) = —Re [ £ du(w); so |¢(z)| = e*®).
Since u is a positive measure, u(z) < 0 for all z in D. Also the fact that
u is a singular measure implies, by Fatou’s Theorem, that u(rw) — 0 as
r — 1~ a.e. [m]. Hence if jw| = 1 and both ¢ and u have a non-tangential
limit at w, then |p(w)| = lim, ., |$(rw)| = lim,—.,_ e~*"™) =1 a.e. [m].
Therefore ¢ is inner. O

An inner function ¢ as defined in (3.3) is called a singular inner function.
It will turn out that singular functions are the inner functions with no zeros
in D. At this point the reader might be advised to work Exercise 12 to
see that the correspondence between singular inner functions and positive
singular measures p as described by (3.3) is bijective.

We come now to another class of analytic functions that are, in a certain
sense, complementary to the inner functions. The idea here is to use formula
(3.3) but with an absolutely continuous measure. It is also not required that
the measure be positive.

3.4 Definition. An analytic function f : D — C is an outer function if
there is a real-valued function h on D that is integrable with respect to
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Lebesgue measure and such that

3.5 f(z) = exp ( j WEZ b w) dm(w))

w-—2z

for all z in D.

It is clear that (3.5) defines an analytic function on D that has no zeros.
Also the fact that h is real-valued implies that the harmonic function log | f|
is precisely the Poisson transform of k.

3.6 Proposition. If f is the outer function defined by (3.5), then f is in
the Nevanlinna class and h = log|f| a.e. [m] on 8D. Moreover, f € HP if
and only if e? € L7.

Proof. As we already observed, log|f| = h on D. Thus

2x

1 [, i0 1 : e
- /0 og" 1f(re)|d8 = 5= [ max(h.(e),0} a0

llAe 1.

But Theorem 19.1.7 implies that this last term is uniformly bounded in 7.
Therefore f € N. Also Fatou's Theorem implies that f has non-tangential
limits a.e. on 3D and so, when the limit exists, h(w) = lim,_,_ ft(rw) =
lim,_.; - log|f(rw)|. This proves the first part of the proposition.

Since |f|P = (e*)? = ePh,

IN

/lf(rw)l’dm(w) = /e”i"("’) dm(w)
/exp (/ph(z) P, (z) dm(z)) dm(w).

Since the exponential function is convex and P, (z) dm(z) is a probability
measure, Proposition 19.4.13 implies that

Jisropinw) < [[epehe) Put)dn)dn)
[ exotohia)) ([ Pra(z)dme)) dm)
[ expiohiz)) dm(z)

= [ran,

since [ Pry(z)dm(w) = [ Pr,(w)dm(w) = 1. So if e* € L”, then f € HP.
Conversely, if f € H?, then f(e*®) € L” and, since e® = |f], e® € LP. O
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We are now in a position to prove one of the main results of this section.

3.7 Factorization Theorem. If f € H®, then
f(z) = cb(2) ¢(2) F(2),

where ¢ is a constant with |c| = 1, b is a Blaschke product, ¢ is a singular
inner function, and F is an outer function in H®. Conversely, any function
having this form belongs to H™.

Proof. Assume that f is a bounded analytic function with |[f[je < 1.
By Theorem 2.8, f = cbg, where b is a Blaschke product, g is a bounded
analytic function on D with g(0) > 0, and c is a constant with |c| = 1. It
also follows that ||g|lc < 1. Let g = e™* for a unique analytic function
k : D — C with k(0) = log|g(0)|. Thus « = Rek = —log|g| > 0. That
is, u is & non-negative harmonic function on D. By Herglotz's Theorem,
u(z) = [ P,(w)du(w) for some positive measure 4 on & D. Therefore

k(z) = / Z + ‘: du(w).

-—

(Why?) Let u = p, +p, be the Lebesgue decomposition of u with respect to
m, with 44 < m and p, L m, and let h be the Radon-Nikodym derivative
of y, with respect to m; so u, = hm. It follows that h > 0 a.e. [m] since
4 is a positive measure. Define

Pe) = exp ([ 242 -htu) dm(w))

w-2

and let ¢ be the singular inner function corresponding to the measure p,.
It is easy to see that g = e~* = ¢ F. By (3.6), —h = log|F| a.e. [m]. Also
log|gl = ~Rek = —u and u(rw) — h(w) a.e. [m] by Theorem 19.2.12.
Thus —h = log|g| on 0D and this implies that |g| = |F| on 8 D. Therefore
F e H>,

The converse is clear. O

In light of Theorem 2.10 we can now factor functions in V.

3.8 Corollary. If f is a function in the Nevanlinna class, then

¢1(Z)]

z) =cb(z) | ——=1| F(z2),

fte) = ebla) [ 2]

where c is a constant with |c| = 1, b is a Blaschke product, ¢, and ¢; are
singular inner functions, and F is an outer function in N.

Now concentrate on HP for finite p. It will be shown that Theorem 3.7
extends to this situation with the factor F an outer function in H”. To do
this we will first prove a result that has some independent interest.
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3.9 Proposition. If f € H!, then f = hk for two functions h and k in
H2.

Proof. Let b be the Blaschke product with the same zeros as f. By Theo-
rem 2.8, f = bg, where g € H' and g has no zeros in D. Since D is simply
connected, there is an analytic function h on D such that h? = g. Since
g€ H', h € H? Also k = bh € H2. Clearly, f = hk. O

3.10 Theorem. If1 <p < oo and f € HP, then
f(z) =cb(z) ¢(z) F(2),

where ¢ is a constant with |c| = 1, b 1s a Blaschke product, ¢ is a singular
inner function, and F is an outer function in HP. Conversely, any function
having this form belongs to H”.

Proof. In light of Theorem 3.7 it remains to consider the case where p <
oo. Before getting into the proper part of the proof, the reader is asked to
establish the inequality

llog*a—log* bl < [a —b],

valid for all positive numbers a and b. (Just consider various cases.) Hence

/ llog* | f(rw)] - log* | (w)]] dm(w) < / |f(rw) — f(w)| dm(w)

IA

1
1 4
[ 101 - stpamu] "
Since this last quantity converges to 0 as » — 1—, we obtain that
3.11 r!{r{x_ / [log* | f(rw)| - log* |f(w)]| dm(w) = 0.

?.12 Claim. If f € HP, then log|f(z)] < [ P,(w) log|f(w)| dm(w) for
z| < 1.

To see this, fix z in D. By Theorem 2.8, f = bg, where b is a Blaschke
product and g is a function in H? with no zeros. Hence, log|f| = log |b] +
log |g| < log|g|. Since |f(w)| = |g(w)| on 8D, it suffices to prove the claim
for the function g.

Because g does not vanish on D, log|g] is a harmonic function on D,
and so, for 0 < r < 1, log|g,| is harmonic in a neighborhood of cl D.
Thus log |g-(z)| = [ P;(w) log|g-(w)|dm(w). But for |z} < 1, P, € L*.
Therefore (3.11) implies that

Jim [ P.(w) tog* lg-(w)l dm(w) = [ P.(w) log” lg(w)ldm(u).
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Now Fatou’s Lemma implies that [ P;(w) log~ |g(w)|dm(w) < liminf,,-
J P:(w) log~ |g-(w)| dm(w). Hence

loglg(w)l = lim log|g-(w)|

i\

Jim_ [ Pu(w) fog* lo-(w)] - log lg-(w)] dm(w)
/Pz log* |g| dm—/Pz log™ |g| dm

- / P, log |g| dm,

IA

thus proving (3.12).

Now to complete the proof of this theorem. Let f = cb(¢1/¢2) F as in
Corollary 3.8 and put ¢ = ¢,/¢,. Since |f(w)| = |F(w)| a.e. [m] on 9D,
F € H?. Also |¢| = 1 a.e. [m] on @D. So if it can be shown that |b(z) ¢(z)| <
1 on D, this will show that b¢ is an inner function and complete the proof.
But for |z| < 1,

log |F(2){

/ P, (w)log |F(w)] dm(w)

]

| Pw)ogls(w)ldmw)
log | f(2)]
by (3.12). Therefore 1 > |§H[ = b(z) ¢(z)l. ©

v

It is now possible to obtain the promised extension to H! of Theorems
1.4 and 1.5. The result is stated for all p, though it is only necessary to
offer a proof for the case that p = 1. The subspace HP of L? is defined as
before (1.5).

3.13 Theorem. If f € H?, 1 < p < oo, then g(w) = lim,— - f(rw)
defines a function in LP such that §g(n) = 0 forn < 0, § = f, and
ligllp = lime_y_ [|fr||p. Thus the map that takes a function f in HP onto
its boundary values g is an isometric isomorphism of HP onto the subspace
HP of LP. For p = oo, this map is also a weak® homeomorphism.

Proof. We can assume that p = 1. If f € H!, then f = hk for functions
h and k in H? (3.9); also, let h and k denote the respective boundary
functions in 2. By Theorem 1.4, A = h, k = k, ||k, ~ hl|]2 — 0, and
llk, — kjlz = 0. If0 < 7, s <1, then

/ \f(rw) = f(sw)|dm(w) < / \h(rw) (k(rw) ~ k(sw)]] dm(w) +
/Ik(sw)[h(rw) ~ h(sw)]| dm(w)
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< Alhrll2llkr = Ksfl2 + [1Ks|l2]lRr — Ball2-

If M = max{||hll2,||k|lz} and € > 0, then there is an 7o < 1 such that
||kr—ks||2 < €/2M and [}h,—h,||2 < €/2M for r,s > 1. Hence || fr— f,|]1 <
€ whenever r,s > ro. That is, {f.} is a Cauchy net in L. Let F € L' such
that ||f, — F|l, — 0 as r — 1— . By Theorem 3.8, f = F. By Fatou’s
Theorem, F(w) = lim, ;- f(rw) = g(w) a.e. [m] on dD. But since f, — g
in L! norm, f,(n) — §(n) for all n. Thus §(n) = 0 for n < 0. It is also clear

that [|fr[ly — llgll. ©

We will henceforth make no distinction between functions in the Hardy
spaces HP and their boundary values. That is, with no warning we will
consider functions in H? as functions on D or on @D unless there is a
distinct expository advantage in making a distinction.

We have seen that if f € LP, 1 < p < 00, and f(n) Ofor alln < 0, then
f is the boundary function of a function in HP. We are therefore justified
in calling functions in L whose negative Fourier coefficients are 0 analytic
functions. What are the “analytic measures?” That is, if yu is a regular
Borel measure on 8D and ji(n) = 0 for n < 0, what can we conclude, if
anything, about 1 and z? The answer, contained in the F and M Riesz
Theorem below, is that we get nothing new, since such measures must be
absolutely continuous with respect to Lebesgue measure and therefore have
Radon-Nikodym derivatives equal to a function in the Hardy space H!.

3.14 The F and M Riesz Theorem. If u € M(3D) and ji(n) = 0 for
n <0, then p €« m and du/dm € H!.

Proof. By familiar arguments (see, for example, the proof of Theorem
1.3), if f = s, then f(z) = Yoo o a(n)z" for |z| < 1. Thus f is an analytic
function. Also, [|fr|li < |lpll and so f € H'. If g(w) = lim,,_ f(rw),
then Theorem 3.13 implies that § = f. Hence p — g = 0. But now an
easy computation shows that for every integer n, 4~ g(n) = 0, and so
A(n) = g(n) for all n. Since the trigonometric polynomials are dense in
C(0D), it follows that u = gm. O

We close this section with a discussion of weak convergence in the HP
spaces. Part of this discussion (the part for p > 1) could have been pre-
sented earlier, while the consideration of the case where p = 1 is dependent
on the F and M Riesz Theorem. We begin with the case p > 1.

3.15 Proposition. If1 <p < o0, f € HP, and {f,} is a sequence in HP,
then the following statements are equivalent.

(a) fn — f weakly in LP (weak® in L™ if p = ).
(b) sup, ||fnllp < 00 and fn(2) — f(z) uniformly on compact subsets of
D.



284 20. Hardy Spaces

(c) sup, |[fallp < 00 and fa(z) — f(2) for all z in D.
(d) sup, ||fall, < 00 and £ (0) — f*)(0) for all k > 0.
Proof. (a) implies (b). By the Principle of Uniform Boundedness, sup,||fallp

< 00. If K is a compact subset of D, let s = sup{|z]: z € K};s0 s < 1. Let
s < r < 1; by Cauchy’s Theorem, for any analytic function h on D and 2

in K, , .
1 h(¢) 1 /" h(re*?)
- = — do.
h(z) 2mi Jigp=r (— 2 % 27 Jo
Now if h € HP, h, — h in L? norm. So letting r — 1 in the preceding

equation gives that \
1 [* h(e')
= — : dé
h(z) 2 /0‘ ef -2z

for all z in K. By Exercise 6, {(¢?® —2)~! : z € K} is compact in L9, where
q is the index dual to p. By Exercise 7, fn(z) — f(z) uniformly on K.

(c) implies (a). Assume that 1 < p < oo. The fact that {f,} is norm
bounded implies, by the reflexivity of LP, that there is a function g in
L? such that f, —q g weakly in LP. Since L? is separable, there is a
subsequence {fn, } such that f,, — g weakly. If p = 0o, then the fact that
L! is separable implies there is a g in L and a subsequence {fn,} such
that f,, — g weak®. In either case, for all integers m, §(m) = lim f.,.,‘ (m).
Hence g € H,. Also, the fact that (e — 2)~! € L9 implies that g(z) =
(9, (e — 2)71) = limn, —oo(fas, (€ = 2)7!) = liMn, oo fu(2) = f(2).
Hence f is the unique weak (respectively, weak®) cluster point of { f,} and
so fn — f weakly (respectively, weak®).

It is clear that (b) implies (c) and the proof that (d) is equivalent to the
remaining conditions is left to the reader. O

What happens if p = 17 By the F and M Riesz Theorem, H' can be
identified, isometrically and isomorphicly, with £ = {u € M(8D) : i(n) =
0 for n < 0}. Now it is easy to see that this is a weak® closed subspace
of M = M(AD). Soif L, = {f € C(AD) : [ fhdm =0 for all h in H'},
then H' = (C(0D)/L.)°. That is, H! is the dual of a Banach space
and therefore has a weak® topology. In fact, this is precisely the relative
wéak® topology it inherits via its identification with the subspace £ of M.
Thus a sequence {f,} in H! converges weak® to f in H' if and only if
J 9fadm — [gfdm for all g in C(8D). We therefore have the following
analogue of the preceding proposition.

3.16 Proposition. If f € H! and {fa.} is a sequence in H', then the
following statements are equivalent.

(a) fn — f weak® in H'.
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(b) sup, ||falli < 0o and fn(z) — f(2) uniformly on compact subsets of
D.

(c) sup, [|falli < o0 and fn(z) = f(z) for all z in D.
(d) sup, [[falfs < 00 and fEP(0) — (0) for all k > 0.

The proof is left to the reader.

Exercises

1. Let ¢, and ¢, be singular inner functions corresponding to the singu-
lar measures u, and ;. If ¢ is the function ¢, /¢2 in the Nevanlinna
class, show that ¢ is an inner function if and only if u; > u,.

2. Let F be the collection of all inner functions and observe that F is a
semigroup under multiplication. If ¢ € F, characterize all the divisors
of ¢. Apply this to the singular inner function ¢ corresponding to the
measure ad;, where §, is the unit point mass at 1 and a > 0.

3. If ¢ is an inner function, is it possible for 1/¢ to belong to some H?
space? Can 1/¢ belong to some L” space? If f is any HP function
such that 1/f € H', what can you say about f?

4. If f € H' and Re f(2) > O for all z, show that f is an outer function.
If ¢ is an inper function, show that 1 + ¢ is outer.

5. If A is a measurable subset of & D having positive Lebesgue measure
and a and b are two positive numbers, show that there is an outer
function f in H* with |f(w)| = a a.e. on A and |f(w)| = b a.e. on
0D\ A. Show that if h € L?, 1 < p < o0, and h > 0, then there
is a function f in HP such that h = |f| a.e. on 9D if and only if
logh € L!; show that the function f can be chosen to be an outer
function.

6. If 1 < g < oo, the function z — (e® — 2)~! is a continuous function
from D into L9. Thus for any compact subset K of D, {(e? — z)~! :
z € K} is a compact subset of L9.

7. If X is a Banach space, {z,} is a sequence in X such that z, — 0
weakly, and X is a norm compact subset of X*, then sup{jz*(z,)] :
z*€ K} - 0asn — oo.

8. Prove that condition (d) in Proposition 3.15 is equivalent to the re-
maining ones.

9. Prove Proposition 3.16.
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10. Show that for f in L', [ f¢dm = 0 for all ¢ in H* if and only if
f € H! and f(0) = 0. Denote this subspace of H' by Hj. Show that

H® is isometrically isomorphic to (L!/H})".

11. Let b, be the Blaschke product with a zero of multiplicity n at 1 — 3.
Show that {b,} converges weak® in H>. What is its limit?

12. (a) Show that if u is a complex valued measure on D, (3.3) defines

an analytic function ¢ on D with no zeros. (b) Show that f(z) =

— [ ¥ du(w) is the unique analytic function on D such that ¢ = el

and f(0) = —u(dD). (c) Show that f(™(0) = —2n! [ w™du(w) for

n > 0. (d) Show that if u is a singular measure and ¢ = 1, then

u = 0. (e) Show that if u is a real-valued measure and ¢ = 1, then

= 0. (f) Now assume that x, and u; are two positive singular

measures that represent the same singular inner function ¢. That is,

sssume that exp(~ [ 32 din(w) = e~ S2idhalu) = 6(2)
Show that u, =

13. If ¢ is an inner function, find all the points a on 3D such that ¢ has
a continuous extension to DU {a}.

84 The Disk Algebra

Here we study an algebra of continuous functions on the closed disk (or the
unit circle) that is related to the Hardy spaces.

4.1 Definition. The disk algebra is the algebra A of all continuous func-
tions f on cl D that are analytic on D.

It is easy to see that A is a Banach algebra with the supremum norm. In
fact, it is a closed subalgebra of H*. In light of the recent sections of this
book, the proof of the next result should offer little difficulty to the reader.
(This was covered in Exercise 1.2.)

4.2 Theorem. The map f — flOD is an isometric isomorphism of A
onto the subalgebra A = {g € C(3D) : §(n) = 0 forn < 0} of C(8D).
Furthermore, if g € A and f = g, then f|OD = g and f, — g uniformly on
obD.

We will no longer make a distinction between the disk algebra A and the
algebra A consisting of its boundary values. That is, we will often think of
A as a subalgebra of C(8D).

4.3 Proposition. The analytic polynomials are uniformly dense in the disk
algebra.
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Proof. This is easy to prove if you first observe that the Cesaro means
of a function in the disk algebra are analytic polynomials and then apply
Theorem 18.7.5. O

4.4 Theorem. If p: A — C is a non-zero homomorphism, then there is
a point a in clD such that p(f) = f(a) for all f in A. Thus the mazimal
ideal space of A is homeomorphic to c1D, and under this identification the
Gelfand transform is the identity map.

Proof. If p: A — C is a non-zero homomorphism, let a = p(z). Since
llell = 1, |a|] < 1. It follows by algebraic manipulation that p(p) = p(a)
for all polynomials in z. In light of the preceding proposition, p(f) = f(a)
for all f in A. Conversely, if |a] < 1 and p(f) = f(a) for all f in A,
then p is a homomorphism. Thus p — p(2) is a one-to-one correspondence
between the maximal ideal space and cl D. The proof of the fact that this
correspondence is a homeomorphism and the concomitant fact about the
Gelfand transform is left to the reader. O

4.5 Proposition. {Re p|0D : p is an analytic polynomial} is uniformly
dense in Cr(0D).

Proof. If g(w) =Y ;__, Cxw*, where C_ = Ck, then g = Rep for some
analytic polynomial. On the other hand, the Cesaro means of any function
in Cr(0D) are such trigonometric polynomials and the means converge
uniformly on 8D (18.7.5). O

4.8 Corollary. If u is a real-valued measure on D such that [pdu =0
for every analytic polynomial p, then u = 0.

4.7 Corollary. If u is a real-valued measure on 3D such that [pdu =0
for every enalytic polynomial p with p(0) = 0, then there is a real constant
c such that p = cm.

Proof. Let ¢ = [1dm = u(0D). It is easy to check that, if v = p ~ cm,
then {pdv = 0 for all polynomials p. The result now follows from the
preceding corollary. O

This essentially completes the information we will see here about the
disk algebra. There is more information available in the references.

Now we turn our attention to some related matters that will be of use
later. Note that this puts the finishing touches to the proof of Theorem
14.5.8.

4.8 Theorem. If f € H, the following statements are equivalent.
(8) The function 6 — f(e*®) is of bounded variation on [0, 2r].
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(b) The function f belongs to the disk algebra and 6 — f(e*) is absolutely
continuous.

(c) The derivative of f belongs to H'.

Proof. (a) implies (b). Let u(8) = f(e'); we are assuming here that u is
a function of bounded variation. But since f € H*, 3} e 'u(0)e"‘°d0 =
J f(w)w™ dm(w) = 0 for n > 1. Using integration by pa.rts, this implies
that, for n > 1,

2r
0 = 'L(Qeinolgx _ ;l;/ einﬂdu(o)
(1]

in
1 T

= —-— / e™du(9).
m Jjo

The F and M Riesz Theorem now implies that u is an absolutely continu-
ous function whose negative Fourier coefficients vanish. In particular, u is
continuous and, since f = 4, f € A.

(b) implies (c). Since u(#) = f(e'®) is absolutely continuous, for 0 < r < 1

and for all 6,
l 2

f(re‘o)=2—" A P.(6 —t)f(e)dt.

Differentiating both sides with respect to 6 gives
1 2n

i (. 10
ire” f'(re'’) = 2

210 - D) f(e*)dt.
Since P, is an even function, this implies
2r

ire’ f'(re'®) = 2% A %[P,.(B — t)]u(t) dt.

Since u is absolutely continuous, integration by parts yields

2x
ire'® f'(re'®) = L P.(6 - t)u'(t) dt.
27 0

This implies that izf'(z) is an analytic function on D that is the Poisson
integral of the L! function u’. Hence iz f'(z) belongs to H'. But this implies
that f' € H'. )

(c) implies (b). Let h denote the boundary values of f.Soh € L!, h(-n) =
0 for n > 0, and f’ is the Poisson integral of h. Let g(8) = f iet h(t)dt
s0 g(0) = 0. Also g(27) = ["i et h(t)dt = i [7" e~H~Ddt = ih(-1) =
Now g is absolutely continuous and ¢'(6) = ze“’h(a) a.e. For n <0,

l 2* .0
i) = 5 /0 9(6) e="%d
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= ._i i - (8) d(e—inO)

- in 27 0 9

= __l_e—-inog(o)lmr + 1 /2' —-iné l(o)de
2rn 0 in Jo

. -i(n-1)0

B 21rn / h(6)e df

= 5‘7(—7' h(n - l)

= 0

Thus § belongs to the disk algebra and 3|0 D = g is absolutely continuous.
Since we have already shown that (b) implies (c), we have that ¢’ € H!.
Moreover an examination of the proof that (b) implies (c) reveals that

;,;y(e“’) = lim ie*g(re”)
But $£9(e®) = ie*®h(0) = ie* f'(¢*®). Thus
' lim [f(re®) - (re®)] =0
a.e. Since f' — g’ € H', f' = ¢’. Therefore there is a constant C such that

f = g+C. This implies that f € A and § — f(e'®) is absolutely continuous.
Since it is clear that (b) implies (a), this completes the proof. O

It is worth recording the following fact that surfaced in the preceding
proof.

4.9 Corolla.ry. If f belongs to the disk algebra and 6 — f(e*®) is absolutely
continuous, then

%f(e‘o) = ie'? ,-l_i.IP_ f'(re®)a.e.

4.10 Corollary. If f belongs to the disk aigebra and § — f(e') is abso-
lutely continuous, then the length of the curve 8 — f(e'®) is 27 || f'|lx.

Exercises

1. Show that the only inner functions that belong to A are the finite
Blaschke products.

2. Show that the function f(z) = (1 - z)exp [x—:] is continuous as a
function on D, but there is no function in A that equals f on 9 D.
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3. Let K be a compact subset of 9 having zero Lebesgue measure.
(a) Show that there is an integrable, continuous function w : 3D —
[—00, —1] such that w(z) = —oo if and only if z € K. (b) Prove the
result of Fatou that says there is a function f in A with f(z) = 0 if
and only if z € K. :

4. Let v be a rectifiable Jordan curve and G = ins v; let 7: D — G be
a Riemann map and extend 7 to be a homeomorphism of cl D onto
cl G. Generalize Corollary 4.10 by showing that, if A is a Borel subset
of v, the arc length measure of A is 27 ff_.(A) 7' (w)| dm(w).

5. Keep the notation of the preceding exercise. Show that if E is a subset
of 0D, then m(E) = 0 if and only if r(E) is a measurable subset of
v with arc length measure 0.

6. Keep the notation of Exercise 4. Let @ = €' and let o : [0,1] —
DU {a} be a curve with 0(1) = a and |o(t)] < 1 for 0 < ¢t < 1.
Assume that o has a well defined direction at a that is not tangent
to ; that is, assume that 8 = lim,,_ arg[o(t) — a] exists and
0#axn/2.If 3"; 7(e*) exists at t = a, does the angle between 0 o
and 7 exist at 7(a) and is it equal to 6? Is this true a.e. on 4 D?

§5 The Invariant Subspaces of H?

The purpose of this section is to prove the following theorem (Beurling
[1949)).

5.1 Beurling’s Theorem. If1 < p < 0o and M is a closed linear subspace
of H? such that zM C M and M # (0), then there is a unique inner
function ¢ with ¢(0) > 0 such that M = ¢HP. If p = co and M is a weak"
closed subspace of H™ such that 2zM C M and M # (0), then there is a
unique inner function ¢ with #(0) > 0 such that M = ¢H>.

A subspace M of HP such that zM C M is called an invariant subspace
of HP. Strictly speaking, such a subspace is an invariant subspace of the
operator defined by multiplication by the independent variable. Clearly if
M = ¢HP for some inner function ¢, then M is a closed invariant subspace
of HP. So Beurling’s Theorem characterizes the invariant subspaces of H”.

Beurling’s Theorem is one of the most celebrated in functional analysis.
It is one of the first results that make a deep connection between operator
theory and function theory. For a proof in the case that p = 2 that uses
only operator theory, see Theorem 1.4.12 in Conway [1991]. The proof here
will require some additional work.

Begin by introducing an additional class of functions related to the
Nevanlinna class. Let N* denote those functions f in the class N that
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have a factorization f = c b ¢ F, where c € C with |c| = 1, bis a Blaschke
product, ¢ is an inner function, and F is an outer function. Referring to
the factorization of functions in the Nevanlinna class (Corollary 3.8), we
see that the functions in N* are precisely those in N for which no inner
function is required in the denominator of this factorization. The first re-
sult will be stated but not proved. Its somewhat difficult proof is left to
the reader. (Also see Duren [1970], Theorem 2.10.)

5.2 Theorem. If f € N, then f € N* if and only if

NI T SN LR S
- = — *)| dé.
lim 37 ), log™ | f(re*)| d8 2“/0 log™ | f(e*)]

r—l-

Note that if ¢ is a singular inner function, 1/¢ € N but 1/¢ ¢ N*+. For
f = 1/¢ the left hand side of this equality is finite and not 0 while the right
hand side is 0.

The next result is an easy consequence of the definition on the class N+.

5.3 Proposition. If f € N* and f € LP, 1 < p < oo, then f € HP.

To facilitate the proof of Beurling’s Theorem introduce the notation [fl =
the closed linear span of {f,zf,2z%f,...} in H? whenever f € HP, 1<p <
co. Note that [f] = cl {pf : pis a polynomial} and [f] is the smallest
invariant subspace of HP that contains the function f. If f € H™, [f] is
the weak* closed linear span of the same set.

5.4 Lemma. If f is an outer function in HP, 1 < p < oo, then [f] = HP.

Proof. If (f] # HP, then there is a continuous linear functional L on HP
(L is weak* continuous if p = 00) such that L(pf ) = 0 for every polynomial
p but L # 0. Let ¢ be the index conjugate to p and let g € L9 such that
L(h) = [hgdm for every h in HP. So [pfgdm = 0 for every polynomial
P, but there is at least one integer n > 0 with [ 2z"gdm # 0. Thus g ¢ H3,
the HY functions that vanish at 0. On the other hand we do have that
fz"fgdm=0fora.lln20,sothatk=fg€HJ.

Now f has no zeros in D and so k/f is an analytic function on D. Since
k € H) and f € HP, log|k{ and log|f| both belong to L!. Therefore
log |k/ f| = log |k| - log {f| € L!. Using the fact that f is outer and k € H?,
it follows that k/f € N*. But on @D, k/f = g € L9. Thus Proposition 5.3
implies that g € Hy, a contradiction. O

We now fix our attention on the case p = 2.

5.5 Lemma. Beurling’s Theorem is true for p = 2.

Proof. First, let g be a function in M such that the order of its zero at
z = 0 is the smallest of all the functions in M. It must be that g & zM.
Indeed, if g € 2M, then g = zf for some f in M; but the order of the zero



292 20. Hardy Spaces

of f at 0 is one less than the order of the zero of g at 0, a contradiction.
Thus M properly contains zM.

Let f¢ € M N (z2M)* with ||¢|]2 = 1. So for all n > 1, 0 = (¢, ¢z") =
J |#|>z"dm. By taking complex conjugates we see that all the Fourier co-
efficients of |¢|? are zero except possibly for the coefficient for n = 0. Thus
||? is the constant function. Since ||@||2 = 1, we have that |¢| = 1, and so
¢ is an inner function.

Claim. dim[M N (zM)*] =

Indeed let 9 be a function in Mn(zM)isuch that ¢ L ¢ and ||¢||2 =
It is left to the reader to show that {z"¢, z*9 : n,k > 0} is an orthonormal
set in L2. Therefore for any n,k > 0, 0 = (z°¢, z"t/z [ Z°z*¢1pdm. Thus
0 = [ h¢npdm for every h in L'(dD) and so ¢ = 0. Since both ¢ and ¥
must be inner functions, this is impossible. This contradiction shows that
dim[M N (zM)1] = 1 and hence is spanned by ¢.

Let N = [¢]; so N < M. Let h € MNNL. So h L ¢; since dim{M N
(2M)*] = 1, this says that h € zM. But an easy argument shows that
dim(zM N (z’M)l] = 1. Since h L z¢, we also get that h € z2M. Con-
tinuing this argument we arrive at the fact that A € z" M for all n > 1.
But this says that h is an analytic function with a zero at z = 0 of infinite
order. Hence h = 0 and it must be that M =N = [¢]. O

Now we prove Beurling’s Theorem for the case p = co.

5.6 Lemma. If M is a weak® closed invariant subspace of H® and M #
(0), then there is an inner function ¢ such that M = pH>™.

Proof. Let N be the closure of M in H2. It is immediate that A is an
invariant subspace of H2. By Lemma 5.5 there is an inner function ¢ such
that V' = ¢H?. It is claimed that M = ¢H™®. Actually it is easy to see
that M C ¢H™> since M C N N H.

For the other inclusion, let {f,} C M such that’||f, — ¢|l2 — 0. By
passing to a subsequence if necessary, we may assume that f, — ¢ a.e.
[m] on 8D. Since M C ¢H™, for each n there is a function h, in H®
such that f, = ¢h,. Define v, on 8D by v,(w) = 1 when |h,(w)| < 1 and
Vn(w) = |hn(w)| otherwise. Now v;! € L™ and log(v;}) € L}. Thus there
is an outer function g, in H® such that |g,| = v;! _on 3D (Proposition
3.6). Butf,.—+¢a.eon00andsoh,, éfn — ¢ = 1 ae. on 9D.
This in turn implies that g, — 1 a.e. on dD. But ||g,,||°° < 1for alln
and so g, — 1 weak* in H*°. By Proposition 3.15, g,(z) — 1 for all z in
D. Thus gn(z)fa(2) — ¢(2) for z in D. But |ignfalleo = |[v7 Anlleo < 1.
By Proposition 3.15, g»fr — ¢ weak® in H®. Since g.f, € M, ¢ € M.
Therefore H*® C M. O

The proof of the next lemma is immediate from the factorization of
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functions in HP. The details are left to the reader.

5.7 Lemma. If ¢ and ¢ are inner functions, then ¢HP = YHP if and only
if there is a scalar a with jal =1 and Y = a¢.
Proof of Beurling’s Theorem. Let M be an invariant subspace of H?, 1 <
p < 0. Because L7 C L', M N H™ is weak® closed and invariant in H.
If g € M and g = gog1 With go outer and g, inner, let {p,} be a sequence
of polynomials such that ||p,go — 1|, — 0 (Lemma 5.4). It follows that
Png — g1 in L, and so g, € M N H*®. That is, the inner factor of every
function in M belongs to M N H®. In particular, M N H*® # (0). Thus
(Lemma 5.6) there is an inner function ¢ such that M N H® = ¢H>,
We now show that M = ¢HP. In fact if g € M and g = gog) as in
the preceding paragraph, g, € ¢H™; let g, = ¢ for some ¥ in H®. So
g = ¢Y¥go € HP; that is, M C ¢HP. On the other hand, ¢ € M and so
¢p € M for every polynomial p. By taking limits we get that ¢H? C M.
The uniqueness statement follows immediately from Lemma 5.7. O

Some notes are in order. First, H® is a Banach algebra and the invariant
subspaces of H™ are precisely the ideals of this algebra. So Beurling’s
Theorem characterizes the weak® closed ideals of H®. In Exercise 1 the
weak® continuous homomorphisms from H° into C are characterized. A
discussion of the Banach Algebra H™ is a story by itself. (For example, see
Garnett [1981].)

Second, if £ = the collection of invariant subspaces of H?, then £ forms
a lattice where the join and meet operations are defined as follows. If M
and N € L,

MVN cl [span{M U N)],
MAN = MnNN.

it

It is left to the reader to check that £ with these operations satisfies the
axioms of a lattice. In the exercises Beurling’s Theorem is applied to the
study of this lattice. Also see §3.10 in Conway [1991].

Exercises

1. If p: H® — C is a non-zero weak*® continuous homomorphism, show
that there is a unique point a in D such that p(f) = f(a) for all f in
H>™,

Exercises 2 through 14 are interdependent.
2. Let I denote the set of all inner functions ¢ of the form

¢ = 2*b(2)¥(2),
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where k > 0, b is a Blaschke product with 5(0) > 0 (possibly b = 1),
and ¥ is a singular inner function (possibly ¥ = 1). Call this the
canonical factorization of a function in I. Show that for an inner
function ¢, ¢(™(0) > 0 for the first pasitive integer n with ¢(*)(0) # 0
ifand only if g € 1.

Note that I is a semigroup under multiplication and that 1 is the
identity of I. Show that this semigroup has no zero divisors; that
is, f¢oand € I and ¢9 = 1, then ¢ = ¥ = 1. Show that this
makes it possible to define the greatest common divisor and least
common multiple of two functions in I, and that they are unique
when they exist. If ¢, and ¢, € I, then gcd(#),¢2) = the greatest
common divisor of ¢, and ¢, and lcm(¢,,d2) = the least common
multiple of ¢, and @2 when they exist. The next exercise guarantees
the existence.

. If$, and ¢, € Tand 1 < p < 00, then: (a) ) HPA@ HP = ¢HP, where

¢ = lem(¢1, 92); (b) S1HP V $2H? = $H,, where ¢ = ged(¢n, 42).

. For ¢, and ¢, in I, say that ¢, > ¢2 if @2|@;; that is, if ¢, is a multiple

of ¢3. Henceforth it will always be assumed that [ has this ordering. It
is customary to define ¢, V¢, = lem(¢,, ¢2) and ¢y Age = ged(d, ¢2);
with these definitions show that I becomes a lattice and the map
¢ — ¢HP is a lattice anti-isomorphism from I onto Ly, the lattice of
non-zero invariant subspaces of H?.

. Let ¢1,¢2 € I and let ¢; = z*1b;4, be the canonical factorization of

¢;,J = 1,2. Furthermore, let u, be the positive singular measure on
OD associated with the singular function ;. Prove that ¢, > ¢, if
and only if: (i) ky > ko; (ii) the zeros of b, contain the zeros of b,
counting multiplicities; (i) uy > po.

Let p) and u; be two positive measures on a compact set X and
set u = p) + po; set f; = the Radon-Nikodym derivative of u; with
respect to p, ¢ = max(fy, f2), and h = min(f;, f2). Put v = gu and
n = hu. Prove the following. (a} u),u2 < v and if o is any positive
measure on X such that u;, u2 < o, then v < 0. (b) py,u2 > 1 and
if o is any positive measure on X such that u,,us; > o, then n > 0.
For two positive measures u) and pg, the measures v and 7 will be
denoted by g, V u2 and p; A ua, respectively.

Let ¢; and ¢; be functions in I with canonical factorizations ¢; =
z%ib;1p;, where b; is a Blaschke product with zeros Z;, each repeated
as often as its multiplicity, and ¢; is a singular inner function with
corresponding singular measure u;. Let k) V k2 = max(k,k2) and
kiAky = min(k,, k2); b, Vb2 = the Blaschke product with zeros Z,UZ;
and b, A b, = the Blaschke product with zeros Z, N Z3; v, V ¢y =
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10.

11.

12.

13.

14.

15.

16.

the singular inner function with measure u; V y2 and ¥ A ¢, = the
singular inner function with measure y; A u2. Prove the following.

(8) ¢1V@2 = z*1V¥3(by Vi) (1 Vp2) and g1 HPAGo HP = (61 V) H.
(b) g1 Ad2 = 2¥17%3(by Aby) (Y1 AY2) and ¢y HPAG2 HP = (¢1A¢2) HP.

. With the notation of the preceding exercise, ¢ H? V ¢ HP = HP if

and only if ky = k2 =0, Z, N2, =9, and p; L pa.

Show that if 1 < p < 00 and M,; and M are non-zero invariant sub-
spaces of HP, then M;NM; # (0). State and prove the corresponding
fact for weak® closed ideals of H™.

Using the notation of Exercise 8, show that if ky = k; = 0, 2,
and Z, have disjoint closures, and u; and u; have disjoint closed
supports, then ¢, HP + ¢po HP = HP. Show that ¢, H? + ¢ HP = HP
if and only if there are functions u, and uz in H* such that ¢,u; +
¢2uz = 1. (Remark. This condition is equivalent to the requirement
that inf{|@,(z)| + |¢2(2)| : |z| < 1} > 0. This is a consequence of the
Corona Theorem (Carleson [1962])).

If {¢:} C I, describe the inner functions ¢ and ¥ such that \/ ¢; H? =
¢HP and A ¢;HP = yYHP. Give necessary and sufficient conditions
that \/ ¢; H? = HP. That A ¢: H? = (0).

Let ¢ be the singular inner function corresponding to the measure
aby, a > 0. If M, and M, are invariant subspaces for H?, 1 <p <
00, and both contain ¢ H?, show that either M; C M3 or My C M,.
(See Sarason [1965] for more on this situation.)

Let M; and M be invariant subspaces of H? such that M; C M.
If ¢, and ¢2 are the corresponding functions in I, give a necessary and
sufficient condition in terms of ¢, and ¢, that dim(My/M,;) < co. If
dim(M3z/M,) > 1, show that there is an invariant subspace M such
that M; C M C M, and M # M, or M,.

(Conway [1973]) Endow I with the relative weak* topology from H>,
and for each ¢ in I let Py be the orthogonal projection of H? onto
#H?. Show that if a sequence {¢n} in I converges weak® to ¢ in I,
then Py, — P, in the strong operator topology.

Show that the inner functions are weak® dense in the unit ball of H*°.

§6 Szeg6’s Theorem

In this section we will study the spaces PP(u), the closure of the polynomials
in LP(u) for a measure u supported on the unit circle. For p = oo, P*®(u)
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denotes the weak® closure of the polynomials in L*(u). In particular we
will prove Szego’s Theorem (6.6).

Let A denote the disk algebra (§4) and let Ag = {f € A: f(0) = 0}; so
Ao is a maximal ideal in the algebra A. If u is a positive measure on 3 D, let
PY(u) be the closure of Ag in LP(u). (p = 20?) Since PP(u) is the closure
of A in LP(p), we have that dim[PP(u)/P§(r)] < 1. If 4 = m, Lebesgue
measure on 8D, then this dimension equals 1. Can it be 0? The answer is
easily seen to be yes by taking u to be the unit point mass at 1. However
the general answer is the key to this section.

First, a few recollections from measure theory. If u is a measure and p =
v + 1}, where v and 7 are mutually singular measures, then for 1 < p < 00
the space LP(u) splits into a direct sum, LP(u) = LP(v) & LP(n). For a
function f in LP(u) this decomposition is achieved by restricting f to the
two disjoint carriers of the mutually singular measures. Thus for f = g®h,
Ifll, = ligllp + llAllp when 1 < p < co and ||flle = max{||gllco, ||Al|co}-
This natural decomposition will be always lurking in the background of the
discussion that follows.

6.1 Proposition. If 1 < p < 0 and u is a positive measure on 3D with
U = pg + ps the Lebesgue decomposition of u with respect to m, then

P§(n) = P§(pa) ® LP(u,).

Proof. It is rudimentary that P}(4) C PP(4a)®L? (k) € LP(ua)®LP (1),
pt+qg!'=11etge LI(u) = LI(pa) ® LI(u,) such that [gfdu =0
for all f in Ag. Thus [2"gdu = 0 for all n > 1. By the F and M Riesz
Theorem, gu <« m. Thus g =0 a.e. [u,] and so g € L9(u,) and g 1 LP(u,).
Consequently g L P§(p,) ® LP(u,). The proposition now follows by the
Hahn-Banach Theorem. O

6.2 Corollary. If 1 < p < 0o and u is a positive measure on D with
absolutely continuous part u,, then

; — FIPdy = i —fIP
Jnf / 1 fPdu = jnf / 1L~ fPdpa.

We have seen that if h is a non-negative function in L!(m), then logh
may fail to be integrable. In fact, log h € L if and only if there is a function
f in H! with h = |f| (Proposition 3.6). Because logz < z ~ 1 for z > 0,
the only way that logh can fail to be integrable is for [loghdm = —oo;
that is, the approximating sums for the integral must diverge to —oo. If
this is indeed the case, then the expression exp [ [ log kdm] that appears in
the subsequent text is to be interpreted as 0 (what else?).
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6.3 Proposition. If h is a non-negative function in L'(m), then
exp [/loghdm] = inf {/hegdm : g € Ly(m) and /gdm =0} .

Proof. If g € Li(m) and [gdm = 0, then [log(he?)dm = [(logh +
g)dm = [log hdm. Thus letting 4 = m in Proposition 19.4.13 and replac-
ing h by log(he?), we get

exp[/loghdm] Sinf{/hegdm:geLﬁ(m)and /gdm:O}.

Ife >0, let ¢ = [log(h + €)dm and put g = ¢, ~ log(h + ¢). Thus
geLk(m) and [ g.dm = 0. Also [ he%dm = [ he®(h+e)™'dm = e J h(h+
€)~ldm. Now ¢, — [loghdm by monotone convergence. On the other
hand, [h(h + €)~'dm — 1. Thus [he9dm — exp [ log hdm], proving
the proposition. O

6.4 Lemma. If h is a non-negative function in L'(m) and g € Li(m) with
J gdm = 0, then there exists a sequence of functions {gn} in Lg’(m) such
that [ gadm =0 for alin > 1 and [ heSdm — [ he?dm as n — co.

Proof. Let f, = g if |g| < n and 0 otherwise. Then

/ hef~dm = heddm + / h dm.
lgl<n lgt>n

Since h and g € L'(m), [, h dm — 0 as n — co. By the Monotone
Convergence Theorem, fl sl<n hesdm — [ he9dm. Therefore J hefrdm —

[ heSdm. Let gn = fo — [ fn. Then [he9~dm = exp (- [ fn) [ he/~dm.
Since [ fo — [9 =0, exp (— [ fn) — 1 and so [ heS~dm — [ heSdm. O

6.5 Proposition. If h € L!'(m) and h > 0, then

exp [/loghdm] = inf [/hen‘fdm} .
4 f€Aq

Proof. Let a = infsea, [/ heR®/dm] and B = inf { [ hefdm : g € L{(m)
and [ g dm = 0}. By Proposition 6.3, it must be shown that a = 3. But if
f € Ao, then [Ref dm = 0 and so a > . To obtain the other inequality,
we first use the preceding lemma to see that 3 = inf { [ he%dm : g € L (m)
and [gdm =0}. Since for any polynomial p, [Rep dm = Rep(0), it
follows from Proposition 4.5 that {Ref : f € Ap} is uniformly dense in
{9 € Cr(@D): f gdm =0}. Thus if g € LP(m) with [ g dm = 0, then
there is a sequence of functions {f,} from Ao such that {Re¥,} is uni-
formly bounded and Re f, — g a.e. on @D. By the Lebesgue Dominated
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Convergence Theorem, [ heR®frdm — [ he9dm. Hence a < J hesdm. But
g was arbitrary, soa < 5. O

6.8 Szegd’s Theorem. If 1 < p < oo, u is a positive measure on aD,
[t = o + His is the Lebesgue decomposition of u with respect tom, and h is
the Radon-Nikodym derivative of . with respect to m, then

1 - fIP = l d .
,?£0/|1 f|Pdp exp[/ ogh m]

Proof. Using the preceding proposition,
exp [ logh dm} = inf /lze“’Re 9dm.
g€ Ao

But ePRe9 = |e9|P and if g € Ag, then f = 1 — 9 € Ap. Hence ePR®9 =
|1 - f|P and

6.7 exp[/loghdm] > inf /ll - fIPh dm.
f€Ao

Now let g € Ao and apply (6.7) to the function A = |1 — g|P. Since
|1 = f — g + fg|P is subharmonic, this yields

v

. . >
,gtjo/u f =g+ fglPdm
> L

exp [/ log|l - gl”dm]

This says that log|l — g|P € L! and a = [log|l — g|Pdm > 0. Put k =
log|l —g|P —a and ¢ = €® Thus [kdm =0, ¢ > 1, and ce* = |1 - g/P.
By Proposition 6.3, applied to the original function k, exp [ Jlogh dm] <
[ he¥dm < ¢ [ he*dm = [ |1 - g|Ph dm. Combining this with (6.7) we get

that
exp [/ logh dm] = inf /ll — g|Ph dm.
g€Ao
The theorem now follows from Corollary 6.2. O

Of course the left hand side of the equation in Szegé’s Theorem is pre-
cisely the distance in L?(u) from the constant function 1 to the space
P (p). If this distance is zero, then 1 € P§(u). But this implies that, for
n>1, Zz" = z*"! € P§(u). Thus PJ(u) is invariant for multiplication
by Z as well as z. Therefore P} (i) contains all polynomials in z and Z and
must equal LP(u). This proves the next corollary.

6.8 Corollary. If 1 < p < 00, pu i8 a positive measure on 4D, and p =
o + s i8 the Lebesgue decomposition of u with respect to m, then P§(u) =
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LP(u) if and only if
dpa —
/log (d_m) dm = ~o0.

Note that the condition in the preceding corollary is independent of p.
The condition for p = oo is different and less restrictive on u. The proof of
the final proposition of this section is immediate from Proposition 6.1.

6.9 Proposition. If u is a positive measure on D, then P§°(u) # L (u)
if and only if m < u.

Exercises

1. Without using any of the results of this section, show that if o > 0
and T = {* : 7 > |6] > a}, then every continuous function on T' is
the uniform limit of analytic polynomials.

2. If 7: D ~ D is an analytic function and f € HP,is fo T in HP?

3. Give an example of a measure u on 8D such that 4 and m are mutu-
ally absolutely continuous and PP(u) = LP(u). Note that P§°(u) #
L=(p).

4. If f € L?, show that the closed linear span in L2 of the functions
{z"f : n > 0} is L? if and only if: (i) f does not vanish on a set of
positive measure; (ii) log|f| is not Lebesgue integrable. What hap-
pens for L? with p # 2?

5. For 1 < p € o0 and p a positive measure on D, show that the
following are equivalent: (a) Py(u) # LP(u); (b) PP(u) # LP(p); (c)
PE(u) # PP(p).






Chapter 21
Potential Theory in the Plane

In this chapter we will continue the study of the Dirichlet problem. The
emphasis here will be on finding the limits of the results and employing
measure theory to do so.

Potential theory is most fully developed in the literature for n-dimensional
Euclidean space with n > 3. There is an essential difference between the
plane and R" for n > 3; the standard potential for C is the logarithmic
potential of §19.5, while for higher dimensions it is a Newtonian potential.
Classical works on complex analysis treat the case n = 2, but usually from
a classical point of view. In this chapter the treatment of the classical re-
sults will be from a more modern point of view. Many of the results carry
over to higher dimensions and the interested readers are invited to pursue
this at their convenience. Good general references for this are Brelot [1959],
Carleson [1967), Helms [1975), Landkof [1972], and Wermer [1974].

81 Harmonic Measure

If G is a hyperbolic open set in the extended plane and u is a real-valued
continuous function on d,,G, then u is a solvable function for the Dirichlet
problem. This leads to the following elementary resuit.

1.1 Proposition. If G is a hyperbolic open set and a € G, the map u —
i(a) is a positive linear functional of norm 1 on the space Cg(0xG).

Proof. Proposition 19.7.10 implies that u — 4 is linear. If u is a positive
function in Cg(8G), then 0 € P(u, G); hence i > 0. Therefore u — i(a)
is a positive linear functional. Since 1 = 1, this functional has norm 1. O

According to the preceding proposition, for each a in G there is a unique
probability measure w, supported on 8,,G such that

12 i(a) = / u dw,
e

for each u in Cr(9:5G).

1.3 Definition. For any hyperbolic open set G and any point @ in G, the
unique probability measure w, supported on 9,,G and satisfying (1.2) for
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every u in CRr(0o0G) is called harmonic measure for G at a. To indicate the
dependence of the measure on G, the notation w¢ will be used. If K is a
compact subset of C and a € int K, then harmonic measure for K at a is
the same as harmonic measure for int K at a.

The point to remember here is that harmonic measure is only defined
for hyperbolic sets. If K is compact, then G = int K is bounded and thus
hyperbolic. In this book there will be little need for harmonic measure on

a compact set.
The next result is left as an exercise for the reader.

1.4 Proposition. If G is a hyperbolic set and a € G, then (1.2) holds for
all bounded Borel functions u.

Note that this proposition says that w,(A) = xa(a) for any Borel subset
of 8.,G and any point a in G.

From the comments following Theorem 15.2.5 we see that, for an ana-
lytic Jordan region, harmonic measure at the point a is absolutely contin-
uous with respect to arc length measure on the boundary; and the Radon-
Nikodym derivative is 3 g,/ n, the derivative of the Green function with
respect to the exterior normal to the boundary. An interpretation of The-
orem 10.2.4 shows that if G = D and a € D, then dw, = P, dm, where P,
is the Poisson kernel at a and m is normalized arc length measure on 8 D.
Thus in these examples, harmonic measure and arc length measure on the
boundary are mutually absolutely continuous. (Recall that two measures u
and v are said to be mutually absolutely continuous if they have the same
sets of measure 0.) This is not an isolated incident.

1.5. Theorem. If G is a bounded simply connected region such that 0G
is a rectifiable Jordan curve, then harmonic measure for G and arc length
measure on G are mutually absolutely continuous.

Proof Fix ain G and let 7 : D — G be the Riemann map such that
7(0) = a and 7/(0) > 0. By Theorem 14.5.6 (also see Theorem 20.4.8),
7 extends to a homeomorphism 7 : dl D — cl G. Thus § — (') is a
parameterization of G. Since G is a rectifiable curve. Theorem 14.5.8
implies that § — 7(e*) is absolutely continuous and 7’ is in the space H'.
According to (20.4.9) the derivative of the function & — 7(e'?) is ie**7'(e*?),
where 7/(e'®) is the radial limit of 7. So if u : 8G — R is a continuous
function, the measure yu defined on 3G by

1 7 .
[udu=gz [ utre®) iy ao
27 Jo
is (non-normalized) arc length measure.

Claim. If E is a Borel subset of 3. then m(E) = 0 if and only if
u(r(E)) =0.
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From the above formula, we know that for any Borel set A contained in
aG, p(A) = f,_,(A) |7'] dm. Assume that m(E) = 0. Since 7 is a homeo-
morphism, E = 7-}(r(E)) and so u(7(E)) = [g 7’| dm = 0. Conversely, if
u(r(E)) =0, then 7' = 0 a.e. [m] on E. Since 7 € H' and is not the zero
function, this implies that m(E) = 0.

On the other hand, if u € Cr(0G), then uo 7 € Cr(dD). Let h be the
solution of the Dirichlet problem on D with boundary values uo 7. It is
easy to see that ho 77! is the solution of the Dirichlet problem on G with
boundary values u. That is, ho 7~! = 4. Hence

/udu¢=ﬁ(a)=h(0)=/uordm.

Since u was arbitrary, this implies that w, = mo 7!, Thus for a Borel
subset A of G, w,(A) = 0 if and only if m(r~!(A)) = 0. In light of the
claim, this proves the theorem. O

The above result has an extension to a finitely connected Jordan region
with rectifiable boundary. If G is such a region and its boundary I' = G
consists of analytic curves, then this is immediate from Theorem 15.2.5. If
I" only consists of rectifiable curves, then a more careful analysis is needed.
Also see Exercise 4.

In Exercise 2 part of a fact that emerged from the preceding proof is
extracted for later use. The basic problem that is touched on in that exercise
is the following. If 7 : G — Q is a surjective analytic function, can harmonic
measure for { be expressed in terms of harmonic measure for G? The next
proposition settles this for bounded Dirichlet regions.

1.6 Proposition. Suppose G is a bounded Dirichlet region, 7 : B — G is
an analytic function with 7(0) = a, and 7 denotes the radial limit function
of . If (D) C 3G, thenwC =mo 7t

Proof. Let f: 3G — R be a continuous function and f the solution of
the Dirichlet problem on G with boundary values f; so f extends to a
continuous function on cl G with f = f on 8G. If @ € 3D such that 7 has
a radial limit at a and r — 1—, then f o 7(ra) — f(7(a)) = f o 7(a). That
is, the bounded harmonic function f o7 on D has radial limits equal to fo7
a.e. on @D. Therefore for = f?f and so

/fwg‘=f‘(r(0))=f’o‘f(0)=/fofdm=/fdmor‘.
[m]

In general, we will not be so concerned with the exact form of harmonic
measure but rather with its measure class; that is, with the sets of harmonic
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measure 0. When two measures u and v are mutually absolutely continu-
ous, we can form the two Radon-Nikodym derivatives du/dv and dv/dp.
Say that u and v are boundedly mutually absolutely continuous if they are
mutually absolutely continuous and the two Radon-Nikodym derivatives
are bounded functions.

1.7 Theorem. If G is a hyperbolic open subset of the plane and a and b
belong to the same component of G, then the harmonic measures for G ata
and b, w, and wy, are boundedly mutually absolutely continuous. Moreover,
there is a constant p > 0 (depending only on a, b, and G) such that if H
is any hyperbolic open set containing G and u, and p, are the harmonic
measures for H at a and b, then pug < puy < p~ .

Proof. This follows from Harnack’s Inequality. If B(a;R) C G, |b - a| =
r < R, and u is a positive continuous function on 8,,G, then Harnack’s
Inequality implies that pi(a) < i(b) < p~'i(a), where p = (R—~7)/(R+T).
Thus p [ u dw, < [udws < p~! [ u dws.

But this implies that p w,(A) < wp(A) < p~! we(A) for every Borel set
A contained in 8 G. Thus w, and w, are boundedly mutually absolutely
continuous and d

b

< —_

p= dag

Note that this constant p depends on a, b, and G alone. Thus the same
inequalities hold for u, and uy:

<p ™l

If a and b belong to the same component of G, then there are points
ag, . ..,an and positive numbers Ry, ..., R, such that: (i) a = ap, b = an;
(ii) laj — ay-1] < R,, 1 < j < n; (iii) B(a,; R,) C G. By the preceding
paragraph, for 1 < j < n, w,, and w,,_, are boundedly mutually abso-
lutely continuous with constant p,. Thus w, and wj are mutually absolutely

continuous and
w—a = da}ao d“)a" “e d‘da'" .
dwb d“-’m dwag dwa.. '

hence d
b -1
< —<
p -_— wa —_ p ’
where p = p)p; ... p,. Similarly, the same inequality holds for the measures
Mq and pp. O

This result has some interesting consequences. If x and v are boundedly
mutually absolutely continuous measures, then the identity mapping on
bounded Borel functions induces a bounded bijection of L?(u) onto LP(v)
for all p. (See Exercise 3.) Thus we can legitimately say that LP(u) = L? (v)



21.1. Harmonic Measure 305

in this case. So if a and b belong to the same component of G, L?(w,) =
LP(ws) for all p. We are led to the following definition for regions only.

1.8 Definition. If G is a region and 1 < p < 00, LP(9 G) = L?(w,), where
a is any point in G.

So the preceding discussion says that the definition of this space L?(4 G)
does not depend on the choice of point a in G, though the value of the
norm of a function in the space will depend on the choice of a. We return
to the case of an arbitrary (not necessarily connected) hyperbolic open set
G.

1.9 Proposition. If a € G and G is hyperbolic, then for any Borel set A
disjoint from the boundary of the component of G that contains a, w,(d) =
0. Thus the support of w, ts contained in 0,,G,, where G, s the component
of G that contatns a.

Proof. Note that if the notation is as in the statement of the theorem
and ¢ € P(xa,G), then limsup,_ ¢(z) < xa(¢) = 0 for { in G,. Thus
¢ = max{¢,0} € P(xa,G) and ¢, vanishes on G, and so we have that
0 = xa(a) = w,a(4). O

In light of the last few results it is tempting to believe that the harmonic
measures for points in distinct components of G are mutually singular. This
is not the case, as the next example demonstrates.

1.10 Example. A string of beads is a compact set
| K = [el D] \UZ, A,
where {A,} is a sequence of open disks in D having the following properties:

(i) 1 ApNcl A, =0 for n # m;

(ii) the center of each A, lies on the interval -1, 1];

(iii) [~1,1} \ U,A, contains no interval;

(iv) [=1,1] N K has positive one-dimensional Lebesgue measure.

To construct K|, first construct a Cantor set in [—1, 1] with positive Lebesgue
measure and replace each deleted subinterval of [—1, 1] with an open disk
A,. The details of the construction of this set are left to the reader.

Notice that G = int K has two components, each of which is simply
connected with a boundary that is a rectifiable Jordan curve; denote these
components by Q; and Q_. Let a4 € Q4 and let wi = harmonic measure
for G at the point as. Since 3 Q4 is a rectifiable Jordan curve (why?), ws
and arc length measure on 3 Q4+ are mutually absolutely continuous (1.5).
Thus w. and w_ are not mutually singular.
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We now characterize solvable functions for a hyperbolic open set.
But first we will see a lemma.

1.11 Lemma. If G is a hyperbolic set, a € G, and f : oG — [—00,00)
is an upper semicontinuous function that is bounded above and satisfies
f(a) > =00, then f € L (w,).

Proof. According to Theorem 19.3.6 there is a decreasing sequence {fn}
of continuous functions on 8G such that for each ¢ in 3G, fn(<) | £()-
By Corollary 19.7.12, fu(a) — f(a). On the other hand, the Monotone
Convergence Theorem implies that [ fndws — [ f dws. By (1.2), f(a) =
[ f dws. Since f is bounded above and | f dw, > —o0, f € L'(w,). @

1.12 Brelot’s Theorem. Let G be a hyperbolic set and let u be an extended
real-valued function on 8,G. If u is solvable, then for all z in G, u is
integrable with respect to w, and

u(z) = /u dw, .

Conversely, if for each component of G there 13 a point a in that component
such that u € L'(w,), then u is solvable.

Proof. By Corollary 19.7.7 it suffices to assume that G is connected. As-
sume that u is solvable and fix a point z in G. According to Proposi-
tion 19.7.8.b there is an increasing sequence of upper semicontinuous func-
tions {un} on OxG such that each u, is bounded above, u, < u, and
@n(z) — 4(z). Similarly, there is a decreasing sequence of lower semicon-
tinuous functions {v, } on O, G such that each v, is bounded below, v, > u,
and d,(2) — u(z). Because u is solvable, it can be assumed that u,(z) and
¥n(2z) are all finite numbers. By the preceding lemma, each u, and v, is in-
tegrable with respect to w,. But u, < u < v, and so u € L!(w;). Moreover,
[ tndw, = iin(2) < @(2) < 9a(2) = [ vadw,. Since 0 = lim, [(vn—un) dw;,
we have that @(z) = [u dw,.

Now assume that there is a point @ in G such that u € L'(w,). By
Theorem 1.7, u is integrable with respect to w, for each z in G. It suffices
to assume that © > 0. From measure theory there is a sequence of non-
negative bounded Borel functions {u,} such that u = 3~ un. Since each un
is solvable, for each zin G,0< ¥ in(2) =Y, fundw, = [u dw, < 00.
According to Proposition 19.7.11, u is a solvable function. O

The next result will be used later and could have been proved earlier.
It was postponed until now because the corollary is the chief objective
here and this was meaningless until harmonic measure was introduced.
Note that the next proposition generalizes Proposition 19.7.6. (The result
is quite useful in spite of the fact that its statement is longer than its proof,
usually a sign of mathematical banality.)
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1.13 Proposition. Let G be a hyperbolic open set and let g : 9oG — R be
a bounded Borel function; denote by § the solution of the Dirichlet Problem
on G with boundary values g. If H is an open subset of G and h: 9o H — R
is defined by h(¢) = §(¢) for ¢ in BoH NG and h(¢) = g(¢) for ¢ in
8ooH N 8G, then h is a solvable function for H and h =g on H.

Proof. In fact, if ¢ € P(g,G), then ¢|H € P(h,H); hence § < hon H.
Similarly, § > h on H. Since G is hyperbolic, we get that h=h = jon H.
a

1.14 Corollary. If G is a hyperbolic open set and H an open subset of G,
then for any Borel subset A of 8,G N O H, wH(A) < w8(A) for alla in
H.

Proof. Note that z — wC(A) is the solution of the Dirichlet problem on G
with boundary values g = xa. If h : 8o H — R is defined by h(z) = wG(A)
for z in G H NG and h(z) = g(z) for z in 8o H N3G, then the preceding
proposition implies that for z in H,

W$(B) = ha) = [hast 20(8)
since h > xa on 9 ,H. O

1.15 Corollary. Let G and  be hyperbolic open sets with G C Q. If K
is a compact subset of G such that wi! \K(K ) =0 for all a in G, then
wS(K) =0 for alla in G.

Proof. First observe that the hypothesis implies that K is a subset of
800 (Q\ K) N 8ooG. So the preceding corollary implies wS(K) < wi (K)
foralleainG. O

The section concludes with an application of harmonic measure to obtain
a formula for the Green function of a hyperbolic open set. In order to set
the stage for this, we must first show that the logarithm is integrable with
respect to harmonic measure. Using Theorem 1.12, this will produce a
solution of the Dirichlet problem with logarithmic boundary values and
lead to the sought formula. -

1.16 Lemma. If Q is a hyperbolic open subset of C, such that oo € Q and
a € 30, then for every b in Q, wy({a}) = 0 and the function { — log|{—¢|
belongs to L(ws).

Proof. Let g(z,00) be the Green function for 2 with singularity at oo and
put h(z) = g(z,00) —log|z — a|. So h(z) = g(z,00) — log |z} — log |1 — a/z|
and h is a harmonic function on Q. Now 39 is bounded and so there is a
constant C such that log|¢ — af < C on 99Q.
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Let {u,} be a sequence of continuous functions on 9 such that u, 2
~C, un(¢) 1 log|¢ — a|™! for ¢ in 3 and ¢ # a, and un(a) # oo; put
hy = iin. So {ha} is an increasing sequence of harmonic functions on 2. If
¢ € P(un,Q) and ¢ € 89, then limsup,_[¢(z) + log|z — af} < un({) +
log[¢ —af <0 < liminf,_.¢ g(2,00). According to the Maximum Principle,
#(z) + log|z — a] < g(z,00) on Q; hence ¢ < h on 2 and so h, < A
Therefore for each n, ’

h(b) 2 hn(b)

= /undwb

n(a) ws({a}) + /8 ey 4

un(a)ws({a}) - C.

So if wy(a) > 0, the right hand side converges to oo as n — oo, a contra-
diction.

To show the integrability of the logarithm, take the limit in the above
inequality to get

I\

00 > h(B) > -/loglc—aldu.,z -C.
Thus log | — a] € L'(w). O

Amongst other things, the preceding lemma says that harmonic measure
has no atoms for regions of that type. In the above lemma note that if
a e C\ 39, log|¢ — af is a bounded continuous function on the boundary
and is thus integrable. The next result is part of the reason for the preceding
lemma and the succeeding proposition is another.

1.17 Proposition. If G is hyperbolic, then w, has no atoms.

Proof. This is immediate from the preceding lemma since, by the choice
of a suitable Mobius transformation, any hyperbolic open set G can be
mapped onto a hyperbolic open set 2 such that co € Q. Once this is done
we need only apply Exercise 2 and the preceding lemma. O

1.18 Proposition. If G is hyperbolic and a € C, then the function { —
log |¢ — al belongs to L'(up) for every b in G.

Proof. Without loss of generality we may assume that 0 € G. Let 7(z) =
z™! and put Q = 7(G). So co € . According to Exercise 2, w{’/b =wlor
and wf = Wi, o7 (since 7 = 7~!). Fix bin G. By Lemma 1.16, log |¢ ~ 3] €
LY{w{l,) for every § in C; thus log (™! — 8| € L' (wf). Taking B = 0 gives
that log|¢| = —log|¢|™! € L}(wf). Taking 8 = 1/a, a # 0, gives that
log|¢ —a] = log|¢™" - B] + log ¢ + logla) € L' (wf). O



21.1. Harmonic Measure 309

It should be emphasized that in the next theorem the open set is assumed
to not contain the point 0c. For a hyperbolic open set that contains co the
formula for the Green function is in the succeeding theorem.

1.19 Theorem. If G is a hyperbolic open set contained in C, a € G, and
g(z,a) is the Green function for G with singularity at a, then

o(z,0) = / log ¢ ~ af dws (C) — log|z - al.

Proof. According to the preceding proposition the integral in this formula
is well defined. Let h(z,a) denote the right hand side of the above equation
and fix @ in G. Clearly h is harmonic in G \ {a}. If ¥ € P(log|¢ - a|,G),
then ¥(z) — log|z — a| is superharmonic on G and, for ¢ in 395G,

lim( inf[y(z) —log|z —a|] = lim inf y(2) — log |¢ — al

z— z—

> 0.

But [log|¢ ~ a|dw, = inf{y(z) : ¥ € P(log|¢ — a|,G)}. So k(z,8) > 0 for
all z in G. Clearly h(z,a) + log |z — a| is harmonic near a. By the definition
of the Green function, h(z,a) > g(z,a).

On the other hand, let 3 be a pasitive superharmonic function on G such
that ¥(2)+log|z—a] is also superharmonic. It follows that lim inf,_.¢[¥/(z)+
log |z - al] > log |¢ —a|. Thus y(z) +log|z—a| > flog|¢ ~a| dw,. Applying
Proposition 19.9.10 we get that g(z,a) > h(z,a). O

1.20 Theorem. If 2 is a hyperbolic open set in the extended plane such
that 0o € 2, a € 2, and g(w, a) s the Green function for Q with singularity
at @ # 00, then for every w # oo

ow,a) = [ 10g]¢ - al dul(() - loghw - ol + o(w,c0).
If B is a point not in Q, then for every choice of distinct a and w in

= a(53) (229) st

In particular, for w # 00 in Q,
(35)| @t

g(w,00) = /;0103 =5
= - /8 _1og|¢ - | duZ(¢) + log u - A1

Proof. In this proof the Green function for Q will be denoted by g%*. Take
any point § that does not belong to Q and let 7(w) = (w - §)~}; put
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G = 7(§). So G is hyperbolic, 0o ¢ G, and 0 = 1(c0) € G. If ¢ is the
Green function for G, then for every w and a in Q

g

i

o€ (r(w), ()
/a 0B = 7(@)] duu)(€) = ogir(w) - 7(a)

w,a)

/1 l_l__ 1
ba C|C~B a-P

fae|(55) (=)

1
(1]
dww(() - log w—

w3 (€).

This gives all but the first of the formulas in the theorem. To obtain the
first, assume neither w nor a is co and use the properties of the logarithm
and the fact that harmonic measure is a probability measure. This gives

Pw,a) = / log | — af dw(C) ~ log|w ~ o
an

+logw - f| —]m!oglc—m dw?(0)

/8 _log]¢ - al duS(¢) ~ log w - a] + %(w,00)

Exercises

1.
2.

Prove Proposition 1.4.

If : G — Q is a conformal equivalence that extends to a homeo-
morphism between the closures in the extended plane, ¢ € G, and
a = 7(a), then wG o771 = .

Assume that y and v are finite measures on the same set X. (a) Show
that if 4 and v are mutually absolutely continuous (but not necessar-
ily boundedly so), then the identity mapping on the bounded Borel
functions induces an isometric isomorphism of L°°(u) onto L>(v)
that is a homeomorphism for the weak® tapology. (b) Conversely,
show that if T : L*®(u) — L°°(v) is an isometric isomorphism that is
the identity on characteristic functions and T is a weak® homeomor-
phism, then 4 and v are mutually absolutely continuous. (c) If 4 and
v are mutually absolutely continuous and ¢ = du/dv, show that for
1 < p < 00, the map Tf = f $'/? defines an isometric isomorphism
of LP(u) onto LP(v) such that T'(uf) = uT(f) for all u in L>®(u)
and f in LP(u). (d) Conversely, if there is an isometric isomorphism
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T : LP(u) — LP(v) such that T(uf) = u T(f) for all bounded Borel
functions u and all f in LP(u), then p and v-are mutually absolutely

continuous.

4. (Spraker [1989]) Suppose v is a smooth Jordan curve, G = ins T, and
a € G. Show that if w$ = normalized arc length measure on 7, then
« is a circle and a is its center.

5. For R > 0, put G = Co \ B(0; R) and show that for every continuous
function f on 3G, [ f dws = & :" F(R e~1%) do.

6. If G = Ce \ [0, 1], what is harmonic measure for G at 00?

§2* The Sweep of a Measure

If G is a hyperbolic open set and u € C(8xG), let, as usual, i be the
solution of the Dirichlet problem. Thus if x is a bounded regular Borel
measure carried by G, [, @ dp is well defined and finite. In fact, |fotdu| <
lloll Nlalleo < llull llullo,G- That is, ¥ — f;@ dp is a bounded linear

functional on C(0-G). Thus there is a measure /i supported on G such
that

2.1 /ﬁdp:/ udj
G 8G

for every u in C(0-G).

2.2 Definition. If G is a hyperbolic open set and ;1 € M(G), the sweep of
u is the measure ;1 defined by (2.1).

Caution here, intrepid reader. The notation for the sweep of a measure
is the same as that for the Cauchy transform. This coincidence does not
reflect on humanity or provide a commentary on the lack of notational
imagination. Though unfortunate, the notation is traditional.

Note that if ¢ € G and w, is harmonic measure for G at a, then for
every continuous function u on 85G, i(a) = fao.G“ dw,. Equivalently,
Jotdb, = fa,.c.' 4 dw,. Thus the sweep of &, is w,.

There is often in the literature the desire to discuss the sweep of a mea-
sure p carrie«lky a compact subset K of C. In this case the sweep of u is
u|0 K + pl(int K).

The next proof is left to the reader.

*This section can be skipped if desired, as the remainder of the book does not
depend on it.
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2.3 Proposition. The map u — i is a contractive linear map of M(G)
into M(05G).

Often we are not so interested in harmonic measure itself but rather with
its measure class (that is, the collection of measures that have the same
sets of measure O as harmonic measure). This applies to non-connected
hyperbolic open sets as well as regions. With this in mind, let us introduce
the following idea.

2.4 Definition. Let G be a hyperbolic open set with components G,,Ga,...
and for each n > 1 pick a point @, in G,. If w, is harmonic measure for
G at a, and w = 3, 2 "w,, then harmonic measure for G is any measure
on O G that has the same sets of measure zero as w.

Thus harmonic measure for a hyperbolic open set is actually a mea-
sure class (w], rather than a specific measure. This means it is impossible
to define the L space of the class if 1 < p < oco. Indeed if the points
a, in Definition 2.4 are replaced by points aj, with w/, the corresponding
harmonic measure, the spaces LP(wn) and LP(w},) are isomorphic via the
identity map but not isometrically isomorphic. Thus, in the presence of
an infinite number of components, the spaces LP(w) and LP(w’) may not
even be isomorphic under the identity map. We can, however, define the
L! space and the L™ space since the definitions of these spaces actually
only depend on the collection of sets of measure 0.

2.5 Definition. If G is a hyperbolic open set and w is harmonic measure
for G, define

L*(0G) = {f:fisw — essentially bounded},
L'(0G) {r € M(0G) : p < w}.

As usual, functions in L®(8.G) are identified if they agree a.e. [w].
Thus L*°(8xG) = L*(w) and the definition of the norm on L®(9,,G) is
independent of which form of harmonic measure for G we choose. The same
is not quite true for L'(8G). If w and w’ are two harmonic measures for
G that are not boundedly mutually absolutely continuous, then L'(w) and
L'(w') can be significantly different if we define these spaces as spaces of
integrable functions. In fact, these spaces may not be equal as sets, let alone
isometric as Banach spaces. But the definition of L!(3,G) given above as a
subspace of M(9cG) with the total variation norm removes this ambiguity.

2.6 Proposition. If u € M(G), then fi, the sweep of u, belongs to L! (80G).

Proof. Adopt the notation of Definition 2.4 and let A be a compact subset
of 3G with w(A) = 0. It suffices to assume that u > 0 and show that
i(A) = 0. Let {un} be a sequence of continuous functions on 9,,G such
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that xa < un < 1for all n > 1 and {un(z)} decreases monotonically to
xa(z) for each z in 3,G. If @ € G, then iq(a) = fun dws — wa(8) = 0.
Since 0 < @t,(a) <1 forall n > 1 and for all a in G, 3(A) = lim fu, diz =

lim [, dndp=0. O

Exercises

1. Suppose that int K is a Dirichlet set and show that ¥ — 4 is a
bounded linear map of C(8 K) into C(K).

What is the dual of this map?

2. If u is a positive measure carried by D, define R, : D — R by
R,(¢) = [ P.du, where P is the Poisson kernel. Let m be normal-
ized arc length measure on dD. (a) Show that R, is a non-negative
function in L*(m). (b) If f € H*, show that [, |f|*du < [|f|*R,dm.
(c) Prove that i = R,m.

§3 The Robin Constant

Recall that, for a compact subset K of C, the Green function for Cos \ K
near the point at infinity is precisely the Green function for C, \ K. Keep
this in mind while reading the definition of the Robin constant below.

3.1 Definition. If K is any compact subset of C such that C, \ K is
hyperbolic, then the Robin constant for K is the number rob(K) defined
by

rob(K) = lim [g(z, c0) — log|z[],

where g is the Green function for Co, \ K. If C, \ K is parabolic, define
rob(K) =

First note that when C \ K is hyperbolic, rob(K) < oo from the def-
inition of the Green function. So rob(K) = oo if and only if Co \ K is
parabolic. Next, the remarks preceding the definition show that rob(K) =
rob(8K) = rob(K) if Cs \ K is hyperbolic; Proposition 19.9.5 implies the
same thing in the parabolic case. Another observation that will be useful
in the sequel is that for any complex number a

rob(K) = lim [g(z,00) - log|z ~ afl.

Indeed, log|z| — log|z — a] =log|1l —a/z| — 0 as z — oo.
The following results often make it easier to compute the Robin constant
of a compact connected set.
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3.2 Proposition. Let K be a compact connected subset of C and let G be
the component of Co, \ K that contains co. If 7 : G — D is the Riemann
map with 7(00) = 0 and p = 7/(00) > 0, then rob(K) = —logp. If f =
771:D — G, then p = lim,—ow f(w) = Res(f;0).

Proof. Note that p = 7/(00) = lim; .o 2z 7(2z) = limy—o w f(w), which is
the residue of f at the simple pole at 0. Thus it suffices to prove the first
statement. To this end, we observe that —log|7(z)| = g(z,0), the Green
function for G with singularity at co (19.9.2). Thus

rob(K) zlinc}ﬂ[— log |7(z)| — log|z]]

= lim -log|z 7(z)|
Z—00

= -logp.
a

3.3 Corollary. If K s a closed disk of radius R, rob(K) = —~log R.
For the next corollary see Example 14.1.4.

3.4 Corollary. If K is a straight line segment of length L, rob(K) =
—log(L/4).

We will see the Robin constant again in §10.
3.5 Proposition. Let K be a compact subset of C such that Co \ K
is hyperbolic, let v = rob(K), and let G be the component of Co, \ K that

contains co. If w is harmonic measure for G at 0o and L, is its logarithmic
potential, then

Lo(a) = 7 —-g(a,0) ifa€CG
v ifagclG
and L,(2) £ v for all z in C.

Proof. It can be assumed without loss of generality that K = K. Theorem
1.20 implies that g(z,a) = [ log|z — a} dw,(¢) — log |z — a| + g(z. 00) for all
finite a and z in G, z # a. But g(z,a) = g(a, z) and so

L@ = [loglc - ol dus(o)
= [g(z,00) —log|z - a]] - g(a, 2).
Letting z — oo and using the fact L,,(a) — L, (a) (Exercise 1), we get that
L,(a) = v - g(a, 00) for any finite point a in G.

Now suppose that @ ¢ cI G. Once again we invoke Theorem 1.20 to get
that

9(z,00) — log|z —a| = /Ioglz - a|™dw, ().
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Letting z — oo shows that L,(a) =y fora g cl G.

Finally, the fact that the Green function is positive implies that L, (z) <
4 for all z in C\ 8G. But L, is Isc and so for each { in G, L.(¢) <
liminf,_.¢ Lo(z) <v. O

Exercises

1. If G is any hyperbolic region and {z,,} is a sequence in G that con-
verges to z in G, then w,, — w, in the weak* topology on M(9,G).

2. If K is a closed arc on a circle of radius R that has length 8 R, show
that rob(K) = —log{R sin(6/4)].

3. If K is the ellipse z2/a + y%/b% = 1, then rob(K) = — log|(a +b)/2).

4. Let p(z) = zn+a1z" ' +...+4a, and put K = {z € C: |p(z)| < R}.
Show that rob(K) = —n~'log R. (See Exercise 19.9.3.)

5. If R > 0, show that (2r)~! [*" log|z — Re'’|~'df equals log R~! if
|2] < R and log|z|~! if |z| > R.

6. Let R > 0 and let u be the restriction of area measure to B(a; ). Show
that L,(z) = nR%log|z|™! if |z| > R and L,(z) = mR*[logR~! +
1/2) ~ m|2[/2 for |z] < R.

7. Let u be a positive measure on the plane with compact support con-
tained in the disk D = B(a; R). Show that 2 [*" L,(a + Re'®)df =
llsl| log R~

§4 The Green Potential

In this section G will always be a hyperbolic open set and g its Green
function. We will define a potential associated with the Green function g
and a positive measure u carried by G. To justify the definition, we first
prove the following.

4.1 Proposition. If u is a finite positive measure on G and

42 Gul2) = [ o(z,) d(w),
then G,, defines a positive superharmonic function on G that is not identi-
cally infinite on any component of G.

Proof. First note that because both the Green function and the measure
are positive, the function G, is well defined, though it may be that G,(z) =
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oo for some z. For n > 1, let gn(2,w) = min{g(z,w),n} and put fu(z) =
J 9n(z,w) dp(w). By Proposition 19.4.6, g, is superharmonic. Since u is
positive, each function f, is superharmonic. Another application of (19.4.6)
shows that G, is superharmonic.

Suppose there is a disk B = B(a;r) contained in G with u(B) = 0. Let

C 2 g(z,a) for all z in G\ B. Then G, (a) = 5\ p 9(a, w) du(w) < C [lu]| <
00.
Now return to the case that u is arbitrary and let B be any disk contained
in G. Let v = u|B and n = u|(G \ B). Clearly G, = G, + G, and,
by the preceding paragraph, neither G, nor G,, are identically oo on the
component containing B. By Proposition 19.4.11, G,, is not identically oo
on this arbitrary component. O

Because the Green function is positive, the function (4.2) is well defined
even if the measure u is not finite (though it must be assumed to be a posi-
tive measure). In case u is not finite, the Green potential may be identically
0o on some components of G. There may also be some positive measures
p that are infinite but such that the function (4.2) is finite valued. See
Example 4.4 below.

4.3 Definition. If G is a hyperbolic open set and 4 is a positive (extended
real-valued) measure on G, the Green potential of u is the function G,
defined in (4.2).

4.4 Example. If G is the unit disk D, the Green function is given by
9(z,w) = —log(|z — w|/|1 - zw|). Thus for any positive measure u on D,

Gule) = Ly(2) - [ logl1 - 281" du(w).

If {an} is any sequence of points in D and p =}, 6,,, then

Z—G0n
1-za3,|’

(o2
Gu(2) = Z log
n=1

and this function is finite-valued for z # a, if 2:,.(1 — |an]) < 0o (see
Exercise 8.5.4).

Shortly we will see a connection between the Green potential and the
logarithmic potential of a compactly supported measure similar to the one
exhibited for the disk in the preceding example. Each potential has its
advantages. The Green potential is always positive and this has important
consequences. In addition, the Green potential readily extends to higher
dimensional spaces with important applications similar to the ones we will
see below. This is not the case for the logarithmic potential. On the other
hand, the definition of G, depends on the choice of the open set G and is
only defined there, while the definition of L, is universal.
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When we discuss the Green potential, it will always be understood that
there is an underlying hyperbolic open set G whose Green function is used

to define this potential.

4.5 Theorem. If G is a hyperbolic open set, w, is harmonic measure for
G at z, and  is a positive measure with compact support contained in G,
then

Gu(s) = Lu(2) = [ Lu() din(0)

forallz inG.

Proof. Recall (1.16) that for any z, w in G the function ¢ — log|¢ — w|
belongs to L' (w,). Since p has compact support, it follows that log |¢ ~w| €
L'(w; x p). Indeed, for z fixed the function w — flog|¢ ~ w| dw,(¢) is
harmonic on G and thus bounded on supp p. Therefore Fubini’s Theorem
applies and we get that

L o v — .
/G /8 logI¢ — ul™ du (¢) duw) /8 ] /G log ¢ — ]~ dus(w) du, (¢)
/ L, (C) dws (€).
8G

From Theorem 1.19 it follows that
oz w) = — /8 _JogIC — wl™ du () +log]z - wi "

Integrating both sides with respect to i and using the preceding equation
gives the formula for G, in the theorem. O

The subsequent corollary follows from the observation that as a function
of z the integral in (4.5) is harmonic on G.

4.8 Corollary. If u is a positive measure on G with compact support, then
G, — L, is a harmonic function on G.

4.7 Corollary. If i is a positive measure on G with compact support, then,
considering G,, as a distribution on G,
AG, = =27 p.

Consequently if H is an open subset of G such that G, equals a harmonic
function a.e. [Area] on H, u(H) =0.

4.8 Corollary. If 4 and v are two positive measures on G with compact
support and there is a harmonic function h on an open subset H of G with
Gu—Gy=honH, then y|H = v|H.

As a positive superharmonic function G, has a least harmonic minorant
(19.8.2), which must be non-negative. From Proposition 19.9.2 we also know
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that for any point a in G the greatest harmonic minorant of the function
9a(z) = g(2,a) is the constantly O function. This carries over to the Green
potential of a positive measure.

4.9 Proposition. If u is a positive measure on G, then the greatest har-
monic minorant of the function G, is 0.

Proof. Let {G,} be a sequence of open subsets of G whose union is G
such that ¢l G, C Gp41 and G, is a finite system of Jordan curves. For
z in G, let w? be harmonic measure for G, at z. If

hn(z) = /8 _ Gul() w20

then {h,} is an increasing sequence and h(z) = lim, hn(z) for all z is the
greatest harmonic minorant of G, (19.8.3). In a similar way define

on(z,w) = /8 9.0 ()

where g is the Green function for G. Extend the definition of g, by let-
ting gn(z,w) = g(z,w) for z in G \ G,; so for each w, z — gn(z,w)
is superharmonic on G. Since the greatest harmonic minorant of g is 0,
Corollary 19.8.3 implies that lim, g,(z,w) = 0 for all z and w. But the
Green function is positive, so we can apply Fubini's Theorem to get that
hn(2z) = [ gn(z,w) dp(w). On the other hand, the Maximum Principle im-
plies gn(z,w) < g(z,w) for all n. So Lebesgue’s Dominated Convergence
Theorem implies that h,(z) — 0; that is, h =0. O

We are now in a position to prove another Riesz Decomposition The-
orem for subharmonic functions. (See Theorem 19.5.6.) After reading the
statement of the theorem, the reader should look at Exercise 2.

4.10 Riesz Decomposition Theorem. If u is a subharmonic function
on G that is not identically —co on any component, then there is a positive
measure p (possibly infinite-valued) such that for every bounded open subset
H of G with clH C G there is a harmonic function h on H with u(z) =
h(z)—G, 1 (z) for all z in H. The function h is the least harmonic majorant
of u on H. If u is negative and h is the least harmonic majorant of u on
G, thenu=h-G, onG.

Proof. As in the proof of Theorem 19.5.6, 4 = Au in the sense of distri-
butions; and for any such open set H, if v = u|H, the harmonic function
h on H exists such that « = h — G, on H. Since the Green potential is
positive, ¥ < h on H so that h is a harmonic majorant. If k is another
harmonic function on H with u < k, then G, = h — u > h ~ k. Since the
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greatest harmonic minorant of G, is 0, we have that, on H, 0 > h—k or
% > h. Therefore h is the least harmonic majorant of » on H.

Now assume that z < 0 on G. Write G = UnHy,,, where each Hp i§ a
finitely connected Jordan region with cl H, € Hnia; let g be the Green
function for H,. From the Maximum Principle we have that gn < gn+1 S0
that if ptn = y|Hn, Gy, < Gy, 00 Gn. In fact by monotone convergence,
G,.(2) = Gu(z) for all z in G. Let hy, be the least harmonic majorant of
w on H, so that u = k, — G,,, there. Since u < 0, hn < 0. Clearly {hy} is
increasing. Therefore h(z) = lim, hn(2) is & harmonic function on G and
u =h—G,. It is easy to see that h is the least harmonic majorant of u. O

4.11 Corollary. If u is a positive superharmonic function on G that is not
identically infinite an any component of G, then u is the Green potential
of a positive measure on G if and only if the greatest harmonic minorant
of u is 0.

The next proposition is proved like Proposition 19.5.11.

4.12 Proposition. If u is a positive measure with compact support K in
G and G,|K is continuous at a point a of K, then G, is continuous at a.

Exercises

1. What is the connection between the formula in Theorem 4.5 relating
the Green potential and the logarithmic potential of a positive mea-
sure with compact support, and the formula obtained in Example 4.4
for G, in the case that G = D.

2. Let G be a hyperbolic open set and let H be an open subset of G.
Suppose u is a positive measure with compact support contained in
H and define the Green potentials GS and G¥ of y using the Green
functions for G and H, respectively. Show that there is a positive
harmonic function h on H such that GS(z) = GH(z) + h(z) for all z
in G.

3. Prove versions of (4.7), (4.8), and (4.9) for the case that x is any
positive measure on G for which G, is finite-valued.

4. Let u be a positive measure with compact support K in G and assume
that G,(z) < oo for every point z in K. Show that Mt every ¢ > 0
there is a compact subset A of K with u(K \ A) < € such that G4
is continuous on G.

5. Show that if f is a positive Borel function on G that is integrable
with respect to area measure and p = f - A|G, then G, is continuous
on G. ;
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6. If G is a hyperbolic open set, K is a gompact subset of G, and {un}
is a sequence of positive measures with supp y, C K foralln > 1
such that u, — u weak® in M(K), then G,(2) < liminf, G, () for
all zin G.

7. If u is a positive measure with compact support contained in the open
disk D, show that G2(z) — 0 as z approaches any point of 8 D.

§5 Polar Sets

In this section we begin a discussion that will evolve to occupy a significant
portion of our attention. The basic idea is to examine sets that in the sense
of harmonic functions are small.

Almost every mathematical theory has a concept of smallness or negli-
gibility. An example already seen by the reader is the set of zeros of an
analytic function: such a set must be discrete, which is small by the stan-
dards of all save the finitely oriented amongst us. Another example is a set
of area 0. In measure theory we are conditioned to regard this as a kind
of ultimate smallness. In the setting®of the theory of analytic or harmonic
functions, this turns out to be quite large and certainly not negligible. The
appropriate idea of a small compact set in the sense we want is one whose
complement in the extended plane is a parabolic region.

That said, we first examine results concerning subsets of the boundary of
a hyperbolic set G that have harmonic measure zero; that is, subsets A of
850G such that for every a in G, A is w,~ measurable and w,(A) = 0. There
is a temptation to aim at a greater degree of generality by considering an
arbitrary open set G, not just the hyperbolic ones, and discussing subsets
A of 95 G that have inner and outer harmonic measure zero. For example,
a set A might be said to have outer harmonic measure zero if xa(z) = 0
for all z in G. Similarly, we would say that A has inner harmonic measure
zero if xa(z) = 0 for all z in G. It is an illusion, however, that this is added
generality. '

Indeed, suppose G is not hyperbolic and A is any subset of 9,,G. A
function in P(xa,G) is a positive superharmonic function. Since G is not
hyperbolic, it is parabolic. Thus the only functions in P(xa,G) are con-
stants; in fact, these constant functions must be at least 1. Thus every
subset of 8,,G has outer harmonic measure 1. Similarly, if G is not hyper-
bolic, then the functions in P(xa,G) must be negative constants and so
every subset of 9,,G has inner harmonic measure zero.

So we will restrict our attention to hyperbolic sets. Here one could define
the inner and outer harmonic measure of arbitrary subsets of 95,G, not just
the Borel sets. A set is then harmonically measurable when its outer and
inner harmonic measure agree. That is, a set A is harmonically measurable
if and only if xa is a solvable function. In fact, Theorem 1.12 says that
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such sets are precisely those that are measurable with respect to harmonic
measure. Attention usually will be restricted to Borel sets, though we will
examine arbitrary sets of harmonic measure zero. Recall from measure the-
ory that any subset of a set of measure zero is a measurable set having
measure zero.

There are many examples of sets that have harmonic measure zero.

For example, we have already seen that if G is the inside of a rectifiable
Jordan curve (or system of curves), then harmonic measure on &G and
arc length measure are mutually absolutely continuous (Theorem 1.5). So
subsets of arc length zero have harmonic measure zero. We begin by charac-
terizing sets of harmonic measure zero in terms of subharmonic functions.
To simplify matters, agree to say that for a hyperbolic set G a subset A of
00G is harmonically measurable if for every a in G, A is w,-measurable.

5.1 Theorem. If G is a hyperbolic set and A is a harmonically measurable
subset of 3G, the following are equivalent.

(a) wa(A)=0forallainG.
(b) If ¢ is a subharmonic function on G that is bounded above and satis-

fies
lin}supd’(Z) <0

Jor every € in 8,,G \ A, then ¢ < 0.

(c) There is a negative subharmonic function ¢ on G that is not identi-
cally ~o0o on any component of G and satisfies

linz ¢(z) = -~
" for all ¢ in A.

Proof. (a) implies (b). Assume w,(A) = 0 for ali a in G and et ¢ be a
subharmonic function as in part (b). Let M be a positive constant such
that ¢(z) < M for all z in G. Thus M~'¢ € P(G, xa) and so for every a
in G, 0< M~'¢(a) < xa(a) =wa(A) = 0.

(b) implies (c). Note that (b) implies that ¢ < 0 for every ¢ in P(xa, G).
Thus for all a in G, 0 = xa(a) = xa(a). According to Proposition 19.7.8
there is a sequence {@,} in P(~xa,G) such that ¢,(z) — 0 for every z
in G. Since ¢» € P(—xa,G), ¢n < 0. Fix a point @ in G; by passing to a
subsequence if necessary, it can be assumed that |¢,,(a)} < 2~ foralln > 1.
Let ¢ = Y &n; it follows by Proposition 19.4.6 that ¢ is subharmonic.
Temporarily assume that G is connected. The restriction on the value of
#n at the point a shows that ¢ is not identically ~co on G and clearly
¢ <0.If{ € A, then fix N > 1 and choose § > 0 such that for L <n < N

sup{¢n(z) :2€G, |z-(| <6} < -1 - %
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Again letting G(¢;6) = B(¢;6) NG we have that

N
sup{¢(2) : € G(G;8)} < Y sup{dn(2): z € G($:6)}

n=1
o0

+ ) sup{¢n(2) : z € G(¢; )}
n=N+1
< -N+1.

Hence
Iin} sup ¢(z) = —oo.

In case G is not connected, let G, Gjy,".. be its components and for each
k > 1 use the preceding paragraph to find a negative subharmonic function
@i that is not identically —oo on G and such that lim,_.; ¢x(2) = —o0
for all ¢ in A N3Gy. Define ¢ on G by letting it equal ¢; + k on Gi. This
works.

(c) implies (a). If such a subharmonic function ¢ exists, let ¢, = max {-1,
n=1¢}. It is easy to check that the sequence {¢n} C P(-xa,G). fbEG
and ¢(b) > —oo, then ¢,(b) — 0 as n — oco. Thus wy(A) = 0. Since each
component of G contains such a point b, w,(A) = 0 for all a in G (Theorem
1.7). O

Note that condition (b) in the preceding theorem is a generalized maxi-
mum principle. This also gives a proof of Exercise 13.5.7.

“5.2 Corollary. If G is a hyperbolic set, h is a bounded harmonic function
on G, and there is a subset A of 0,G having harmonic measure zero such
that h(z) — 0 as z approaches any point of 3G \ A, then h = 0.

Proof. Part (b) of the preceding theorem applied to h and —h implies that
both these functions are negative. O

The next proposition is one like several others below that show that cer-
tain sets are removable singularities for various classes of functions. In this
case we see that sets of harmonic measure zero are removable singularities
for bounded harmonic functions.

5.3 Proposition. Let F be a relatively closed subset of G such that 8., FNG
has harmonic measure zero with respect to the sete G\ F. Ifh: G\ F - R
i3 a bounded harmonic function, then h has a harmonic eztension to G.

Proof. By the use of an appropriate Mdbius transformation, it can be
assumed that F is a bounded set. Let G = U,G,,, where each G,, is an open
set whose boundary consists of a finite number of smooth Jordan curves and
cl G, C Gnq1. Fix n for the moment and let ¢ € 13()(0 Fncl G5 Gn\F) with
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¢ > 0.-Extend ¢ to all of G \ F by setting ¢ = X3 rncl ¢, 00 9(Gn \ F) =
(G, \F)U(BF N cl G,) and ¢ = 0 off cl (G \ F). The reader can
check that this extension of ¢ is usc on G\ F. By Proposition 19.4.17, ¢
is subharmonic on G \ F. It can be checked that ¢ € P(xarnc,G \ F)
and of course ¢ > 0. From the hypothesis we have that ¢ = 0. Thus
WSV (BFNcl G,)=0forall zin G,

Now defineg: 3G, -+ Rbyg=hon8G,\Fand g =00n 3G,NF;let
g be the corresponding solution of the Dirichlet problem on‘G, (remember
that G, is a Jordan region). Thus h — § is a bounded harmonic function
on G, \F.If( € 3G, \ F, h(z) — §(z) = 0 as z —» { with z in G, \ F. By
Corollary 5.2, h— g = 0 on G, \ F. Therefore § is a harmonic extension of h
to G,. Since n was chosen arbitrarily, this shows that h can be harmonically
extended to all of G. O

Subsets of the boundary of a hyperbolic set that have harmonic measure
zero can be considered as sets that are locally small; their smallness is
defined relative to the particular open set. We now turn to an examination
of sets that are universally small relative to the study of harmonic functions.

5.4 Definition. A set Z is a polar set if there is a non-constant subhar-
monic function u on C such that Z C {z: u(z) = —o0}.

Consideration of the function log |z — af shows that a singleton is polar.
A slight improvement shows that finite sets are polar and an application of
Lemma 5.6 below shows that all countable sets are polar. From properties
of subbarmonic functions it follows that every polar set must be Lebesgue
measurable with A(Z) = 0. Indeed, if u is as in the definition and E = {z.:
u(z) = ~oo}, then E = N, {2z : u(z) < —n} so that E is a G5 set. Since
t is not identically —co, A(E) = 0 (19.4.11). Since Z C E, Z is Lebesgue
measurable and A(Z) = 0. In particular, polar sets have no interior.

The next result says that the property of being a polar set is locally
verifiable.

5.5 Proposition. A set Z is polar if and only if there is an open set G
that contains Z and a subharmonic function v on G that is not identically
—00 on any component of G and such that Z C {2 € G : v(z) = —o0}.

Proof. Assume there is an open set G that contains Z for which there is a
subharmonic function v on G that is not identically —oco on any component
of G and with Z C {2 € G : v(z) = —o0}. Replacing G by {z : v(z) < 0},
we may assume that v < 0 on G. Let G = U,,G,,, where cl G, is a compact
subset of Gp41. Let dy, = diam G,,. Let u be the positive measure on G
that defines the positive distribution Av (19.5.6 and 18.4.9). Note that
#(Gn) < oo for all n. According to Theorem 4.10 there is a harmonic
function h,, on G, such that if 4, = u|Gy, then v = h, —G,,_ on G,. Also
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Gy, = L, — fn, where f, is harmonic on G,. If we define
d.
z)=- lo dp(w),
4n(2) /G g = dulw)

then we arrive at the equation v(z) = un(2) + kn(2) for all z in G, where
kn = fn + hn — d,ps(Gyr) is harmonic on G,. It is clear that u, is a sub-
harmonic function on C with un(z) < 0 for z in G, and un(2) = —0o0 on
Z N G,. Since u|G, has compact support, uy, is not identically —oco. Thus
un(2) > —o0 a.e. [Area] (19.4.11). Pick a point @ with u,(a) > —oo for
all n > 1 and choose constants ¢, > 0 such that 3 c,un{a) > —oco. Put
U= Cutn. f m > 1isfixed and n > m, un(2) < 0 for z in G,,. It
follows from Proposition 19.4.6 that u is subharmonic. Since u{a) > —oo,
u is not identically —oo. It is routine to see that Z C {z : u(z) = —oo}.
The converse is obvious. O

5.6 Lemma. If {Z,} is a sequence of polar sets, then UnZ, is polar.

Proof. According to Proposition 5.5, there is a subharmonic function u,
on C that is not identically —co such that Z, C {z : un(2) = —oc0}. Let
a € C such that u,(a) > —oo for all n. For each n > 1 there is a constant
k,, such that un(z) < k, < oo for z in B(0;n). Choose constants ¢, > 0
such that Y, cu[kn — un(a)] < co. By (19.4.6), u = ¥, calun — kn] is a
subharmonic function on C, u(a) > ~o00, and Z C {2 u(z) = —o0}. O

Using this lemma we see that to show a set is polar it suffices to show
that every bounded subset of it is polar.

5.7 Proposition. If K is a non-trivial compact connected set, then K is
not a polar set.

Proof. Suppose u is a subharmonic function on C such that u(z) = —oco
on K; it will be shown that u is identically —co. Let G be a bounded
open subset of {z : u(z) < 0} that contains K. Now use the Riemann
Mapping Theorem to get a conformal equivalence 7 : B — C, \ K with
7(0) = co. Note that if {z,} is a sequence in D such that |z,| — 1, all the
limit points of {7(z,)} lie in K. Thus u o 7 is a subharmonic function on
D and 4o 7(2) — —oo as z approaches any point on the unit circle. By the
Maximum Principle, u o 7 is identically —oo and thus so is u. O

5.8 Corollary. If Z is a polar set, then every compact subset of Z is totally
disconnected.

5.9 Proposition. If Z is a polar set and G is a bounded open set, then,
for every point a in G, ZN G is wS-measurable and wC(ZNIG) = 0.

Proof. Without loss of generality we may assume that there is a non-
constant subharmonic function v on C such that Z = {z : v(z) = —oo}. By



21.5. Polar Sets 325

a previous a.rgument ZNAG is a Gs set and therefore wC-measurable. To
show that w$(Z NAG) = 0, it suffices to show that wC (K ) = 0 for every
compact subset K of ZNAG. Let U be a bounded open set that contains
K and put H = GUU. Since cl H is compact, there is a finite constant
M such that v(z) < M for all z in cl H. Thus v — M is a negative non-
constant subharmonic function on H that is —co on K. By Theorem 5.1,

wi\K(K)=0forallain H\K.But GC H\ K and K COGNI(H\ K).
By Corollary 1.14, w€(K) <w"\K(K) =0forallainG. O

The preceding proposition will be extended to all hyperbolic open sets
G (Theorem 8.4, below) but some additional theory will be required.

We will rejoin the examination of arbitrary polar sets later (Theorem
7.5), but now we turn our attention to compact polar sets and their relation
with some recently acquired friends. There are compact sets K contained
in the boundary of an open set G such that wS(K) = 0 for all ¢ in G
and K is not polar. For example, if G is the unit square (with vertices
0,1,1 + %, and 7) and K is the usual Cantor ternary set, then 4G is a
rectifiable Jordan curve and so wS(K) = O for all @ in G. But K is not
polar (8.16). If, however, K has harmonic measure zero for every open set
whose boundary contains it, then K is polar. This as well as the equivalence
of additional conditions will be seen in the next theorem. Remember (5.8)
that compact polar sets must be totally disconnected and thus without
interior.

5.10 Theorem. For a compact totally disconnected set K, the following

are equivalent.

(8) K is a polar set.

(b) If G is any bounded region with K C 3G, then wG(K) = 0 for every
pointa in G.

(c) If G is a bounded region that contains K and u is a bounded harmonic
function on G\ K, then u admits a harmonic extension to G.

(d) If v is a Jordan curve such that K C G = ins~, then wG\K(K) =0
for every pointa in G\ K.

(e) Thmisaboundedmgwnc that contains K and there is a point a
in G\ K such that w, (K )=0.

(f) IfG isany boundedregwn containing K, then w (K) 0 for every
pointa in G\ K.

(8) C\ K is parabolic.

(b) The only bounded harmonic functions on C\ K are the constant func-
tions.

(i) There is no positive non-zero measure u on K such that L, is bounded
above.
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As might be expected, the proof of this theorem requires a lemma. It is
perhaps surprising that it only requires one.

§5.11 Lemma. If G is a hyperbolic set and A is a measurable subset of
000G such that 0 < w,(A) < 1 for some point a in G, then

inf w;(A) =0 and supw,(A) = 1.
l€G IGG

Proof. Put M = sup{w.(A):2€ G)};500< M < 1.If ¢ € P(xa,G),
then ¢ < xa < M and so ¢/M < 1. Hence ¢/M € P(xa,G), so that
&/M < xa; equivalently, ® < Mxa. Taking the supremum over all such ¢
gives that xo < Mxa. From the hypothesis we have that M = 1.

The proof of the statement about the infimum is similar. O

Proof of Theorem 5.10. That (a) implies (b) is immediate from Proposi-
tion 5.9.

(b) #mplies (c). This is a consequence of Proposition 5.3.

(c) implies (d). Let v be a Jordan curve such that K C G = ins v and
put u(z) = wS VK (k )- So u is the solution of the Dirichlet problem on
G \ K with boundary values xx. According to (c) u has an extension to a
harmonic function h : G — [0, 1). But xx is continuous at points of v, so
u, and thus X, extends continuously to cl G with A(z) = xx(z) = 0 for 2
in y = 8G. But then the Maximum Principle implies A = 0. This implies
(d).

(d) émplies (e). This is trivial.

(e) implies (g). Suppose (g) does not hold. That is, assume that C \ K
is hyperbolic; so there is a subharmonic function ¢ on C\ K such that
¢ < 0 and ¢ is not constant. By Exercise 19.4.7 we can assume that ¢
is subharmonic on C, \ K. Let G be any bounded region in the plane
that contains K. Put m = max{¢(z) : z € G}. Note that because ¢ is
subharmonic at 0o, ¢(z) < m for zin C\G. Let M = sup{¢(z): z € G\K}
and observe that m < M.

Claim. There is a point a in G\ K with ¢(a) > m and so m < M.

Otherwise we would have that ¢ < m on C\ K and ¢ attains its maximum
value at an interior point (in dG), thus contradicting the assumption that
¢ is not constant.

Define ¢, = (¢ — m)/(M — m). It is left to the reader to check that for
every ¢ in 8(G \ K), limsup, .. ¢1(z) < xk(¢). Hence ¢, € P(xk,G\ K).

The claim shows that there is a point @ in G \ X with ¢,(a) > 0. By
definition this implies w& \K(K ) > 0. Now G \ K is connected and so this
implies that wf"\K(K ) > 0 for all zin G\ K. Since G was arbitrary, this
says that condition (e) does not hold.
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.

(g) implies (f). Suppose (f) does not hold; so there is a bounded region

G containing K and a point a in G\ K with we \K(K )} > 0. Thus there is a
function ¢ in P(xx,G \ K) with ¢(a) > 0. By replacing ¢ with max{¢, 0}
we may assume that ¢ > 0 on G\ K. But then for any ¢ in 3G, 0 <
limsup,_ ¢ ¢(z) < xk(¢) = 0. Thus ¢(z) — 0 as z approaches any point of
0G. If we extend ¢ to be defined on all of C\ K by setting ¢(z) = 0 for 2 ¢
G, then it follows that ¢ is usc. By Proposition 19.4.17, ¢ is subharmonic
on C\ K. Clearly ¢ < 1 and not constant. Therefore C \ K is hyperbolic.

(f) implies (a). Let G be a bounded region that contains K so that
wo\K (K ) = 0 for all z in G\ K. According to Theorem 5.1 there is a
subharmonic function ¢ on G\ K such that ¢ < 0, ¢ is not identically —oo,
and @(z) — —oo as z approaches any point of K. If ¢ is extended to be
defined on G by letting ¢(z) = —oo for z in K, then ¢ is subharmonic on
G and this shows that K is polar.

(c) implies (h). Let h be a bounded harmonic function on C\ K. If G is
any bounded region that contains K, then h|(G\ K) admits a continuation
to G by condition (c). Thus & has a continuation to a bounded harmonic
function on C and must therefore be constant.

(h) implies (g). Suppose (g) is not true; so G = C \ K is hyperbolic and
not the whole plane. This implies that K has more than one point. Let
a € G. Since w, has no atoms, there is a Borel set A C K = 8G such
that 0 < ws(A) < 1. It follows from Lemma 5.11 that h(z) = w,(A) is a
non-constant bounded harmonic function on G and so (h) is not true.

(c) implies (i). Assume that 4 is a positive measure supported on K such
that there is a constant M with L, < M; it will be shown that p=0.LetG
be a bounded open set containing K. If d = diam G, then L,(z) > d~"||u||
for all z in cl G. Thus L,, is a bounded harmonic function on G\ K. By
(c), Ly has a harmonic extension to G. By Corollary 19.5.5, u = 0.

(i) implies (g). Assume that C\ K is hyperbolic. If w is harmonic measure
for C \ K at 0o, Proposition 3.5 implies L,, is bounded above by rob(K).
(W]

Condition (i) will be seen in the future. This particular characterization
of polar sets will resurface in §7 when the notion of logarithmic capacity is
encountered.

Exercises

1. If G is an open set with components {H,} and A = 8, G\UpdH,,
then A has harmonic measure zero.

2. Show that if K is a compact subset of C, then C\ K is parabolic if
and only if C, \ K is parabolic.
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§6 More on Regular Points

In this section the results obtained on polar sets will be applied to obtain
a more accurate and complete picture of the sets of regular and irregular
points of a hyperbolic open set. The first result along this line general-
izes the fact that isolated points in the boundary of a region are irregular
(19.10.8).

6.1 Proposition. If K is a polar set contained in the hyperbolic set G,
then no point of K is a regular point for G\ K.

Proof. Let a € K and put Q = G\ K; fix r > 0 such that B = B(a;r)
has cl B C G. If h is the solution of the Dirichlet problem on BN with
boundary values | — a|, then h(z) = 7 on d BN since 3 B is a connected
subset of the boundary of BNQ2. We want to show that limsup,_, h(z) > 0.

Recall that K is totally disconnected and let L be a compact subset of
K N B such that a € L and L is relatively open in K. There is an open set
U in C such that L = K NU; without loss of generality it can be assumed
that-U C B. Now L is a polar set and h is a bounded harmonic function
on U\ L; thus h has a harmonic extension to U. Denote this extension by
hy. So limsup,_,, h(2) = lim,_q hy(z) = hy(a). But h; > 0, so, by the
Maximum Principle, h)(a) > 0. O

The next theorem gives an additional list of conditions that can be added
to those in Theorem 19.10.1 that are equivalent to the regularity of a point.
These are given in terms of the Green function.

6.2 Theorem. If G is a hyperbolic region and a € 85G, then the following
are equivalent.

(a) a is a regular point of G.

(b) There is a point w in G such that if g(z, w) is the Green function for
G with pole at w, then g(z,w) - 0 as z — a.

(c) For every w in G, if g(z,w) is the Green function for G with pole at
w, then g(z,w) — 0 as z — a.

Proof. It is trivial that (c) implies (b) and the fact that (b) implies (a)
is immediate from Theorem 19.10.1 and the fact that the Green function
is a positive superharmonic function. It remains to prove that (a) implies
(c). Assume that a is a regular point for G and fix an arbitrary point
w in G. Without loss of generality we can assume w = oo. Let » > 0
and put B = B(a;r). Let u be the solution of the Dirichlet problem on
G(a;r) = B NG with boundary values xpp5. According to. Proposition
19.10.5, a is a regular point for the open set G(a;r); thus u(z) — 0 as
z — ain G(a;r).
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Let 0 < r; < r and put By = B(a;ry). If m = sup{u(z) : z € d By},
then 0 < m < 1. Let A(z) = 1 = (1 ~ m)[log(|z — a|/r)/ log(r,/T)] for
r1 < |z —a] < r. Note that h(z) = 1 for |z — a| = r and h(z) = m for
z-al=r.
| Put H = G(a;r)\cl B, and define v :  H — R by letting v(z) = u(z) for
zin 8 HNG(a;7) = 8 BiNG(a; 7) and v(z) = X B(z) for zin d HNG G(a; 7).
If ¥ is the solution of the Dirichlet problem on H with boundary values v,
then Proposition 1.13 implies 9(z) = u(z) for z in H. It is left as an exercise
for the reader to verify that h € P(v, H). Hence h > % = v on H.

Now let C = (1 — m)~!log(r/r1) > 0. So Ch(z) = C + log(r~!|z — a|)
and hence

6.3 Cu(z) <C +log(r !z —al) on H.

Define the function % on G by setting ¥(z) = C + log(r~!|z — aj) for z in
G\ B(a;r) and ¥(z) = C u(z) for z in G(a; 7). Since u extends continuously
to GNA B and is equal to 1 there, ¥ is a continuous function on G. It is left
to the reader to verify that (6.3) implies that v is superharmonic. Since ¥ is
clearly positive and y(z)—log || is also superharmonic near oo, ¥ > g(z,0)
by Proposition 19.9.10. Therefore on G(a;7), 0 < g(z,00) < C u(z) —» 0
asz-—a 0O

The next lemma is stated and proved for bounded regions. It is also true
for unbounded regions; see Exercise 1.

6.4 Lemma. If G is a bounded region, a € G, and G, = {z € G :
9%(z,a) > n~!}, then G, is connected, g~ (z,a) = ¢%(z,a) — n~!, and
wE»(@GNAaGn) =0.

Proof. If G, is not connected, there is a component H of G,, that does
not contain a. Define ¥ on G by letting ¥(z) = n~! for z in H and
¥(z) = ¢%(z,a) elsewhere. It is left as an exercise to show that v is
superharmonic, ¥ > 0, and ¥(z) + log|z — a| is also superharmonic. By
Proposition 19.9.10, ¥(z) > ¢©(z,a). But on H, ¥(z) = n~! < ¢5(z,a), a
contradiction. Therefore G,, is connected.

Now fix n > 1 and define h on G, by h(z) = g%(z,a) = n~!. It is easily
checked that & > 0, k is harmonic on G, \ {a}, and A(z) + log|z - af is
harmonic near a. By definition of the Green function, k(z) > g%~(z,) on
Gn. On the other hand, k(z) - g€~ (z,a) is harmonic on G,, and, for any ¢ in
3Gy, limsup, _[h(z)-g%"(z,a)] < limsup, . h(z)-liminf,_.¢ g~(z,a) <
0. Thus h(z) < g°~(2,a) and so equality holds.

Finally put K, = 3G N3G, and let ¢ € P(xk,,Gn); without loss of
generality we may assume that ¢ > 0 (19.7.8). So for any { in G, NG,
0 < liminf, .¢ ¢(z) < limsup,_¢#(z) < xk.(¢) = 0; that is, for all ¢ in
0G, NG, ¢(z) — 0 as z — ¢ with z in Gn. So if ¥ is defined on G by
¥(z) = ¢%(z,a) ~ n~1¢(z) for z in G, and ¥(z) = g%(z,a) otherwise, ¥
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is a positive superharmonic function on G such that ¥(z) + log|z — a is
also superharmonic (verify!). Thus %(z) > g%(z,a) by (19.9.10). But this
implies ¢ < 0 so that ¢ = 0. Therefore wSn(K,) =0. O

6.5 Theorem. If G is hyperbolic and E is the set of irregular points for
G, then E is a polar set that is the union of a sequence of compact subsets

of 85G.

Proof. In light of Corollary 19.10.10 it suffices to assume that G is con-
nected. First consider the case that G is bounded, so that the preceding
lemma applies; adopt its notation. Let K, = G N dGy,; by Theorem 6.2,
E = U, K, is the set of irregular points of G. It only remains to show that
each set K, is polar. This will be done by using Theorem 5.10.i.

Note that for each n > 1,

an-n (z’a) = ann(a’Z)

- / log 2 ~ ¢] dwS~+1(¢) — log|z ~ al.

The right hand side of this equation is upper semicontinuous throughout
C. So for any point w in K,

/ log fw ~ ¢| dwG~+(C) ~ log | —

> limsup{g®~+'(z,a) : z € G,}
Z=ew

1
> K G _ .

2Pl e) - oy e e Gl

>1_ 1

“n n+l

Hence

l —_ Gnt1 -— ———
[ 1081 =01 4:+2(©) > toglw - al + L

for all w in K,. If it were the case that K, is not a polar set, then there
is a probability measure 4 supported on K, and a finite constant M such
that L,(z) < M for all z. But

Lu@) = [ loglu-al~ dyw)
> [ [ rogho -7 oot ¢) dutw)

[0 s
6.6 = u(a),
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where u is the solution of the Dirichlet problem on G,4; with boundary val-
ues L,. Now L, —u is harmonic on G4+, and bounded since L, is bounded
below on compact sets (Exercise 19.5.1). But for each ( in 8 G,..H NG, as
z — ( with z in Gn4, it holds that

g (2,0) = g%(z,0) - — = — ¢°(¢.a) - — =0.

By Theorem 6.2 this implies that points in @ G+ NG are regular for G, .
Hence L,(z)—u(z) —» 0as z = { in 3Gn4+1NG. Als0 0Gn41NIG = Kpy)
and wS "*1(Kpn4+1) = 0 by the preceding lemma. Therefore Corollary 5.2
implies L, —u = 0, contradicting (6.6). Thus no such measure p exists and
K,, is polar.

Now let G be a not necessarily bounded hyperbolic open set and put
Gk = GN B(0; k). If E is the set of irregular points of Gk, then the fact
that each component of 8 B(0; k) NG is a non-trivial arc of a circle implies
that Ex C 8G. By Proposition 19.10.5 this implies that UxEx C E. The
use of barriers shows that E = U E). The general result now follows from
the proof of the bounded case. O

6.7 Corollary. If G is a bounded open set, the collection of irregular points
has harmonic measure zero.

Proof. This is immediate from the preceding theorem and Proposition 5.9.
a

The preceding corollary will be extended to hyperbolic open sets G in
Corollary 8.4 below.

Exercises
1. Use Proposition 19.9.8 to prove Lemma 6.4 for unbounded regions.

2. If G is hyperbolic, K is a compact subset of G, and ( is a regular
boundary point of G, show that as z — (, g(w, z) — 0 uniformly for
win K.

§7 Logarithmic Capacity: Part 1

Recall that, for a compact set K, M(K) is the set of regular Borel measures
on K. For a non-compact set E, let M¢(E) be all the measures that belong
to M(K) for some compact subset K of E. (The superscript “c” here stands
for “compact.”) That is, M¢(E) is the set of regular Borel measures whose
support is compact and contained in E. M{(E) will denote the positive
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measures belonging to M¢(E) and M§(E) is the set of real-valued measures
belonging to M¢(E). If E is any set, let

MS(E) = {u: u € M§(E) and L, € Ly(|ul)}.

It may occur that M§(E) = 0 (for example, if E is a single point). If
p € M§(E), let

1) = [ [1og =5 dute) dutw).

For such measures u, I(u) is a well defined finite number. Indeed I(u) =
J Ludp. The number I(u) is called the energy integral of u. The use of
this term, as well as the term logarithmic potential, is in analogy with the
terminology for electrostatic potentials in three dimensions.

7.1 Lemma. If u € M, (E), then either u € M§(E) or

nll‘ngo/min{L,,, n} du = +oo.

Proof. This is a direct consequence of the fact that the logarithmic po-
tential of a positive measure is bounded below on compact sets. O

In light of this lemma we can define I(u) = f L,du for all positive
measures, where we admit the possibility that I(u) = co. Another piece of
notation is that M{(FE) will denote all the probability measures in M°(E).
That is, M{(E) = {u € M{(E) : ||pl|l = u(suppp) = 1}.

7.2 Definition. If E is any set such that M§(E) # 0, define
v(E) = inf{I(u) : u € ME(E)}.
The logarithmic capacity of such a set E is defined by
c(E) = e~ 8,

If E is such that M§(E) = @, define v(E) = oo and ¢(E) = 0. A property
that holds at all points except for a set of capacity zero is said to hold
quasi-everywhere. This is abbreviated “q.e

The term capacity is used in analysis in a variety of ways. The com-
mon thread here is that it is a way of associating with sets a number that
measures the smallness of the set relative to the theory under discussion.
Another role of capacities is to assist in making estimates. That is, a set
having small capacity will imply the existence of certain functions having
rather precise technical properties. An instance of this occurs in §14 below,
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where Wiener’s criterion for the regularity of a boundary point is estab-
lished. In the present case, it will shortly be proved that a compact set X
has zero capacity if and only if it is polar (Theorem 7.5, below). In R? for
d > 3, there is an analogous notion of capacity where compact sets hav-
ing zero capacity are removable sets of singularities for bounded harmonic
functions. (See Landkof [1972], p 133.) In the study of bounded analytic
functions there is also a notion of analytic capacity with similar properties.
(See Conway [1991], p 217.) There is also a general theory of capacity that
originated in Choquet [1955]. (Also see Carleson [1967).) It is becoming
common to refer to a capacity that fits into this general theory as a “true”
or Choquet capacity.

Unfortunately, the logarithmic capacity defined above is not a true ca-
pacity (nor is the analytic capacity used in the study of analytic functions).

A modification of the logarithmic capacity can be made that produces
a true capacity. The extra effort to do this is modest and it is therefore
presented in conjunction with the development of logarithmic capacity. This
will only be defined for subsets of the disk rD. *

If u € M5 (rD), define

L)~ [ 1og

for all z in rD. Note that Lj(z) > 0 on rD, though it may be infinite valued.
Similarly define

d#(w)

Lw = [ / log 1" du(w) d(2)

for u in M<(rD).
7.3 Definition. For any subset E of rD, define
vr(E) = inf{I.(u) : p € M{(E)}.

The r-logarithmic capacity of E is defined by

¢(E) = ;(!-E-;S

We note the equations L], = ||u||log2r + L, and I,(k) = ||u||* log2r +
I(u), from which it follows that v (E)=log 2r + v(£E) for all subsets E of
7D. Thus a subset E of rD has logarithmic capacity zero if and only if it has
r-logarithmic capacity zero; in fact, for such sets, ¢, (E) = (log(2r/c(E)))1.

The r-logarithmic capacity is a true or Choquet capacity defined on the
subsets of rD. However logarithmic capacity as defined in (7.2) is more
closely related to the geometric properties of analytic and harmonic func-
tions on the plane. For example, it will be shown that, for any compact

1
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set K, ¢(K) = e~7, where 7 is the Robin constant for K (Theorem 10.2
below). The r-logarithmic capacity has also been heavily used in the study
of analytic and harmonic functions; see Beurling [1939], Carleson [1967],
and Richter, Ross, and Sundberg (1994].

It is also the case that the Green potential can be used to define a Green
capacity (for subsets of the parent set G) that is a Choquet capacity. This
will not be done here. The interested reader can look at Helms {1975]. Also
see Landkof {1972 and Brelot {1959]. A distinct advantage of the Green
capacity is that it generalizes to higher dimensional spaces. A disadvantage
is that it is restricted to and dependent on the chosen set G.

In what follows, results will only be stated for logarithmic capacity unless
there is a difficulty with the corresponding fact for r-logarithmic capacity
or a particular emphasis is called for. Of course, exact formulas or nu-
merical estimates for logarithmic capacity will not carry over directly to
r-logarithmic capacity, though some modification will. The first result is a
collection of elementary facts. The proofs are left to the reader.

7.4 Proposition.

(a) If E\ C E3, then c(Ey) < ¢(E3).
(b) For any set E, c(E) = sup{c(K) : K is a compact subset of E'}.

(¢) IfT(z) =az+b,a#0, thenv(T(F)) = v(E)—log|a| and c(T(E)) =
la| ¢(E). Thus ¢(E) = 0 if and only if c(T(FE)) = 0.

7.5 Theorem. If E is a Borel set, the following are equivalent.

(a) E has positive capacity.
(b) There is a non-zero measure pu in M, (E) such that L, is bounded
above.

(c) There is a compact subset of E that is not polar.
(d) There is a positive measure u with I(u) < 0o and u(E) > 0.

If K is a compact set that has positive capacity, then ¢(K) > e™", where
is the Robin constant for K.

Proof. In light of part (b) of the preceding proposition, it suffices to as-
sume that E is a compact set K. By part (c) of the preceding propo-
sition, with an appropriate choice of constants it can be assumed that
K C B(0;1/2). (This is a typical use of (7.4.c) and will be seen again in
the course of this development.) The virtue of this additional assumption
is that log|z —w|~! > 0 for all z,w in K.

(a) implies (b). Let v € M\ (K) with I(v) < oo. Since K C B(0;1/2),
L,(z) > 0 on K. Since L, € L'(v), there is a constant M such that if
F = {z € supp v : L,(z) < M}, then v(F) > 0. Now L, is a lower
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semicontinuous function: thus F is compact. If p = v|F, then L,(z) <
L,(z) < M for all z in F and hence throughout C (19.5.10).

(b) implies (c). This is immediate from Theorem 5.10.

(c) implies (d). By Theorem 5.10 there is a p1 in M4 (K) such that L, <
M; hence I(p) = [ Ludp < oo.

(d) implies (a). If u is a positive measure with u(K) > 0 and /(u) < oo,
then by the definition of v(K), v(K) < oo and so ¢(K) > 0. This completes
the proof that statements (a) through (d) are equivalent.

If ¢(K) > 0, G is the component of C \ K that contains 0o, and w is
harmonic measure for G at oo, then Propasition 3.5 states that L, < v on
the plane. Thus v(K) < I(w) € f Lydw <y and so ¢(K) > e~". O

Think of the first of the following two corollaries as a resuit about ab-
solute continuity of measures with respect to logarithmic capacity, even
though logarithmic capacity is not a measure.

7.6 Corollary. If K is a compact set with ¢(K) > 0 and u € M§(K), then
|ul(A) =0 for every Borel set A with ¢(A) =0.

The next corollary is immediate from Corollary 5.8.

7.7 Corollary. If K is a compact set with logarithmic capacity 0, then K
is a totally disconnected set.

We know that polar sets have area zero; the next proposition refines this
statement into a numerical lower bound for capacity in terms of area.

7.8 Proposition. If E is a Borel set, then

Area(FE)
«(E) 2 et

Proof. The proof is reminiscent of the proof of Proposition 18.5.3. By
virtue of Proposition 7.4.b, we may assume that E is a compact set K.
Without loss of generality we may also assume that the area of K is positive.
If u is the logarithmic potential of the restriction of area measure to K, then
u is a continuous function on the plane; by (19.5.10) it attains its maximum
value on K. By translation, we may assume that 0 € K and u(z) < u(0) =
Jiloglw|~'dA(w). If R is the radius with TR? = |K| = Area(K) and
D = B(0; R), then Area(D) = Area(K) and Area(K \ D) = Area(D \ K).
Therefore

u(0) = / log jw|~'dA(w) + / log jw|~'dA(w)
KND K\D

< / log |w|~*dA(w) + A(D\ K)log R
KnD
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IA

/ log [w|~1dA(w) + / log [w|~'d A(w)
KnD D\K

- / log [~ dA(w)
D

R
21r/ rlogrldr
(i

wRZI% +log R

= (K)IOgl/A(K)

/;(/Klogp - w|"1dA(z) dA(w) < A(K)?*log AT;()‘

Thus

If u = A(K)"'AIK, then v(K) < I(u) < log /7 e/A(K), whence the
result. O

7.9 Theorem. If K is a compact set uwith positive capacity, then there is a
probability measure u with support contained in K such that I(p) = v(K).

Proof. Let {u,} be a sequence in M;(K) such that I(u,) — v(K).

But M, (K) is a compact metric space when it has the weak® topology. So
by passing to a subsequence if necessary, it can be assumed that there is a
measure g in M, (K) such that u, — p weak*. By Exercise 1, I(u) = v(K).
a

7.10 Definition. If K is a compact set and u € M,(K) such that I(u) =
v(K), then u is called an equilibrium measure for K. The corresponding
logarithmic potential L, is called a conductor or equilibrium potential of E.

Later (10.2) it will be shown that there is only one equilibrium measure
and we can speak of the equilibrium measure for a compact set. In the
companion development of the r-logarithmic capacity, we must make a
point explicit. The proof is straightforward.

7.11 Proposition. If K is a compact subset of rD and u is an equilibrium
measure for K, then I.(u) = v (K). Conversely, if u is a probability mea-
sure on K such that I.(u) = v.(K), then u is an equilibrium measure for
K.

7.12 Theorem. (Frostman [1935]) If K is a compact set and p is an
equilibrium measure, then L, < v(K) on C and L, = v(K) everywhere on
K ezcept for an F, set with capacity zero.
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Proof Letv =v(K)and put E = {z € K : Lu(2) < v}. S0 E = UnEy,
where E, = {z € K : L,(z) < v—n~'}. Because L, is Isc, each set E,
is closed and so E is an F, set. It will be shown that ¢(E,) = 0 for each
n > 1. If there is an n > 1 such that ¢(E,) > 0, let v € M,(E,) such that
I(v) <o00. f0<6<1, ps=(1-8)p+béve M(K) and

I(ps) (1 - 8)2I(p) + 62I(v) +26(1 - 8) / L,dv

v - 26v + 26/L,,du + 624,

where A = —v + I(v) - 2 [ L,dv. Hence

I(us) v—26v+26(v~n"') + 624
v+6[~2n"! + 64
v

A

A

for a suitably small 8. Since ps € M;(K), this contradicts the definition of
v. Hence ¢(E,) = 0 for all n > 1. By Lemma 5.6 and Theorem 7.5, the
countable union of sets of capacity zero has capacity zero and so L, > v

qe.
Now we show that L,, < v everywhere. Otherwise the Maximum Principle

for the logarithmic potential implies there is a point a in F = supp u such
that L,(a) > v. Since L, is Isc, there is an open neighborhood U of a
with L, > v in U; because a € F, u(U) > 0.On F\U, L, > v qe by
the first part of the proof. By (7.6), L, > v a.e. [u]. Hence v = I(u) =
Ju Ludp + [p\y Luds > vp(U) + vu(F \U) = v, a contradiction. O

7.13 Corollary. If K is compact with ¢(K) > 0 and p is an eguilibrium
measure, then L, is continuous at each point a where L,(a) = v(K).

Proof. By Proposition 19.5.11, it suffices to show that L,|K is continuous
at a. Since L, islsc, v(K) = Ly(a) < liminf, .4 L,(z) < limsup,_,, L,(2) <
v(K). O

7.14 Proposition. Let K be a compact set with ¢(K) > 0 and let p be an
equilibrium measure. For every € > 0 there is a compact subset K, of K
with (K \ K\) < € and such that, if u, = p|K,, then L,, is a continuous
finite-valued function on C.

Proof. Put ¢ = ¢(K) and v = v(K). By Corollary 7.6 and Theorem 7.12,
L, = v ae [u]. Let K, be a compact subset of K with u(K \ K)) < ¢
and L, = v on K. By the preceding corollary, L, is continuous at each
point of K,. Let u; be as in the statement of the proposition and put
p2=p—p = p|(K\K,). Now L, =L,, +L,, < vonC.Since both L,
and L, are bounded below on compact sets, it follows that both functions
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are bounded on compact subsets of the plane. In particular, both functions
are finite-valued. Also L,, = L, — L,, and thus L, is usc; since this
function is also lsc, it follows that it is continuous. O

We conclude this section with a result that will be used later.

7.15 Proposition. If {K,} is a sequence of compact sets such that K, 2
Kny1 for all n and N, K, = K, then ¢(K,) — c(K). If ¢(K) > 0 and if
Un 1S an equilibrium measure for K, then every weak® cluster point of the
sequence {pn} is an equilibrium measure for K.

Proof. A rudimentary argument shows that if U is any open set containing
K, then K, C U for all sufficiently large n. In particular, there is no loss in
generality in assuming that the sequence {K,} is uniformly bounded. By
Proposition 7.4.c we may assume that all the sets K, C {z:|z] < 1/2}.

From elementary considerations we know that ¢(K) < c(Kn+1) < ¢(Ky)
so that lim, ¢(K,) exists and is at least c(K). Equivalently, v(K) > lim,
v(K,).

Let g, be the equilibrium measure for K, so that I(u,) = v(K,).
There is a subsequence {u,,} that converges to a probability measure
g in M(Cy). It is left to the reader to show that supp u C K. Since
log |z — w|™! > 0 on K, Fatou’s Lemma implies that

I(p)

liminfy [ flog|z — w|~'dua,(2) dun, (w)
liminfev(K,,)

liin v(Kn,)

v(K).

v(K)

N OIA A

i

A

O

7.16 Corollary. If K is a compact set and {U,} is a sequence of open
sets such that U, 2D Uny, for all n and NU, = K, then c(U,) — c(K).
In particular, if € > 0, there is an open set U that contains K with c¢(U) <
c(K)+e.

Proof. For each n let V,, be an open neighborhood of K that is bounded
with K, = cl V,, C U,. So ¢(K,) < ¢(U,) and the result follows from the
proposition. O

Exercises

1. If u, py, p2, . .. are positive measures whose supports are contained in
the compact set K and p, — p weak® in M(K), show that I(u) <
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liminf, I(st,). Use this to show that I : My (K) — (—00,00] is lower
semicontinuous.

2. Prove the result for r-logarithmic capacity corresponding to Theorem
7.12.

3. Let G be a hyperbolic open set, let K be a compact subset of G
with ¢(X) > 0, and let u be an equilibrium measure for K. Combine
Proposition 7.14 with Theorem 4.5 to show that for every € > 0 there
is a compact subset K; with (K \ K,) < € such that if p;, = u|K),
then G, is a continuous finite-valued function on G.

4. If K is a compact set and u is a probability measure on K, show that
inf{L,(z) : z € K} < v(K).

5. Suppose K is a compact subset of some disk of radius 1/2 and K =
K\ U --- UK, where each K; is compact and K; N K; =@ for i # j.
Show that v(K) < v(K)) +... + v(Ka).

§8 Some Applications and Examples of Logarithmic Capacity

Here we will give a few applications of the preceding section. Some of these
applications will tie together loose ends that exist in earlier sections; many
will be used to push our study of potential theory further. Later we will
see some examples of sets with zero or positive capacity.

We begin with an easy application of Corollary 7.6 that has important
implications.

8.1 Theorem. If G is a hyperbolic open set and E is a Borel subset of
800G with ¢(E) =0, then wC(E) =0 for all z in G.

Proof. Fix z in G. Using a Mobius transformation, there is no loss of
generality in assuming z = 00. So K = 0,G = 3G has ¢(K) > 0. If
v =rob(K) and w = wS, then L, < v and so I(w) < 7; thus w € M§(K).
If E is a Borel set with ¢(E) =0 and E C K, then Corollary 7.6 implies
w(E)=0. O '

In light of the preceding theorem, the next few results are immediate
from previous results in this chapter. Reference to the earlier versions of
the results is given at the end of the statement.

8.2 The Maximum Principle. If G is a hyperbolic open set, E is a
Borel subset of 9,,G with ¢(E) = 0, and ¢ is a subharmonic function on
the hyperbolic set G that is bounded above and satisfies

lim ¢(2) < 0
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for every ¢ in 8oG \ E, then ¢ < 0. (See Theorem 5.1.)

8.3 Corollary. If G is a hyperbolic set, h is a bounded harmonic function
on G, and there is a Borel subset E of 8oG with c(E) = 0 such that
h(z) — 0 as z approaches any point of 0oG \ A, then h = 0.

8.4 Theorem. If Z is a polar set and G is a hyperbolic set, then for
every point a in G, ZN 3G is wC-measurable and w€(Z N 8G) = 0. (See

Proposition 5.9.)

8.5 Corollary. If G is a hyperbolic open set, then the collection of irregular
points for G is an F, set with harmonic measure zero. (See Corollary 6.7.)

Now to produce a few examples. We will start with a sufficient condition
for a compact set to have capacity zero. Let K be a compact set with
diameter less than or equal to 1. This assumption implies that log|z —
w|~! > 0 for all z, w in K. For r > 0 let N(r) be the smallest number
of open disks of radius r that cover K. Note that if K has k elements,
N(r) < k for all r. So the idea is that if N(r) does not grow too fast, K is
a small set.

8.6 Lemma. With K and N(r) as above, fol [r N(r))]"'dr < oo if and only
YT N2 ™) < oo

Proof. N(r) is increasing so for 1/2"*! < r < 1/2, [r N(27"7})]7! <
[r N(r))~! < [r N(2-™))~'. Hence

log 2 /2’” 1 log 2
—— <L < .
N1 S fpui 7N T S Nz

O

8.7 Proposition. With K and N(r) as above, ¢(K) =0 if

1
/—-—dr=oo.
o T N(r)

Proof. Assume that c(K) > 0 and let u be a probability measure on X
with I(u) < oo. For each z in K, let u, be the increasing, right-continuous
function on [0, 1) defined by u,(r) = u(B(z;r)). Using the change of vari-
ables formuls,

1) = [ [ [ 1ogr~duntr] duce).
Using" integration by parts we get

Fal 1 1
/ log ¥~ dus(r) = us(r) log r=[} + / rlu(r) dr.
0 0
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Now for0<r <1,

-1

)
/ logt~du, (2)
Q
[ logz - uldu(w)
B(z:r)

and this converges to 0 as r — 0. Therefore

I(p) = / [/ol r~lu,(r) dr] du(z).

Since u, is increasing,

-
Iw) 2 / [Z S u (2*"-')er du(z)

n=0 mnt

ug(r)logr

IA

it

g2y [ u(Bisi27) da).
n=0

Put N, = N(2-") and let B™ = B(z{",27"), 1 < k < N,,, be disks
that cover K. Now any disk of radius r can be covered by 16 disks of radius
r/2. Hence for a fixed value of n, no point of K can belong to more than
16 of the disks B{™*"). Indeed, if z € B™*Y, then B{™*Y C B(z;2~™). So
if z belonged to more than 16 of the disks B{"“), we could replace each of
these by the 16 disks of radius 2~™~! that cover B(z;2~") and reduce the
size of Ny, contradicting its definition. Thus

Nn+2

/ (B(zvz—n-l)) du(z) 2 16 Z /( +2) (B(z’z‘n-l)) du(z).

Now B{"*? C B(z;2""") whenever z € B{"*?). Therefore

00 Nasa

) 2 Y Y wrto)?
n=0 k=1
oo Nn4z

- log 2 (n+1)\2
= 76 Z uB, )"

n=1 k=1

Using the Cauchy-Schwarz Inequality,
1 u(K)?

Nn-ﬂ 2 .
[Z “(B£n+l))]

k=1

A

~n+l

Nn-l-l Z “(B£n+l))2.
k=1

IA
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Therefore
log 2
I(p) 2 Z Nw

and the proposition is proved. O

Now form a Cantor set contained in [0, 1] as follows. Let {b,} be a strictly
decreasing sequence of positive numbers less than 1 such that b, + 2b; +
22b3+- - - < 1. Delete from [0, 1] the open subinterval of length b, centered in
[0,1]. Let K, be the union of the two closed intervals that remain; each has
the same length, a;. So 1 = 2a, + b;. Now from each of the two component
intervals that make up K, delete the open middle interval of length b,.
Let K3 be the union of the 22 closed intervals that remain; each of these
closed interval has length a;. So a; = 2a; + b;. Continue in this way to get
a decreasing sequence of compact sets { K, } satisfying the following for all
n>1:

(i) K has 2® components, each of which has length a,;
(ii) @n-1 = 2a5 + by. .

It is left to the reader to prove the next proposition, which is standard
measure theory.

8.9 Proposition. If {K,} satisfies (8.8), then K = N, K, is a totally
disconnected set having Lebesgue measure lim,2"a, = 1 — (b, + 2b; +
23b3 +---).

8.10 Theorem. If {K,} is the sequence of compact sets satisfying (8.8)
and K = N, K, then ¢(K) > 0 if and only if

8.8

oo

8.11 'g‘ 2% loga;! < o0.
If ¢(K) >0, then
8.12 c(K) > exp [ E 23,; ]

Proof. Assume (8.11) holds. For each n > 1 let u,, be the probability mea-
sure pn = (2"a,)~'m|K,, where m is Lebesgue measure on the line. The
strategy here will be to show that there is a constant M such that I(u,) <
M for all n. This implies that v(K,) < M so that ¢(K,) > exp(—M). The
result will then follow from Proposition 7.15 and the estimate (8.12) will
be obtained by giving the appropriate value of M.
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Fix n > 1 and a point z in K,. For every p > 0, let L, = K, N {y :
ap+1 < |y — z| < ap}. (We take g to be 1.) So

813 [logly - ol dun(y) = Z«p / logy - z|~dy.

p=0

Note that for any p > 0 and y in Ly, log |y — z|™! < loga ,- By drawing
pictures it can be seen that there are at most 5 =2-2+1 of the component
intervals of K,, within a distance a,—; of z. Continuing, there are at most
227 +1 of the component intervals of K, within a distance a,_; of z for
1<j<n Thusfor0<p<n-1andyinlL,

IN

1
— [ 1 —-z|"'d
i, osly ==l

8.14

IN

» loga, p+1

For p > n,

2
-1 -1
T /L’ logly —2|™dy < 5 loga,y,[ap — apy]

2 — Gp41
= 2n 108 P-:l[ap a:7+]

Now from (8.8.ii) ap > 2a,4, for all p; so a, > 2P~"a, for all p > n. Hence
[ap — ap41] < ap < 2™"Pa, for all p > n. This gives that

8.15 lgy < ; loga,}

for all p > n.
Combining (8.14) and (8.15) with (8.13), we get

/losly z|” ‘dun(y)<22 loga,}, = M,
p=0

which is a bound independent of n. Since z was an arbitrary point of K,,,
I(pn) < M for all n and this proves half the theorem. The estimate for the
capacity (8.12) follows from the preceding inequality.

For the converse, assume ¢(K') > 0. We will use Proposition 8.7, so adopt
the notation from there. Using the fact that ag = 1 and the telescoping of
the second series below, we get that

Z ForT loga;! = Z ST ———[loga,}, — loga;").
n=0
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Observe that N(an4:) < 2™*2. Hence

— 1 . on 1d
— - < 2 - dr
'220 ogaﬂ —_ EN(Q,‘.'.I) °“+‘
oo Qn 1
< 2 / ——— dr
; ant r N(r)
L |
= 2/0 r——N(r) dr

and this is finite by Proposition 8.7. O

8.16 Example. If K is the usual Cantor ternary set, then K has Lebesgue
measure zero and positive capacity. In fact, in this case a, = 3™" and so
oo

Z—- loga; —E-—-log3" Iog3zzn.

n=1 n=1
In fact, by evaluating this last sum we get that ¢(K) > 374

8.17 Example. If K is the Cantor set as in (8.8) with a, = exp(-2"),
then ¢(K) = 0 and so K is an uncountable set that is polar.

There is a strong connection between logarithmic capacity and Haus-
dorff measure. See Carleson (1967] and Tsuji (1975]. Also Landkof [1972]
computes the logarithmic capacity as well as the Green capacity of several
planar sets.

§9* Removable Singularities for Functions in the Bergman
Space

In this section we will use logarithmic capacity to characterize the remov-
able singularities for functions in the Bergman space.

9.1 Definition. If G is an open set and a € 0,G, then a is a removable
singularity for L2(G) if there is a neighborhood U of a such that each
function f in L2(G) has an analytic continuation to G U U. Let rem(G)
denote the points in 3G that are removable singularities for L2(G).

There is, of course, a concept of removable singularity for L2(G). Some
of the results below carry over in a straightforward manner to such points.
This will not be done here as a key result (Theorem 9.5) for the case p = 2

*This section can be skipped if desired, as the remainder of the book does not
depend on it.
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is not true for arbitrary p. There will be more said about this after that

proof.
Before giving some elementary properties of rem(G) and exhibiting some
examples, let's prove a basic result that will be useful in these discussions.

9.2 Lemma. If H = {z:|z] > R} and f(2) = X neanz™™ is analytic on
H, then f € L2(H) if and only if ag = f(o0) = 0, a); = f'(c0) = 0, and

o 2 p-(2n-2)

n=2 Ia”l R < 00.

If f is a bounded analytic function on H, f € L2(H) if and only if
f(00) = f'(00) = 0.

Proof. A calculation shows that

/.z A= 3 lan? /

n=0 R

® 1

dr.

r2n-l

The first statement is now immediate. For the second statement note that
by increasing R we may assume that f is analytic in a neighborhood of
cl H. If, in addition, f(o0) = f'(00) = 0, then f(z) = z~2g(z), where g is
a bounded analytic function on H. O

If f is analytic in a set H as in the preceding lemma, the condition
that f and its derivative vanish at infinity is that 0 = lim,_o f(z) =
lim, o 2 f(2).

9.3 Proposition. Fiz an open set G and a point a in 8,,G.

(8) If a is an isolated point of 8xG, then a is removable for L2(G).

(b) If B(a;6) N3G has positive area for every § > 0, then a is not a
removable singularity for L2(G).

(c) The set G Urem(G) is an open subset of int|cl,,G].

(d) Areafrem(G)] = 0.

Proof. (a) If oo is an isolated point of 3,,G, then the result follows by
Lemma 9.2. So assume that a is an isolated point of 3G; without loss of
generality we may assume that a = 0. Since 0 is isolated, f has a Laurent
expansion, f(z) =372 __ a,z". If R > 0 such that z € G when 0 < l2) <
R, then, as in the proof of Lemma 9.2,

oo

R
Z |an|2[ 72"+ldr.
0

n=-—00

2 -
o0 > f. P =

From here we see that a, = 0 for n < 0, and so 0 is a removable singularity.
(b) Suppose a € rem(G); we will only treat the case that a is a finite
point. Let § > 0 and assume each f in L2(G) has an analytic extension to
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G U B(a;6). If Area(B(a;6)NAG) > 0, there is a compact set K contained
in B(a;8) N G with positive area. Write K as the disjoint union of two
Borel sets E, and E, having equal area; let p; = Area|E; and put p =
p1 — p2. If f is the Cauchy transform of u, then f is analytic off K and
f(00) = f'(c0) = 0 (see 18.5.3). So if K C B(0: R), Lemma 9.2 implies
f € L3({z: |z| > R}); since f is bounded, f € L%(G).

(c) From the definition of a removable singularity, G U rem(G) is open.
For the second part of (c) it suffices to show that rem(G) N 9[clcG] = 0
If a € 9[clwG] and U is any neighborhood of a. let b € U \ [clooG]; put
f(z) = (z = b)~2. According to Lemma 9.2, f € L2({z : |z| > R}) for any
R > |b]. It follows that f € L2(G) and so a ¢ rem(G).

(d) If it were the case that rem(G) had positive area, then we could
find disjoint compact subsets K, and K2 of rem(G) with Area(K,) =
Area(K;) > 0. Let u = A|K, — A|K,. Let f = j. the Cauchy trans-
form of u. By (18.5.2) f is a bounded analytic function on C\ (K, U K3)
and 0 = f(00) = f’(00). Thus f € L3(G). But K, U K, C rem(G) and so
f can be extended to a bounded entire function; thus f is constant and so
f = 0. But this implies that A| K, = A|K>, a contradiction. O

So the typical case where rem(G) # @ occurs when G = V'\ K, where V
is an open set and K is a compact subset of V' with zero area. If we want
to get K contained in rem(G), we must have that K is totally disconnected
(Exercise 1). But more is required, as we will see in Theorem 9.5 below.
First we need an elementary result about analytic functions.

9.4 Lemma. If V is an open subset of C, K is a compact subset of V,
and f : V\ K — C is an analytic function, then there are unique analytic
functions fo: V — C and foo : Coo \ K — C such that foo(00) = 0 and
f(2) = fo(2) + foo(2) for zin V\ K.

Proof. 1f z € V, let 'y be a smooth Jordan system in V \ K such that
K U {z} is included in the inside of [y. Let

L[ 1w,

i o W—2

fo(2) =

Cauchy’s Theorem implies that the definition of fo(z) is independent of the
Jordan system [g. Also, it is easy to see that fp is an analytic function on
V.

Similarly, if z € C\ K, let ', be a smooth Jordan system in V \ K that
contains K in its inside and has the point z in its outside. Let

foolt) = =gz [ L%

Once again the definition of f4(z) is independent of the choice of Jordan
system 'y, and foo : C\ K — C is an analytic function. It is also easy
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to see that f.(z) — 0 as z — oo, so that oo is a removable singularity. If
z € V\ K, then I’y and T, can be chosen above so that I' = I'o -I'w is
also a Jordan system with winding number about the point z equal to 0.
Thus Cauchy’s Integral Formula implies that f(2) = fo(2) + foo(2)-

To see that fo and f., are unique, suppose go and g, are another pair
of such functions. So fo(z) + feo(2) = go(2) + goo(z) on V' \ K, so that
fo(2) = 90(2) = goo(2) = foo(z) there. This says that if h is defined on C by
h(z) = fo(z) — go(z) for z in V and h(z) = geo(2) — foo(2) for z in C\ K,
h is a well-defined entire function. Since h(c0) =0, Ah=0. O

Suppose V is an open set, K is a compact subset of V, and G = V\ K. As
was pointed out, if K C rem(G), Area(K) = 0. Thus when K C rem(G),
the restriction map f — f|G is an isometric isomorphism of L2(V) onto
L2(G). Equivalently, if f € L2(V) and f = fo + feo as in the preceding
lemma, then it must be that fo, = 0.

We are now in a position to state and prove the main result of this
section.

9.5 Theorem. If K is a compact subset of C, then the following are equiv-
alent.

(a) K is a polar set.
(b) L3 (C\K)=(0).
(c) IfV is any open set containing K, K C rem(V \ K).

Proof. First we do the easy part of the proof and show that (b) and (c)
are equivalent. If (c) is true and f € LZ(C\ K), then taking V = C in (c)
shows that f has a continuation to an entire function. But f(co) = 0 and
so f=0.

Now assume that (b) holds. Note that (b) says that K C rem(C \ K).
(Actually, this is an equivalent formulation of (b).) By (9.3.d) Area (K) = 0.
Let V' be any open set containing K. Fix a function f in L2(V \ K) and
write f = fo + foo as in the preceding lemma. To prove (c) it must be
shown that fo, = 0. This will be done by showing that f., € L2(C\ K).

Observe that if a € C\ K, then

i 5 Jeol2) = fes(a) _
T e

Assume fo, # 0 and choose points a and b in C\ K such that f,(a) # 0 #
foo(b). Put

9.6 g(Z) =

fool(a) [foo(z: = iw(a)] - fool(b) [fw(zi - gw(b)]

Clearly g is a;lalytic in C\ K and from the prior observation 0 = g(c0) =
g'(00). Thus if R > max{|z| : 2 € K} and H = {z : |z| > R}, g € L2(H).
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On the other hand, if W is an open set with K CW Ccdl W CV, fo =
f = fo€ L (W \ K). If W is further restricted so that a, b ¢ cl W, then
g € L3(W \ K). Therefore g € L3(C\ K). By (b), ¢ = 0. This allows us
to use (9.6) to solve for foo(z). Doing this we see that f,, is a rational
function with precisely one pole; denote this pole by c. If ¢ ¢ V, then f has
an analytic continuation to V. If c € V, then f is analytic on V'\ {c}. Now
feL}(V\K), soceK.

Since Area(K) =0, f € L2(V'\ {c}). By Proposition 9.3.a, c is a remov-
able singularity for f. Thus f has a continuation to V.

(b) implies (a). Without loss of generality we can assume that Area(K) =
0 and diam K < 1. Assume K is not polar; by Theorem 7.5, ¢(K) > 0. We
will exhibit a non-zero function that belongs to L2(C\ K). Let K, and K;
be disjoint compact subsets of K, each of which has positive capacity. For
J =1, 2 let u; be a probability measure on K; with logarithmic potential
that is bounded above and put u = p; — p3. So u is a non-zero measure
carried by K and u(K) =0. If f(z) = ji(z), the Cauchy transform of u, f
is analytic in C \ K with 0 = f(oco0) = f/(00) (18.5.2). Choose R > 1 such
that K C B(0; R) and put H = {z: |z| > R}. By Lemma 9.2, f € L(H).

To show that f is square integrable over D = B(0; R), we first find
an estimate. Let z,w € K with z # w and for 0 < € < |z — w|/2 put
B, = B(w;e) U B(z;¢). Note two things. Because z # w, the function
¢ — [(¢ — w)(¢ — Z)]" is locally integrable with respect to area measure.

Thus
[ Oy ik
p((-w)((-32) e=0J/p\g, ((~w)(-2)

Also note that (¢ — %)~ = 23,[log [¢ - z[|. Thus Green’s Theorem implies
that

__dA) —[loslc—zl]
/D\B. €-w)((-2) 2 D\B‘a c-w | €

- ! log|¢ -2

‘/|4|=R c-w %

1 log¢ - 2|
ifc_w,m (-w %

1 log|¢ - 2|
1 ‘/I(-zl=e dc

i (—w
[-Ig_\,g.

I

Now

2%

: log|w — z + €] i € € d
0

= 27 log|z - w|.

I,
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Al 1 [ loglee®| 0
=2 _98lEC 1 .. dp.
Je iJo (z—w+ee")zee
So loge~!
€
< —
IJ‘l‘zwlz—wl—ts
Finally

Reso

Put d = sup{|z| : z € K}. Sod < Rand IR € —w| > R-d. Also
log |R € — z| < log 2R. Thus there is a constant C; depending only on R
and KX such that |I| < C) log 2R. Therefore

[
owe. (C-w)E-32)

2% i0 _ .
I= / log|Re®” — 2| b io 49,

IIl + Uel - |J¢|

IA

< C, log2R+ 27 log|z — w|™!
-1

oy Eloge™t

lz~wl-¢

Letting € — 0 we see that there is a constant C that depends only on R
and K such that

dA() 2R
7 /o(c—w)(z-z) <Cle

whenever w # z.

Now the fact that L,, and L,, are bounded above implies that the
measure u can have no atoms. Hence |u x p|({(2,2) : z € K}) = 0 by
Fubini’s Theorem. So (9.7) holds a.e. {|u x u|] on K x K and

[ |-
xxk (¢ —w)(CZ)

2R
<c [ [ tog 2 dli(a) dil(w)

dlp x p|(z,w)

=4C log2R + I(|u])
< 00.

From Fubini’s Theorem we get that

fmea = [ e5] [ 22 ano

R R

< oo.

dlu x pi(z, w)



350 21. Potential Theory

Thus f € L2((C\ K).

(a) implies (b). Now assume that K is polar; so K is totally disconnected
and C\ K is connected. If f € L2(C\ K), then f has an expansion f(z) =
Y ome2@n 2~" (9.2). To show that each such f is the zero function, we need
only show that a, = 0 for all n > 2. Note that this is equivalent to showing
that for all n > 1, f.2" f(z) dz = 0, where T is any smooth Jordan system
surrounding K.

Without loss of generality it can be assumed that KX C D. Let I" be
a finite collection of pairwise disjoint smooth positively oriented Jordan
curves in D\ K such that K C ins I'; put v = rob(I"), the Robin constant
of the point set T

Put W = C, \ [[Uins I'] = out T, let w be harmonic measure for W
evaluated at 0o, and let g be the Green function for W. If u = y~'L,,, then
u is harmonic on W and, by (3.5), u(z) = 1 — y~'g(z,00) for all z in W,
and u(z) = 1 for all z not in W (because 8W =T is a system of curves
and so each point of I is a regular point).

Fore >0,set I = {z:u(z) =1 -¢} and E, =T, Uins I[',. The value
of € can he chosen as small as desired with I, a smooth positive Jordan
system that contains I in its inside. If U = {2z : u(z) > 0} \ E., U is a
bounded open set that contains E, and has a smooth boundary. Note that
if [2] > 2, dist(z,T") > 1 and so |z — w|~! < 1 for all w in T; thus u(z) < 0.
Hence U C 2D.

If g is any function analytic in a neighborhood of cl[{z : u(z) > 0} \
clfins )], then

/ 9(z) dz = / o(s) dz = —— [ 2) u(z) dz

Thus applying Green's Theorem we get

2 = 2 =
9.8 /l:g(z)dz—:/c;a[gu]dA=i—_—é/t;gaudA.

Taking g = Ou in (9.8) and using the fact that u is real-valued, we get
2
/ Ou(z) dz = —/ |0 u)® dA.
r. l1-¢Jy

Now fix n > 1, let f € L3(C\ K), and let g = 2™ f in (9.8); this yields

. 2 _ 4 o 2
/rz f(z)dz| = a—er /l;z fBud.A!
4
S [/ e | [ outaa]
2n+l
<

A1 / du(z) dz.
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According to (19.5.2), 8u = —(27) '@, the Cauchy transform of w. Thus

/rcau(z)dz - -i/ /[ 1zdu(()] dz
- L e

27

since I" is in the inside of I',. This combined with the fact that ¢ was
arbitrary gives that
=

for any such system I'. Since ¢(K') = 0, we can get a sequence of such curve
systems {['x} that squeeze down to K. Thus rob(lx) — oo; but fi z"f
remains constant. Thus this integral must be zero and so f =0. O

it Vil
rob(P)

The first reference for the preceding resuit that the author is aware of is
Carleson [1967], page 73. The prdof above is based on Hedberg {1972a]. In
this paper and its cousin, Hedberg [1972b], various capacities are introduced
that are related to logarithmic capacity and Green capacity, and connec-
tions are made with removable singularities of certain spaces of analytic
and harmonic functions. In particular, a g-capacity is defined, 1 < ¢ < 2,
and a compact set K has g-capacity 0 if and only if L2(C\ K) = (0), where
p and q are conjugate exponents. When 2 < ¢ < 00 (1 < p < 2), the story is
simpler. See Exercise 4. The reader can consult these references for details.

9.9 Theorem. If G is any open set and a € 395G, then a € rem(G) if and
only if there is a neighborhood U of a such that c(clU \ G) =

Proof. Suppose U is a neighborhood of a and ¢(cl U \ G) = 0. We assume
that a is a finite point, the case that a = oo being obtained from the
finite case by applying a suitable M6bius transformation. Thus cl U \ G is
totally disconnected and there is another neighborhood V of a such that
VN(c U\G) is compact. Put = GUV and K =V n(cl U\ G). So
K C Qand Q\ K = G. By Theorem 9.5 each function in L2(G) has an
analytic continuation to 2 and so a € rem(G).

If ¢(cl U \ G) > 0 for every neighborhood U of a, then for every such U
there is a non-zero function f in L2(C\ (cl U\G)). Thus f|G € L2(G) and
f cannot be extended to U. O

Further results on spaces L2(G \ K) can be found in Axler, Conway, and
McDonald [1982] and Aleman, Richter, and Ross [preprint].
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Exercises

1. If a € 85G and the component of 3G that contains a is not trivial,
then a ¢ rem(G).

2. If a € 8.,G and for each f in L2(G) there is a neighborhood U of a
such that f has an analytic continuation to GUU, then a € rem(G).

3. In Lemma 9.4, show that if the function f is bounded, then so are fo
and fo.

4. If K is a compact subset of the bounded open set G, 1 < p < 2, and
G\ K) = L?(G), then K = 0.

§10 Logarithmic Capacity: Part 2

We resume the study begun in §7.
10.1 Lemma. If K is a compact set with positive capacity and yu is an
equilibrium measure, then L,(z) = v(K) for all z in int K.

Proof. Let a € int K and let B = B(a;r) such that cl B C int K. Since
the logarithmic potential is superharmonic, (rr?)~! [ L,dA < L,(a) < v.
But L, = v =v(K) q.e. in K and so L, = v a.e. [Area} (7.12). Thus this
integral equals v and we get L,(a) =v. O

10.2 Theorem. If K is a compact set with positive capacity, then:

(a) v(K) is the Robin constant v for K;

(b) The equilibrium measure is unique. In fact, if G is the component
of Coo \ K that contains oo, then the eguilibrium measure for K is
harmonic measure for G at co.

(c) The Robin constant of K is also given by the formulas
rob(K)™!

sup{u(K):pe My (K): L, <1 on K}
= inf{u(K):pe My (K):L,>1 ge on K}

Moreover if c(K) > 0, both the supremum and the infimum are attained for
the measure 7~ 'w, where w is harmonic measure for G at 0co. The measure
v~ 'w is the only measure at which the supremum is attained.

Proof. Adopt the notation in the statement of the theorem and put v =
v(K). Let w be harmonic measure for G at oo, let u be an equilibrium
measure for K, and let g be the Green function for G. By Proposition 3.5.
L,(z) =+ —-g(z,00) forall zin Gand L, <yonC.
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Now h(z) = v — L,(z) is a positive harmonic function on G except
for the point co. From (19.5.3), L,(z) + log|z} — 0 as z — oo. Hence
h(z) ~log|z] = v as z — oo.

By the definition of the Green function, v — L,(z) = g(z,00) < h(z) =
v — L,(2). Letting 2 — 0o, we get that v < v. Since we already know that
v < v (7.5), this proves (a).

Note that I(w) = [ L,dw < v = v. By the definition of v(K), I(w) =v
and w is an equilibrium measure. Put v = w — p. From the preceding
paragraph we have that L, > 0. We also have that L, < v - L, and
is therefore bounded above on compact sets. But v(K) = 0 implies that
L,(z) — 0 as z — oo; therefore L, is a bounded harmonic function on
Co \ K. Now Theorem 7.12 implies there is an F, set E with ¢(E) =0
such that L,(z) = L,(z) = v for z in K\ E. By Corollary 7.13, L,(z) =
L,(z) — Ly(z) — 0 as z approaches any point of 3[C \ K]\ E. By the
Maximum Principle, L, = 0 in C\ K. But we also have that L,(z) = 0 on
int K from the preceding lemma. Hence L, vanishes q.e. on C (off the set
E) and thus L,(z) = 0 a.e. [Area]. By Theorem 19.5.3, w —p =v =0.

To prove (c), let a = sup{u(K) : p € M(K) : L, < 1on K}. Taking
g = 7" 'w in this supremum shows that a > y~!. On the other hand, if
p € My (K) with L, < 1on K, then p) = p(K)'p € M(K) and I(p,) <
p(K)~'. Hence v < inf{u(K)™': p€ M (K) with L, <lon K} =a™!
so that a < 4~!. This shows that @ = y~! and the supremum is attained
for the measure v~ 'w. If u is any positive measure supported by K such
that L, <1 and u(K) =", put py = yp. So u, is a probability measure
and I(y,) < 4. Hence u; = qw by part (b).

Now let 3 denote the infimum in part (c). If u is any measure in M, (K)
with L, > 1 q.e.on K, then L, > 1a.e. [w]. Thereforey™! < 47! { L dw =
7! [ Lodp < p(K). Thus y~! < B. On the other hand. L, > 1 qe. on K
foruy=y"'wsothat y"!'=4. O

So you noticed there is no uniqueness statement for the infimum ex-
pression for rob(K)~! in part (c) in the preceding theorem. This is be-
cause there is no uniqueness statement! Consider the following example.
Put K = {z : |z| < 1/2}. So rob(K) = log2 (3.3). If & is the unit
point mass at z = 0 and m is normalized arc length measure on 9 K,
then it is left to the reader to check that for both x4 = (log2)~!éy and
p = (log2)~'m, L, > 1q.e. on K. Where does the proof of uniqueness for
the expression for rob(K)~! as a supremum break down when applied to
the expression as an infimum?

10.3 Corollary. If K is a compact set with positive capacity, G i3 the
component of Co, \ K that contains 0o, and w is harmonic measure for G
at 0o, then c(0K \ supp w) =0 and ¢(K) = c(K) = ¢(9K).

Proof. Let F = 9K \ supp w. For each z in F, L, is harmonic in a
neighborhood of z. Since L, < v, the Maximum Principle implies L,(z) <
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« for all z in F. But Theorem 7.12 implies L,(z) = 7 q.e. on K, which
includes K. Hence c¢(F) = 0. The rest of this corollary follows from the
definition of the Robin constant. O

The next three corollaries follow from computations of the Robin con-
stant in §3.

10.4 Corollary. If K is a closed disk of radius R, c¢(K) =
10.5 Corollary. If K is a closed line segment of length L, ¢(K) = L/4.

10.6 Corollary. Let K be a compact connected subset of C and let G be
the component of Co \ K that contains . If 7 : G — D 15 the Riemann
map with 7(00) = 0 and p = 1'(00) > 0, then c(K) = p.

If we combine this last corollary with the proof of the Riemann Mapping
Theorem, we have that for a compact connected set K

c(K) = sup{|f'(c0)| : f is analytic on C\ K, f(c0) =0, and |f] < 1}.

Thus in the case of compact connected sets, c¢(K) is the same as analytic
capacity (Conway [1991], p 217).

Once again we record pertinent facts about the r-logarithmic capacity.
The proof is left as an exercise for the reader.

10.7 Theorem. If K is a compact subset of rD, then

er(K) = sup{u(K):p€e M (K):L,<1onK}
= inf{p(K):p€ My (K):L, >1 ge on K}.

If c,(K ) >0, both the supremum and the infimum are attained for the
measure ¢,.(K) 'w, where w is harmonic measure for G = Co \ K at
00. The measure c,.(K)~'w is the only measure at which the supremum is
attained.

10.8 Proposition. Let K be a compact set with positive capacity and let
G be the component of C \ K that contains co. If w s harmonic measure
for G at 0o and a € 3G, then a is a regular point for G if and only if
L,(a) = v(K).

Proof. If g is the Green function for G, then a is a regular point if and only
if g(z,00) — 0 as z — a (5.2). On the other hand, L,(z) = v — g(z,00),
where v = v(K). So if L,(a) = =, then the fact that L, is Isc implies
that v = L,(a) < liminf, ., L,(z) < limsup,_, L,(z) < 7 (3.5). Thus
L,(z) — v as z — a and so g(z,00) — 0 as z — a, showing that a is
regular.

Now assume that a is regular. Combining Theorem 10.2 with (7.12) we
have that L, = v g.e. on C\ G; so, in particular, this equality holds a.e.
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[Area). If € > 0, the regularity of the point a lmphes there isa 6 > 0 such
that g(z,00) < ¢ for z in G(a;6). Thus

1
2 Lw Z —-“/ Lwd-A
7 (a) 7 82 Jp(a:6)

1 1

= — L,dA+ — / L,dA

™ 8 Jp@snG 7 62 JG(a:6)
> 62 Area(B(a;6)) + 62 Area(G(a 6)
2 v-e 0O

We turn now to an application of the uniqueness and identification of
the equilibrium measure for a compact set.

10.9 Theorem. Let G be a hyperbolic region in Cy with G = U,G, and
assume that a € G, C Gpy) for all n. If w and w, are the harmonic
measures for G and G, at a, then wp, — w weak® in M(Cy,).

Proof. There is no loss in generality in assuming that a = oo. If K and
K, are the complements of G and G, then K = N, K, and w and w, are
the equilibrium meastires for K and K,. Recall Proposition 7.15, where it
is shown that every weak"® cluster point of {w,} is an equilibrium measure
for K. Since the equilibrium measure is unique and these measures lie in a
compact metric space, w, — w weak®. O

Exercises

1. Show that if F is any set and F is a set with ¢(F) = 0, then ¢(E) =
c(EUF)=c(E\F).
2. If K is a closed arc on a circle of radius R that has length 8 R, show
that c(K) = Rsin(8/4).
3. If K is the ellipse z2/a + y?/b% = 1, then c(K) = (a + b)/2.

4. Let p(z) =z"+a,z" ' +...+a, and put K = {z € C: |p(z)| < R}.
Show that c(K) = ¥/R. (See Exercise 19.9.3.)

§11 The Transfinite Diameter and Logarithmic Capacity

In this section we will identify the logarithmic capacity with another con-
stant associated with compact sets: the transfinite diameter. This identifi-
cation shows an intimate connection between the logarithmic capacity and
the geometry of the plane.
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Let K be a fixed compact set and for each integer n > 2 let K(®) = {z =
(21,.--,2n) EC":z;€ Kfor1 < j<n}. Letca, =n(n—-1)/2= (3), the
number of ways of choosing 2 things from n things. Define the constant

1/¢cn
111 6.(K) = max [ H |zj — zkl] :z2e K™

1<j<k<n

Let’s note a few facts. First, because of the compactness of K(®), this
is a maximum and not just a supremum. Second, if K has N points, then
6.(K) = 0for n > N. So for the immediate future assume that K is infinite.
In particular, 6§, (K) > 0 for an infinite K. Also note that if z; = z; for some
J < k, the product in (11.1) is zero. So the maximum can be taken over Z in
K™ with z, # z; for 1 < j < k < n. Next observe that §;(K) = diam K.
Finally, if Z € K(™), then the Vandermonde of Z, V(Z), is defined as the
determinant
V(E) = det “.,Zj, Z?, C oy z;.—lllSan'

It follows that
ve) = [ (a-2)

1<j<k<n
So 6a(K) = max{|V(z)|"/ : 2 € K(™}.
11.2 .Proposition. For any compact set K the sequence {6,(K)} is de-
creasing.
Proof. Let z€ K("*+1) such that Sny1 = 6pe1 (K) = [V(2)]/+'. Thus

n+1

1 |za4+1 = 21|+ [Zn41 = 2nl H [z =zl

1<j<k<n

IA

[zn+1 — 21] - - |2n41 — 2al67".

Similarly, for each k=1,...,n+1

ARl | (EREETN
ik

Taking the product of these n + 1 inequalities gives that

n+l
+1)Cn
65::_1 )41 < [H H |2k — szJ 6$tn+l)¢n

k=1j#k
= 6:5:'1"'1) 6:(n-l)(n+l)/2.

Performing the algebraic simplifications and taking the appropriate roots,
we discover that §p4; < 6. O
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11.3 Definition. For a compact set K the number

bo(K) = nl’_u‘x;c o (K)
is called the transfinite diameter of K.

The existence of this limit is of course guaranteed by the preceding propo-
sition and it is clear why the terminology is used. For finite sets the trans-
finite diameter is zero, but there are examples of compact sets that are
infinite and have zero transfinite diameter. Indeed the next theorem com-
bined with Example 8.17 furnishes such an example.

11.4 Theorem. If K is a compact set, then the transfinite diameter of K
equals its logarithmic capacity.

Proof. If K is finite, then both §.,(K) and c(K) are zero. So assume that
K is infinite. Let 6, = 8,(K) and 6o = 800 (K)-

Let w be the equilibriun measure for K and let z,,..., z, be any points
in K. Observe that

E log |z — z.jl~l > c,.log&,';l
1<j<k<n

even if these points are not distinct. If L is the function defined on K™
by L(z),...,2s) = the left hand side of the preceding inequality and v =
w X +-+ X w (n times), then v is a probability measure and so

c,,logé,:l < /L(zl,...,z,,)du

n-1 n
= /Z Z log |2 — z;] ™ dw(z)) - - - dw(zn)

1=1 k=541

n-1 n
> 3 [ [1o8lan - 251 dutap)dute)

j=1 k=j+1
cal(w)
cnrob(K).

Thus 6y, 2 ¢(K).

For the reverse inequality, choose an arbitrary € > 0. By Corollary 7.16
there is an open set U that contains K and satisfies c(U) < c(K) +¢. Let
n be sufficiently large that 1/\/n7 < dist(K,dU) and let z,...,z, be
points from K such that §, = |V(Z)|'/*~. Put B; = B(z;;1//a7). (So
Area(B;) = n~!.) Define 7(z) to be the number of disks B; that contain
z. Note that 7 is a Borel function with 0 < r < n. If 4 is the measure T A,
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then 4 > 0 and |[u|| = 3, Area(B,) = 1. So u € My (V). Therefore

WU) < / / log |z — w7 (2) T(w) dA(z) dA(w)

n n _ - dA .
J};{/B, Lﬂ/& log |z — w] dA(z)] (w)

Now for any w, z — log}z — w|™! is superbarmonic. Thus ka log|z —
w|"'dA(z) < n~'log|zx — w|~!. Thus

1 & > _
(U) < = ; /B ’ [.; log |zx — w] '} dA(w).

Similarly for j # k, fB, log |zx — w)~'dA(w) < n~llog|zx — z;| 7t If j =k,
then an evaluation of the integral using polar coordinates gives

i

/ log |2k — w|~'dA(w) = L (1 + log n).
B 2n

Hence
© < 215 Liogla - 517 40 (1+lognm)
v T n|~~n 812k =% 2n g™
J#k
= 2 E loglzx — z l"l+i(l+logmr)
n? 7 2n
1<)<k<n
= = 5 log §,, +2n (1 + lognm).

Letting n — 0o we get that v(U) < logéZ! so that ¢(K) > ¢(U) - € >
b0 — €. Hence ¢(K) > 6(K). Q

The advantage of the transfinite diameter over logarithmic capacity is
that the transfinite diameter is more geometric in its definition. After all,
the definition of the logarithmic capacity of a set is given in terms of mea-
sures, while the definition of the transfinite diameter is in terms of distances.
This is amplified in the next corollary, which would be more difficult to
prove without the preceding theorem.

11.5 Corollary. If K i3 a compact set and f : K — L is a surjective
function such that there is a constant M with |f(z) — f(w)] < M|z —w| for
all z,w in K, then ¢(L) < ¢(K).

Proof. Let(,,...,{, € Lsuch that §5*(L) = []{|¢c—¢jl: 1 <j<k<n}
and pick zy,...,2z, in K with f(z;) = ¢,. So 65 (L) = [{if(2k) - f(2,)} :
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1 < j <k <n} < M6 (K); equivalently, 6,(L) < M/<n6,(K). Letting
n — oo gives the conclusion. O

11.6 Corollary. Ify is a rectifiable Jordan arc or curve and K is a compact
subset of v, then c(K) > |K|/4, where |K| denotes the arc length of K.

Proof. Assume that v is parametrized by v : [0,1] — C with a = ¥(0)
a point in K. If z € K, z # a, there is a unique ¢ in (0,1] such that
7(t) = z. Define f : K — [0,|K]|] by f(z) = |K 0 ~([0,¢])]. It is clear
that f is surjective. If z,w € K and z = 4(t), w = 7(s) with s < ¢, then
1£(z) - f(w)] = |K N v((s,8)l < Ir([s,8])] < |z — w| since the shortest
distance between two points is a straight line. According to the preceding
corollary, ¢(K) > ¢([0,|K]}) = |K|/4 by Corollary 10.5. O

11.7 Corollary. If K ts a compact connected set and d = diam K, then
c(K) > d/4.

Proof. Let a,b € K such that |a — b] = d. By a rotation and translation
of K, which does not change the capacity, we may assume that ¢ = 0 and
b = d € R. By the choice of a and b, 0 < Re z < d for all z in K. Since
K is connected, Re : K — [0,d] is surjective. According to Corollary 11.5,
c(K) 2 c([0,d])) =d/4 (10.5). O

There is an equivalent expression for the transfinite diameter and hence
the logarithmic capacity of a compact set connected to polynomial approx-
imation. This development is sketched below without proof. The interested
reader can see Chapter VII of Goluzin [1969] and §16.2 of Hille [1962].

Let K be an infinite compact set and for n > 1 let P, be the vector space
of all polynomials of degree at most n. If ||p]|x = max{|p(z)| : z € K},
then || - ||k defines a norm on P,. Let M, be the collection of all monic
polynomials of degree n. That is, M,, consists of all polynomials of the
form p(z) = 2" + a,z""! + - .- + an. Define the constant

M, = inf{|ipllx : p € Ma}.

Note that 0 < M, < oo. It can be shown that there is a unique poly-
nomial T, in M, with ||T,||x = M,. The existence of T}, is easy but
the uniqueness is not. The polynomial T, is called the Tchebycheff poly-
nomial for K of order n. The Tchebycheff constant for K is defined by
tch(K) = limp .o Y Mn(K), which always exists and is finite. In fact, it
is easy to see that tch(K) < diam K. It turns out that the Tchebycheff
constant and the transfinite diameter are the same.

Exercise

1. Let K be a compact set and suppose Z = (z),...,2,) € K™ such
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that 85 = [] < cken |2k — 2jl- Show that zy,...,2n belong to 8 K
(the outer boundary of K).

§12 The Refinement of a Subharmonic Function

Because of the intimate connection of subharmonic functions with so many
of the properties of capacity and the solution of the Dirichlet problem, it is
no surprise that the ability to manufacture these functions will extend the
power of the theory and increase the depth of the results. In this section a
new technique is developed that increases our proficiency at constructing
subharmonic functions. In the next two sections this augmented skill will
be put to good use as we prove Wiener's criterion for regularity.

Let G be a hyperbolic open subset of C and suppose E is an arbitrary
subset of G. For a negative subharmonic function u on G define

It(z) = sup{é(z): ¢ is a negative subharmonic function on G
that is not identically — oo on any component of G
and ¢ <uon E}.

The function I} is called the increased function of u relative to E. Be aware
that in the notation for the increased function the role of G is suppressed.
Also note that I} may fail to be usc and thus may not be subharmonic. To
correct for this, define

I%(2) = lim sup I'3(w)

W2

for all z in G. The function I% is called the refinement of u relative to E. The
term for this function most often seen in the literature is the French word
“balayage.” This word means “sweeping” or “brushing.” The term and
concept go back to Poincaré and the idea is that the subharmonic function u
is modified and polished (or brushed) to produce a better behaved function
that still resembles u on the set E. That the function /% accomplishes this
will be seen shortly. We are avoiding the word “sweep” in this context as
it was used in §2 in a different way.

Here are some of the properties of the increased function and the refine-
ment. Let &% be the set of negative subharmonic functions used to define
Ig.

12.1 Proposition. If G is a hyperbolic open set, E and F are subsets of
G, and u and v are negative subharmonic functions on G, then:

(a) i}‘.; is subharmonic on G;
(b) u<It<It<00onG;
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() Ig=uonkE;

(d) Ig=1I% onint E;

(e) Iy=0;

() IfECF, Iy >0y

(@) Fu<v,Ip<iy;

(h) Ift>0, Iy =tI¥;

(i) Iu+u>Iu+I“u;

() Ig =1Ig on G\ cl E and this function is harmonic there.

Proof. Part (a) is a direct application of (19.4.6). Parts (b) through (h) are
easily deduced from the definitions, while part (i) follows from the relation

Y 4+ ®% C d5+. To prove part (j) we will use Lemma 19.7.4. First note
that if ¢, and ¢, € ®%, then so does @) V ¢,. Second, if ¢ € O, D is
a closed disk contained in G\ cl E, and ¢, is the harmonic modification
of ¢ on D, then ¢, € ®%. Hence I} is harmonic on G \ cl E. Since [ is
continuous there, Ig = I v 0

It may be that strict inequality holds in part (b). See Exercise 1. In fact,
this exercise is solved by looking at the proof that the origin is not a regular
point for the punctured disk and this is no accident. It will be shown later
in this section that I = I}_,‘7 except on a polar set (Corollary 12.10).
Now for one of the more useful applications of the refinement of a sub-
harmonic function.

12.2 Proposition. If u is a negative subharmonic function on G and K
is @ compact subset of G, then there is a positive measure ps supported on
K such that I} = ~G,, (the Green potential of ).

Proof. By Corollary 4.11 it suffices to show that the least harmonic ma-
jorant of I% is 0. First assume that G is connected and u is bounded on K;
so there is a positive constant r such that ¥ > —r on K. Fix a point a in
G and let g,(z) = g(z, a) be the Green function for G with pole at a. Since
g is lIsc, there is a positive constant s such that g,(z) > s for all z in K.
So fort =7/s >0, —tga € % and so —t ga < I§. Now g, is harmonic on
G\ {a} and so —t g, < f}‘( < 0. Thus if h is a harmonic majorant of I},
ga > —h/t. Since the greatest harmonic minorant of g, is 0, this implies
h > 0 and so the least harmonic majorant of f,“( must be 0.

Now assume that u is bounded on K but G is not connected. Because K
is compact, there are at most a finite number of components Gy, ...,Gn of
G that meet K. Also K; = K NG; is compact. If H is a component of G
different from G4, ..., Gn, then the fact that HN K = 0 yields that f}‘( =0
on H (12.1.e). This case now follows from the preceding paragraph applied
to each of the components G,,....Gp.



362 21. Potential Theory

Now for the arbitrary case. Let h be the least harmonic majorant of /.
Since I} <0, h £0, it must be shown that h > 0. By Theorem 4.10 there
is a positive measure s on G such that [ = h - G,. In fact, u = A%
in the sense of distributions. Since i}‘( is harmonic on G \ K, suppu C K;
in particular, s is a finite measure. If v = —G,,, then v is a negative
subharmonic function on G and u = h + v. By (12.1.i), I} > I} + I%.
Thus h is a harmonic majorant of /%. But h is bounded on K and so the
least harmonic majorant of I ,"( is 0. That is, h > 0. O

12.3 Corollary. If G is a hyperbolic open set, u a negative subharmonic
function on G, and K a compact subset of G, then there is a positive
measure p supported on K such that u(z) = —G,(z) for all z in int K.

Proof. According to Proposition 12.1, f,‘} = u on int K. Now use the
preceding proposition. O

In the next proposition we will see how the refinement is used to show
that subharmonic functions can be extended in some sense.

12.4 Proposition. If u is a subharmonic function on the disk B, = B(a;r)
and 0 < s < r, then there is a subharmonic function u; on C such that
u) = u on B, and u, is finite on C\ cl B,. In fact, u,(2) = log(|z - a|/r)
for|z—a|l 2.

Proof. Clearly, by decreasing r slightly, it can be assumed that u is subhar-
monic in a neighborhood of cl B,, and hence bounded above there. There
is no loss in generality in assuming that « < O on cl B,. Put K = cl B,
and consider [%. From Proposition 12.1 we know that /% = u on B, and
is harmonic on B \ K. If g is the Green function for B,, then Proposition
12.2 implies there is a positive measure p supported on cl B, such that
I = -G,.
But if ¢ € 3 B,, g(w,z) — 0 uniformly for w in K as z — ( (Exercise
62) Thus G,(z) — 0 as z — ( for all ( in 8 B,. By Corollary 13.4.13
= —G, can be extended across the circle 8 B,. That is, thereisat > r
a.nd a function w defined on B such that w = /% on B,, w is harmonic
on B, \cl B,, and w < 0. Define u; on C by letting u;, = fK = w on B,
and u;(z) = log(|z ~ a|/r) on C\ B,. It follows from Exercise 19.4.9 that
u; is subharmonic. O

In the next two propositions we will construct subharmonic functions
that have specified behavior relative to a polar set. These results are im-
provements of the definition of a polar set and Proposition 5.5.

12.5 Proposition. If Z is a polar set and a ¢ Z, then there is a subhar-
monic function u on C such that u = —c0 on Z and u(a) > —oo.
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Proof. By definition there is a subharmonic function v on C that is not
constant with v(z) = —oo for all z in Z. Let {z,} be a sequence of points
in Z and {r,} a sequence of radii with 0 < 2r, < |z, — @] such that if
B,, = B(zn;Ta), Z C UnB,. By Proposition 12.4 there is a subharmonic
function u, on C with u, = v on B, and u,(2) > —oo for z ¢ cl B,. In
particular, u,(z) > —oo for |z —a| < r,. Since u, is usc, there is a constant
ay, such that —00 < u,(z) + an < 0 for |z ~ a| < r,. Now choose positive
scalars {f,} so that 3_, Bnlun(a)+an] > —00. f u(z) = 3=, Balun(2)+an],
then it is easy to check that u has the desired properties. O

12.6 Proposition. If G is a hyperbolic open set, Z is a polar set that
is contained in G, and a € G \ Z, then there is a negative subharmonic
function u on G with u(z) = —oo for all z in Z and u(a) > —oo.

Proof. First observe that it suffices to prove the proposition under the
additional condition that there is an open disk D that contains Z with
cl D C G. Indeed, if the proposition is proved with this additional condition,
then in the arbitrary case let {B,} = {B(an;rs)} be a sequence of disks
such that Z C U, B, and cl B, C G for all n. According to the assumption,
there is a negative subharmonic function u, on G such that u,(a) > —o0
and un(z) = —oo for z in ZNB,,. Let {8,} be a sequence of positive scalars
such that 3 Baun(a) > —00 and put u = 3~ Bntn.

So assume that D = B(b;s) is an open disk with Z C D and cl D C G.
Let r > s such that B(b;r) C G. Using Proposition 12.4 and Proposition
12.5, there is a subharmonic function w on C such that w(z) = —oo for all
z in Z, w(a) > —oo, and w(z) = log(jz — b|/r) for z not in B = B(d;r).
Let g be the Green function for G and let h be the harmonic function
on G such that g(z,b) = h(z) — log|z — b} for all z in G. So on G\ B,
w(z) = log|z — ] ~ logr = h(z) — g(z,0) - logr.

Define u(z) = w(z) — h(z) + logr for z in G. So u is a subbarmonic
function on G and, for z in G\ cl B, u(z) = —g(z,b) < 0. Since u is usc,
this gives that u is bounded above on all of G. By Theorem 6.5 there is a
polar set E contained in 8,G such that for { € 8G \ E, ¢(z,b) — 0 as
z — (. Thus for all ( € 8G \ E, u(z) — 0 as z — (. By Theorem 8.2,
u <0on G. Clearly u(a) > —0c0. O

Now for a lemma about upper semicontinuous functions that could have
been presented in §19.3 but has not been needed until now. This is the first
of two lemmas that are needed for the proof of Theorem 12.9, the main
result of this section.

12.7 Lemma. For an arbitrary family of functions {f; : i € I} on a
separable metric space X and L any subset of I, define f1(z) = sup{fi(z) :
i € L}. There is a countable subset J of I such that if g is any upper
semicontinuous function on X with g(z) > f;(z) for all z in X, then
9(z) 2 fi(z) forallz in X.
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Proof. Before getting into the formal part of the proof, let’s recall that
an usc function is not allowed to assume the value 0o; —oo is the only
non-finite value it can take on. Thus the countable set J should be chosen
so that, if there is a point z with f;(z) = oo, then f;(z) = oco. In this way
if there is a point where fi(z) = oo, there can be no usc function g with
g(z) > fs(z).

Let {Uy,} be a countable base for the topology of X and for each n > 1
let M,, = sup{fi(z) : z € U,}. If M,, < oo, there is a point z, in U, with
" fr(z1) + (2n)™* > M,,. Thus there is an i, in I with f;_ (z;) + (2n)} >
fr(z1). Thus for every n with M, < oo, there is an i, in I with

1
sup fi.(z)+ - > M,.
zeUu n

If M,, = oo, then an argument similar to the preceding one shows that
there is an i, in I with

sup f; (z) > n.

z€Un
Let J = {i],ig, }

Suppose g is an usc function on X with g > f;. Fix an zp in X and
let € > 0. Note that if g(zo) = —oo, there is nothing to verify; so assume
that g(zo) is finite. From the definition of an usc function and the fact that
{Un} is a neighborhood base, there is an integer n with n~! < ¢ such that
9(z) < 9(zo) + € for all z in U,,. Now if M,, = 0o,

9(zo) = lg(zo) — sup g(z)] + [sup g(z) - sup fi.(z)] + sup fi.(z)
€U, z€U, z2€Un z€U,
> —+0+4n
> —e+ %

Since € was arbitrary it must be that g(z¢) = oo, an impossibility. Thus
M, < oo for all n. Therefore

9(zo) — sup fi(z) = [g(zo) — sup g(z)] +[sup g(z) — sup fi,(z)]
z€U, z€Un z€UA 2€UA
+[sup f; (z) — sup fi(z)]
z€U, 2€UN
2 —-e+0- 1
n
> =2

Since ¢ was arbitrary, g(zo) > fr(zo). O

12.8 Lemma. If {; : i € I} is a family of positive measures on an open
disk D having the following properties:

(a) supppu; CD foralliinl;
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(b) for anyi and j in I there is a k in I with G2 < min{G2,G] };
(c) sup; (D) < oo;

then there is a positive measure p supported on cl D such that G2 <
inf; G0 and G2 =inf; G2 g.e.

Proof. For any measure 1 on D put G, = G2. According to Lemma
12.7 there is a countable subset J of I such that if g is a Isc function
with g < inf; G, = ¥o, then g < inf; Gy, = ¢. Write {u; : j € J} as
a sequence {un}. By property (b) it can be assumed that G, > G,,,,
for all n > 1. By property (c) the sequence {u,} can be replaced by a
subsequence, so that it can be assumed that there is a positive measure u
on cl D such that y, — p weak® in M(cl D). By Exercise 4.6, for all z
in D, Gu(2) < liminf, G,,(z) = lim, G, (2) = ¥o(z). Since G, is a Isc
function, the choice of the subset J implies G, < ¥ < ¥o.

Let E = {z € D:G,(2) < ¥0(2)}; so E is a Borel set. The proof will be
complete if it can be shown that ¢(E) = 0. Suppose it is not. Then there
is a compact subset K of E with ¢(K) > 0. By Proposition 7.14 there is a
positive measure v on K such that L, is continuous and finite-valued on
C. But Theorem 4.5 implies that G,(z) = L,(z) - [ L,(¢) dw?(¢). Since
L, is continuous and disks are Dirichlet sets, G,,(z) — 0 as z approaches
any point of 3 D. Thus defining G,(z) = 0 on 8 D makes G, a continuous
function on cl D. Therefore [ G,dpun, — [ G,du. By Fatou’s Lemma this
implies [yodv < limp [G,,dv = lim, [Gudpn = [G.du = [G,dv.
Thus [(G, — ¥o)dv > 0. But G, — ¥ < 0 on the support of v, so this is a
contradiction and ¢(E)=0. O

Recall from Proposition 19.4.6 that if & is a family of subharmonic func-
tions that is locally bounded above, v = supl, and u(z) = limsup,,_., v(w),
then u is subharmonic. It was also shown there that if v is usc, then v = u.
The question arises as to how badly can u and v differ. The next theorem
answers this.

12.9 Theorem. IfU is a set of subharmonic functions on an open set G
that is locally bounded above, v(z) = supU, and u(z) = limsup,,_., v(w),
then u = v q.e.

Proof. First enlarge U to include the functions defined as the maximum
of any finite subset of U and realize that this does not change the value
of v and u. Let ¢g € U and observe that replacing U by the collection of
functions {¢ € U : ¢ > ¢y} does not change the value of v and u. So it can
also be assumed that there is a function ¢y in & such that ¢ > ¢y for all ¢
inU. .

We first prove a special case of the theorem and then this will be used
to prove the theorem in total generality.
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Claim. If G = D, an open disk, and each function in U is negative, then
there is a Borel subset E of D with ¢(E) =0and u =von D\ E.

Let K be any closed disk contained in D and for each function ¢ in U
form the refinement Iz [¢ . So on int K, Proposition 12.1 implies [ j¢ = Ifk =¢.
Thus v = sup{I% : ¢ € U} on int K. By Proposition 12.2 for each ¢ in
U there is a positive measure ug on K such that [$ = -G, » on D. Since
¢1 V ¢2 € U whenever both ¢; and ¢ are, it follows that the family of
measures {uy : ¢ € U} satisfies conditions (a) and (b) of the preceding
lemma.

Let B be a closed disk contained in D with K C int B and consider the
reﬁnement fg Once again there is a positive measure n on B such that

Iz' = -G, on D. Thus G, = —I3' = 1 on int B. Thus for any ¢ in U,
uolK) = [ oty = [ Gypdn = — [ Ifdn < | Ffodn = J Gupiin =
J Gndpg, = Bgo(K). Therefore Lemma 12.8 implies there is a positive
measure u supported on K with G, < G,,, on D and G,(2) = inf{G,,(z) :
& € U} except for a Borel subset of D having capacity zero. (Actually, the
lemma only gives that the support of u lies in cl D, but, since each uy
has its support in K, the proof of the lemma shows that suppy C K.) It
follows that on int K, -G, = u and sup{-G,,,(2) : ¢ € U} = v(z) and
there is a Borel subset Ex of int K having zero capacity such that u = v
on (intK) \ Ex. But D can be written as the union of a sequence of such
closed disks. Since the union of a countable number of polar sets is polar,
this proves the claim.

Now for the general case. Write G as the union of a sequence of open
disks {D,} with cl D, C G. Since U is locally bounded above, for each
n > 1 there is a constant M,, such that every ¢ in U satisfies ¢ < M, on
Dy If the claim is applied to the family U —~ M, = {¢ — M, : ¢ € U}, we
get that there is a Borel set E,, contained in D, with ¢(E,) = 0 such that
u=von D, \ E,. Taking E = U, E, proves the theorem. O

12.10 Corollary. IfG is a hyperbolic open set, u is a negative subharmonic
function, E is a subset of G, and Z = {z € G : I}}(z) # I3(2)}, then Z is
a Borel set having capacity zero and Z C E.

Proof. The fact that Z is a Borel set and ¢(Z) = 0 is immediate from the
theorem. Now let a be any point in G \ E; it will be shown that a ¢ Z.
According to Proposition 12.6 there is a negative subharmonic function v
on G such that v(z) = —oo for z in ZN E and v(a) > —oo. Thus for any
€ >0, I3 +ev < u on E. By definition this implies 15 +ev < I onG.
Since v(a) > —0o and ¢ is arbitrary, this implies that [%(a) < I #(a). Since
Ig < I%, this completes the proof. O

12.11 Corollary. ‘If'G is a hyperbolic open set, u is a negative subharmonic



21.13. The Fine Topology 367

function on G, E C G, and Z is a polar subset of E, then I} = fg\z.

Proof. From Proposition 12.1 we know that I Bz 2 I" Fixain G\ Z
and let w be any negative subharmonic functlon on G such that w < u
on E\ Z. According to Proposition 12.6 there is a negative subharmonic
function v on G with v(z) = —0 for all z in Z and v(a) > —oo. Therefore
for any € > 0, w+¢cv < uon all of E. Using the preceding corollary, I E(a)
%(a) > w(a) + v(a) for all € > 0. Letting € — 0 gives that e g(a) > w(a)
for all a in G\ Z. Since Z has area 0, this implies that whenever B(b r) CG,
(vr?)~ fa(b ) I8dA > (7r?)~ fs(b - W dA > w(a). By Proposmon 19.4.9
this implies that I 4 > w on G. Therefore by definition of I E\2> Iv E21g\ 2

Taking limsup’s of both sides and using the observation at the beginning
of the proof shows that I = Ju Bz O

Exercises

1. Let G = D and E = {0} and define u(z) = log]zl Show that I}(z)
0 for z in D\ {0} and I%(0) = —co. Hence /% = 0 so that I # I3
on D.

2. Show that there is a subharmonic function u on C that is finite-valued
everywhere but not continuous. (Hint: Let Z be a non-closed polar
set, let @ € ¢l Z such that a ¢ Z, and let u be a subharmonic function
as in Proposition 12.5. Now massage u.)

3. Let G be a hyperbolic open set, let K be a compact subset of G, and
let « be the positive measure on K such that [} = —G,, (12.2). Show
that u(K) = sup {v(K) : v is a positive measure supported on K
such that G, < 1 on G}. So u is the “equilibrium measure” for the

Green potential. See Helms [1975], p 138, and Brelot [1959)], p 52, for
more detail.

4. Let G be a hyperbolic open set and W a bounded open set with cl
W C G. If u is a negative subharmonic function on G, show that
on W, Ié\w is the solution of the Dirichlet problem with boundary
values u|ldW.

§13 The Fine Topology

This section introduces the fine topology as a prelude to proving in the
next section Wiener’s Criterion for a point to be a regular point for the
solution of the Dirichlet problem. This topology was introduced by the
French school, which proved the basic properties of the topology and its
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connection with the regularity condition. See Brelot [1959] and the notes
there as well as Helms [1975], both of which were used as a source for the
preparation for this section and the next.

13.1 Definition. The fine topology is the smallest topology on C that
makes each subharmonic function continuous as a function from C into
[—00,00). This topology will be denoted by F.

Note that the discrete topology is one that makes every function, includ-
ing the subharmonic ones, continuous. Since the intersection of a collection
of topologies is a topology, the fine topology is well defined.

When we refer to a set that belongs to F we will say that the set is finely
open. Similarly, we will use expressions such as finely closed, finely continu-
ous, etc.. when these expressions refer to topological phenomena relative to
the fine topology. If a set is called “open” with no modifying adjective, this
will refer to the usual topology on the plane. A similar convention applies
to other topological terms. For convenience the usual topology on C will
be denoted by U. It is not hard to see that if U is finely open, then so is
a+al forallainC and a > 0.

13.2 Proposition.

(a) The fine topology is strictly larger than the usual topology on the plane.

(b) IfG is open and ¢ : G — [—00,00) is a subharmonic function, then
¢ is continuous if G has the relative fine topology, F¢.

(c) A base for the topology F consists of all sets of the form

Wn n{z : ¢k(z) > Ck},

k=1

where W € U, ¢,,...,¢, are subharmonic functions, and c;,...,c,
are finite constants.

(d) The fine topology is a Hausdorff topology.

Proof.  (a) To establish that U C F, we need only show that each open disk
belongs to 7. But the observation that for any a the function log |z — af is
subharmonic and B(a;7) = {z : log|z—a| < log r} shows this. To show that
this containment is proper, we need only exhibit a subharmonic function
that is not continuous.

(b) Suppose {2;} is a net in G that converges finely to a in G. We need
to show that ¢(z;) — ¢(a). Fix an open disk D whose closure is contained
in G and let ¢, be a subharmonic function on C such that ¢;(z) = ¢(z) for
all z in D (12.4). By definition, ¢,(z;) — ¢;(a) = ¢(a). But by (a) there is
an ig such that z; € D for i > iy. Part (b) now follows.
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(c) We obeerve that {z : ¢(z) < c} is open when ¢ is subbarmonic,
because subharmonic functions are upper semicontinuous. The proof of (c)
is now a routine exercise in the definitions that is best left to the reader.

(d) This is immediate from (a). O

138.3 Corollary. Finely open sets are infinite.

Proof. This follows immediately from part (c) of the preceding proposition
if Proposition 19.4.8 is used to show that, for any subbarmonic function ¢
and any real constant c, {z: ¢(z) > c} is infinite (or empty). O

Note that the last corollary shows that F is not the discrete topology.

13.4 Proposition. Polar sets have no fine limit points.

Proof. Let Z be a polar set. By replacing Z with Z\ {a}, it can be assumed
that a ¢ Z. By Proposition 12.5 there is a subharmonic function ¢ on C
such that ¢ = ~co on Z and ¢(a) > a > —c0. H U = {2 : ¢(z) > a}, then
UeF(13.2a8),aeU,andUNZ =0. O

13.5 Corollary. All countable subsets of C are finely closed and the finely
compact sets are finite. Thus F is not a locally compact topology.

Proof. Since countable sets are polar, they have no fine limit points by
the preceding proposition. Hence they contain all their fine limit points and
thus must be finely closed. Since no sequence can have a limit point, finely
compact sets must be finite. Now combine this with the fact that finely
open sets are infinite and it is clear that the fine topology is not locally
compact. O

13.6 Corollary. Every subset of C is finely sequentially closed. In partic-
ular, the fine topology is not first countable.

13.7 Definition. A subset E of C is thick at a point a if a is a fine limit
point of E. If E is not thick at a, say that E is thin at a.

So polar sets are thin at every point. Also since ¥ C F, if E is thick at a,
a is a limit point (in the usual sense) of E. It is the notion of thickness that
is the prime reason for discussing the fine topology. This can be seen by the
following argument. Let K be a compact set and let G be the component
of Co, \ K that contains 0o. Suppose a € G and K is thick at a. If w
is harmonic measure for G at co, then there is a polar set Z contained
in K such that for all z in K \ Z, L,(z) = v, the Robin constant for K.
Since polar sets are thin at every point and K is thick at a, a topological
argument shows that K\ Z is thick at a. Thus there is a net {z;} in K\ Z
such that z; — a (F). But then L,(2) — L,(a) since superbarmonic
functions are finely continuous; thus L,(a) = v and by Proposition 10.8
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this implies that a is a regular point for G. So each point of 3G at which
K ig thick is a regular point for G. The converse of this will be proved in

Theorem 13.16 below.
Here is a bit of notation that will be useful in this study. If E is a subset

of G, ¢ is a function defined on G, and a is a limit point of £ in the usual
topology, define
E - lim sup ¢(z) = limsup{¢(z) : z € E,z — a}.

z—a

Similarly, define E — liminf and E - lim. It is perhaps worthwhile to re-
mind the reader here that the definition of the various limits does not use
the value of the function at the limit point. Thus E - limsup,_,(z) =
lim,_qfsup{¢(z) : z € Fand 0 < |z -a] < r}] and E - lim,_., ¢(2) =
E-limsup,_,, ¢(z) = E-liminf,_, ¢(z) when these two last limits agree.

13.8 Theorem. If E is any non-empty subset of C and a is a limi¢ point
of E, then follounng are equivalent.

(a) The set E is thin at a.

(b) For everyr >0, EN B(a;7) is thin at a.

(c) There is a subharmonic function ¢ defined on C such that ¢(a) >
E - limsup,__, ¢(z) > —co. ‘

(d) For anyr > 0 there is a positive measure u supported on B(a;r) such
that L,(a) < E - liminf, .4 L,(2) < co.

(e) There is a subharmonic function ¢ defined on C such that ¢(a) >
E ~lim,q ¢(z) = —0co.

(f) For any r > 0 there is a positive measure i supported on B(a;r) such
that L,(a) <.E - lim,—q Ly(z) = 00.

Proof. First, let’s agree that (a) and (b) are equivalent by virtue of basic
topology and the fact that B(a;r) € F for all r > 0. Also observe that it
suffices to assume that a ¢ E.

(a) implies (c). Assume that E is thin at a. So there is a set U in F such
that a € U and UNE = 8. From Proposition 13.2 there is a neighborhood W
of a, subharmonic functions ¢,, ..., ¢, on C, and finite constants c,, ..., c,
such that "

aeWnn{z:¢3(z)>c;,}(_ZU.
k=1
Choose € > 0 such that ¢i(a) —e >cyfor 1< k<nandset =g +...+
®a- Since each ¢, is usc, there is an r > 0 such that B = B(a;r) C W and
#1(2) < du(a)+¢/n for all z in B. But a is a limit point of E so BNE # @;
ifze BNE, then z ¢ U and so there is a k, 1 < k < n, with ¢,(2). < ¢4
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Thus
#(z) = o(z)+)_95(2)
j#k
< ck+ Z[d),(a) +¢/n]
i#k
< d(a)—e+ 3 d5(a)+
j#k
= ¢(a)—¢/n.
Hence E — limsup,_, ¢(z) < ¢(a) —e/n < ¢(a). If —00 < @ < ¢(a) and ¢
is replaced by max{¢,a}, all the conditions in (c) are met.
(c) implies (d). Let ¢ be as in part (b) and put D = B(a;r) with r < 1/2.
By Theorem 19.5.6 there is a positive measure x on D and a harmonic
function h on D such that ¢|D = h — L,,. Since h is continuous at a,

~L,(a) = ¢(a) - h(a)
> E - limsup ¢(z) — h(a)

z—a

= E -limsup(-Ly(2))

z—a

n-1
€
n

> -0

and (d) follows.

(d) implies (e). Let D = B(a;1/2);s0 L, > 0on D. Put C = E -
limsup,_,(~L,(z)] < —L,(a). Let {e,} be a sequence of positive numbers
such that ¢, < 1/2 and £, — 0 monotonically; let D,, = B(a;€,) and u, =
p|Dy. Since L,(a) is finite, 4 does not have an atom at a. By the Monotone
Convergence Theorem, L, (a) — 0. Replacing {e,} by a subsequence if
necessary, we can assume that 3" L, (a) <oo.f¢p=-3 L, , then ¢
is subharmonic on C and ¢(a) > —o0.

Ifha =L, —L, =~L,_,,), then h, is harmonic on Dy; so h,(z) —
hp(a)as z - a.If0<6<1/2and Es ={z € E:0< |z —a| < §}, then

sup{-L,_ (2): z € Es} <sup{—L,(z) : z € Es} + sup{—hq(2) : z € Es}.
Thus

E -limsup{~L,,(z)} < C—ha(a)
= C-Ly.(a)+Ly(a)
< C+ Ly(a)
< 0.

So forany m > 1,

E - limsupzm: [=Lu.(2)] £ m|C + Lu(a)).

n=1
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Therefore

E = limsup¢(z) = FE -limsup Z (-Ly. (2)]

zZ—a n=1

E - limsup i (L. (2)]

z—a

IA

n=1

m([C + Ly(a)]

for all m > 1. Hence E - lim,_., ¢(z) = —00 < ¢(a).

(e) implies (f). This is like the proof that (c) implies (d).

(f) implies (a). Suppose u is as in (f). If E were thick at a, then there
would exist a net {2;} in E such that z; — a in the fine topology. Since L, is
F-continuous, L, (2;) — L, (a). But this is a contradiction since L,(a) < oo
and L“(Z,') -+ 00. O

A

There are other statements equivalent to those in the preceding theorem
that involve capacity; for example, see Meyers [1975].

13.9 Corollary. If E is a Borel set and
lim |8B(a:r)NE| >0

r—0 r !

where the absolute value signs denote arc length measure on the circle
0 B(a;r), then E 1is thick at a.

Proof. Suppose E is thin at a. By the preceding theorem there is a sub-
harmonic function ¢ defined on C such that ¢(a) > E—lim,_, ¢(z) = —o0.
Since ¢ is usc, there is a constant M such that M > ¢(z) for |z —a| < 1.
Replacing ¢ by ¢ — M, it can be assumed that ¢(z) < 0 for |z — a| < 1.
Thus for r <1 and A, = {#:a+re € E},

2r
-0 < ¢(a) < L #(a +re'®) do
27( 0
1 )
< — i0
< 3 /‘;'¢(a+re ) df
< [measure(A,.)] sup #(a +re)
2n feA,
|@ B(a;r) N E|
L —FF su z).
2rr 2€0 Bl()o:r) 9(z)

But sup{¢(z) : z € dB(a;7)} — —oo as r — 0. Therefore |8 B(a;r) N
E|/r — 0 as r — 0, contradicting the assumption. O

If the set E is contained in a hyperbolic open set, then the equivalent
formulation of thinness can be improved.
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13.10 Proposition. If G is a hyperbolic open set, E C G, and a is a limit
point of E that belongs to G, then the following are equivalent.

(a) E is thin ata.
(b) There is a negative subharmonic function ¢ on G that is also bounded
below and satisfies ¢(a) > E ~ limsup, _, ¢(2)-

(c) There is a negative subharmonic function ¢ defined on G such that
¢(a) > E - lim, 4 ¢(2) = —oco.

Proof. (a) implies (b). Let D = B(a; s) be chosen such that cl D C G. By
Theorem 13.8 it can be assumed that E C D and there is a subharmonic
function ¢, on C such that ¢,(a) > E ~limsup,_, 1 (z). Let B, = B(a;r)
be chosen with r > s such that cl B, C G. By Proposition 12.4 there is a
subharmonic function ¢2 on C with ¢, = ¢, on D and ¢2(z) = log(|z—a|/T)
for |z —a|l > r.

Let g be the Green finction for G and let h be the harmonic function
on G such that g(z,a) = h(z) — log|z — a| for z in G. Define ¢3 : G —
(~00,00) by ¢3(z) = ¢2(z) — h(z) + logr. So ¢3 is subharmonic on G.
For z in G\ cl B,, ¢3(z) = —g(z,a) < 0. Since ¢3 is usc, there is a
constant M with ¢3 < M on cl B,. Let ¢4 = ¢3 — M. So ¢4 is a negative
subharmonic function on G and it is easy to check that since ¢ = ¢, on
D, E —limsup,_, ¢4(z) < ¢4(a). Now let ¢ = max{@4, p4(a) — 1} and the
proof is complete.

(b) implies (c). The proof of this is similar to the corresponding proof in
Theorem 13.8 and will not be given.

(c) implies (a). Since subharmonic functions are finely continuous, a can-
not be a fine limit point of E. O

13.11 Definition. If G is any set and u is an extended real-valued function
defined on G, say that u peaks at a point a in G if for every neighborhood
V of a, u(a) > sup{u(z): z€e G\ V}.

Note that if u peaks at a, then u attains its maximum value on G at
the point a. This alone, however, will not guarantee that u peaks at a. The
object here will be to find superharmonic functions on an open set G that
peak at certain points. (Actually, sticking with the fixation of this book
on subharmonic functions, we will be concerned with finding subharmonic
functions u such that —u peaks at a.) If G is a hyperbolic open set and
a € G, then the Green function g is a function such that g, peaks at a,
ga 2 0, and g, is superharmonic. The next example will be used later.

13.12 Example. If R > 0 and u is the restriction of area measure to
B(a; R), then L, peaks at a. In fact, according to Exercise 3.6, L,(z) =
7R?log|z —a|™! if |z — a| > R and L,(z) = 7R*(log R™! +1/2] - |z ~
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a|?/2 = L,(a) — |z ~ a|?/2 for |z — a| < R. It is left to the reader to show
that sup{L,(z) : [z — a| > r} < Ly(a) for any r > 0.
The first task is to relate peaking with thinness.

13.13 Proposition. Let G be a hyperbolic open set, let a € G, and suppose
u 8 a negative subharmonic function on G such that —u peaks at a. If E
is a subset of G, then E is thin at.a if and only if I§(a) > u(a).

Proof. Since f;_;‘, = iE\(a} (12.11), we may assume, without loss of gener-

ality, that a ¢ E. But we also know that I = I on G\ E (12.10) so that,
in particular, I%(a) = I%(a). So we want to show that E is thin at a if and
only if I§(a) > u(a).

Assume that I (a) > u(a). To show that E is thin at a, it is assumed
that a is a limit point of E. From the definition of [}, there is a sub-
harmonic function ¢ on G such that ¢ < u on E and ¢(a) > u(a). Thus
E - limsup,_,, ¢(z) < E ~ limsup,_, u(2) < u(a) < ¢(a). By Theorem
13.8, E is thin at a.

Now assume that E is thin at a. If a is not a limit point of E, then there
is a neighborhood V of a such that VN E =@ and cl ¥V C G. Since —u
peaks at a, u(a) < inf{u(z): z € G\V} < inf{I}(z): 2€ G\V}. But I} is
harmonic on V' (12.1) and so the Maximum Principle implies I%(z) > u(a)
for all z in V; in particular, this holds for z = a. So it can be assumed that
a is a limit point of E and E is thin at a.

By Proposition 13.10 there is a negative subharmonic function ¢ on G
that is bounded below such that ¢(a) > E — limsup,_, ¢(z). Choose a
constant M such that ¢(a) > M > E — limsup,_, ¢(z) and let D be an
open disk about a such that M > ¢(z) for all z in DN E. For t > 0 define
the function w, = u(a) + t[¢ — M]. Thus for z in DN E,

we(2) < u(a).

Now u peaks at a so there is a constant C > 0 with u(z) — u(a) > C for
all z in G\ D. Because ¢ is a bounded function, the parameter t can be
chosen so small that t|¢(z) — M| < C for all z in G. Thus for z in G\ D,
t[¢(z) — M| < C < u(z) —u(a). Therefore w;(z) = u(a)+t[¢(z) - M] < u(z)
for all z in G\ D. On the other hand, for z in DN E, wy(z) < u(a) < u(z)
since —u peaks at a. Thus w, < u on E and so w; < Ij. But wy(a) =
u(a) + t[¢(a) — M] > u(a), proving the proposition. O

The next result is often called the Fundamental Theorem for thinness.
(It is probably best here to avoid the variety of possible minor jokes that
such a title affords.)

13.14 Theorem. If E is any set and Z = {a € E : E is thin at E}, then
Z is a polar set.



21.13. The Fine Topology 375

Proof. Cover E by a sequence of open disks {D,} each having radius less
than 1/2 and let Z, = ZN D,. Cleatly Z = U, Z, and if each Z, is shown
to be a polar set, then so is Z. Thus it can be assumed that E C D, an open
disk of radius < 1/2. Let u be the restriction of area measure to D and
put u = —L,,. So u is a negative subharmonic function on D. If a € Z, let
r > 0 such that B(a;r) C D, put uy = p|B(a;7) and 2 = p|[D \ B(a; 1)),
and let u, = —L,;, j = 1,2. Clearly u = w3 + u2 and both u; and u, are
negative subharmonic functions on D. By (13.12) ~u) peaks at a and so by
the preceding proposition 13! (a) > u(a). Thus I%(a) > I3 (a) + 1% (a) >
u(a) = I%(a), since a € E. Thus Z C {z: Is(a) > I(a)} and this isa
polar set by Corollary 12.10. O

13.15 Corollary. A set Z is polar if and only if it is thin at each of its
points.

Proof. The proof of one direction of the corollary is immediate from the
theorem. The proof of the other direction was already done in (13.4). O

In Theorem 13.14 let us emphasize that the polar set Z is contained in
E. Clearly the set of all points at which E is thin is not polar since it is
thin at each point of C \ cl £. But not even the set of points in cl E at
which E is thin is necessarily a polar set. For example, if E is the set of all
points in C with rational real and imaginary points, then E is countable
and hence polar and hence thin at every point.

13.16 Theorem. If G is a hyperbolic open set and a € 8, G, then a is a
regular point of G if and only if Co, \ G is thick at a.

Proof. Put E =Cy \ G. If E is thick at a, the argument given just after
the definition of thickness shows that a is a regular point for G.

For the converse, assume that a is a regular point of G. By (19.10.1) there
is a non-constant negative subharmonic function ¥ on D \ E = G(a;r)
such that (D \ E) — lim,_,u(z) = 0. Also assume that E is thin at
a and let’s work toward a contradiction. According to Proposition 13.10
there is a bounded subharmonic function ¢ on D such that ¢(a) > E —
limsup, _, ¢(2). By changing scale it may be assumed that ¢(a) = 1 and
E - limsup,_,, #(2) < —1. Choose 6, 0 < § < 1, so that D, = B(a;¥)
satisfies cI D; C D and ¢(z) < ~1 for all z in (cl D;) N (E\ {a}). The
contradiction to the assumption that E is thin at a will be obtained by
showing that there is a positive scalar ¢t such that ¢ <*“*tuon D, \ E.
Indeed once this is shown it follows that (D, \ E) — limsup,_,, é(z) <
(D1 \ E) - limsup,_,,[—t u(z)] = 0. But E — limsup,_,, ¢(z) < —1, so we
get that 1 = ¢(a) = limsup,_,, ¢(z) < 0, a contradiction.

It will be shown that there is a positive scalar ¢ such that for any € > 0

13.17 (D1 \ E) - limsup,_.,[¢(¢) + t u(¢) +¢€ log|¢ ~al) <0
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for all zin 8(Dy \ E) = (8 D\ \ E)U (@ ENcl Ly). If this is shown to
hold, then the Maximum Principle implies that, for every € >0, ¢ + tu +
elog|z—a| <0 on D, \ E. Letting € — 0 shows that ¢ < —t u, as desired.

From the properties of ¢ there is an open set W containing 8 D, N E
such that ¢ < 0 on W. Thus no matter how the positive number ¢ is
chosen, (13.17) holds for all z in W N (8 D, \ E). Also ¢ is bounded and u
is negative and usc, so t > 0 can be chosen with ¢ + ¢t u <0 on 0D, \W;
fix this choice of ¢. Combining this with the preceding observation shows
that (13.17) holds for all z in 8D, \ E. If z € dENcl D, and z # a,
then ¢(z) < —1 and so ¢(¢) < 0 in a neighborhood of z. Thus (D, \ E) -
limsup,_..[6(¢) + t u(¢) +€log|¢ — al] < elog|z — a| < €logé < 0, so
(13.17) holds for z in 8ENcl D, and z # a. If z = a, then (13.17) also
holds, since the left hand side is —oo. O

Remarks. The fine topology is fully studied in the literature. In addi-
tion to Brelot [1959] and Helms [1975], cited in the introduction of this
section, the following sources are useful: Hedberg [1972b], Hedberg [1993],
and Landkof [1972].

Exercises

1. Suppose the set E is thin at a and f : C — C is a mapping such that
If(2) = f(w)| < |z —w| and |f(a) — f(2)| = |a — 2| for all z,w in C.
Show that f(F) is thin at a.

2. Is there a set E such that both E and C\ E are thin at a?

§14 Wiener’s Criterion for Regular Points

In this section Wiener’s Criterion for the regularity of a boundary point will
be stated and proved. This statement is in terms of logarithmic capacity.

14.1 Definition. For any subset E in C, define the outer capacity of E as
the number

c*(E) = inf{c(U) : U is open and contains E}.
It is clear that
c*(E) = exp(-v*(E)),

where
v*(E) = sup{v(U) : U is open and contains E}.

It is a standard fact about capacities that c*(E) = ¢(E) for a collection of
sets that includes the Borel sets. This is not proved in this book. but we
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have seen that this is the case when E is compact (Corollary 7.16). The
reader interested in this fact can see Carleson [1967).

14.2 Wiener’s Criterion. Let E be a set, a € C, and 0 < I < 1/2; for
eachn > 1, let E, = EN{z: A"*! < |z — a| < A"}. The set E is thick at

a if and only if
= n

14.3 —_—— =00
:4_;, log[c*(En)~"]

First a few observations and corollaries. Note that the condition (14.3)
is equivalent to

n

v*(E,) = %o

14.4

[ gk

n=

The reason for the restriction A < 1/2 is to guarantee that diam F, < 1
for all n > 1 and thus that ¢*(E,) < 1 for all n. Thus the series does not
diverge by virtue of having one of its terms equal to co. This also assures
that each term in the series is positive.

To dispose of the trivialities, observe that a is not a limit point if and
only if E, = @ for all n larger than some ng. In this case c*(E,) = 0 for
n > ng and the series in (14.3) is convergent. The same holds of course if
E,, is polar for all large n.

Originally Wiener stated his criterion as a necessary and sufficient con-
dition for a point to be a regular point for the solution of the Dirichlet
problem. The following corollary is immediate from Wiener's Criterion and
Theorem 13.16. All the corollaries below will be stated for finite boundary
points of the hyperbolic open set G. The condition for the regularity of the
point at oo is obtained by inversion.

14.5 Corollary. If G is a hyperbolic open set, a € 3G, 0< 1< 1/2, and
={z€ C\G: ¥ < |z —a| < A"}, then a is a regular point if and
only if

= 0Q.

> n
,,Z=:l log[c(Kn)™!]

14.6 Corollary. With the notation of the preceding corollary, if u, is the
equilibrium measure for K,, then a is a regular point of G if and only if

= L,,,,(a) -
Z log[c(Kn)~1]

Proof. Put v, = log[c(K,)™!]. For z in K, A®*! < |z —a| < A" and so
n<(logA~']"'log|z-a|"! <n+1.Hencen < [logA~!"'L, (a) <n+1
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and so the two series }, n/vn and )", L, (a) /v, simultaneously converge
or diverge. O

Now observe that the function zlogz~! is increasing for 0 < z < e~

Adopting the notation of the preceding corollary, K, C A, = {z: A"*! <
|z—~a] < A"} and so ¢(K,) < c(An) = A" (10.6). So if ¢, = ¢(K,), we have
that c,logc;! < A"logA™™ = nA"log A~!. Thus the following corollary
follows from Corollary 14.5.

14.7 Corollary. With the notation of Corollary 14.5, if 3, c(Kn)/A" =
00, then a is a regular point of G.

14.8 Corollary. If G is a hyperbolic open set, a € 3G, and, for r > 0,
¢(r) = c((C\ G) N B(a; 1)) and

1

A

. logr~
=0 Tog o) T

then a is a regular point of G.
Proof. Assume that @ = 0 and put E, = (C\ G) N B(a;r) and v(r) =
logc(r)~'. Fix A, 0 < A < 1/2, and let {K,} and {un} be as in Corollary
14.6 above. Put v, = logc(Kn)"!;s0 L, = v;! qe. on K,.

Suppose a is not a regular point of G and let € > 0; it will be shown

that the lim sup in this corollary is less than this arbitrary . According to
Corollary 14.6, 3, L, (a)/vn < 0o. Thus there is an integer N such that

i Lu,(0) ¢
Un 2
n=m

for all m > N. Fix r < AN and let m be such that A™+! < r < A™. Let
n be the positive measure supported on E, such that L, = 1 q.e. on E,
and n(E,) = v(r)~). For each n let ¥,(w) = Jx 10g |z — w|"'dn(z) and
¥ =3 o ¥n. Note that with B, = (C\ G) N {z: A"+! < |z| < A"}

S [ loglel~tdn()
K

n=m

-/ gl anz)+ Y- [ logle|dn(z) +

n=m+1

[o <)
+ / log |z|~tdn(z
> s, B ()

n=m+1

¥(0)

L0+ Y /K . log |2|~dn(z).

n=m+1
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So Ly(0) < %(0) < 2Ly4(0).

Now L, = vy q.e. on K, and hence n(K») = v;' [ Lu.dn = vt [k,
¥ndpin. But L, = 1 g.e. on E, and log |z~w|~! > 0 on E,, so for u, almost
all z in Kn,1 = Ly(z) = [g_log|z — w|~'dn(w) > ¥n(2). Therefore

n(Ka) < vt

for all n and so

¥a(0) /K log 2| dn(z)

(n +1)(log A~ )n(K)

v;‘ n____:l n log/\'1

IA

IA

< ;'L (0).
Combining this with previous inequalities we get

Ly(0) < %(0)

> ¥a(0)

n=m

oo

< €.

But basic inequalities show that L,(0) > v(r)~!logr~! and so we have
that v(r)~'logr~! = 0asr —0. O

14.9 Corollary. With the notation of Corollary 14.5, if k, = Area(K,)
and Y, Kn/X?" = o0, then o is a regular point.

Proof. According to Proposition 7.8, ¢, = c(Kn) > [kn/7e]'/2. Since
K, C B(a; \") we also have that x, < 7A*". Hence

Kn _ VEn VEn Cn
¥ Ty SYRVEeR

Thus a is a regular point by Corollary 14.7. O
Now to begin the proof of Wiener’s Criterion.

14.10 Lemma. [f U is a bounded open set, then there is a positive measure
u supported on QU such that p(0U) =1/v(U) and L, =1 on U.

Proof. Write U as the union of a sequence of compact sets {K,} with
K, CintK,4,. So ¢(K,) 1 ¢(U) and v, = v(K,) | v(U) = v. Let v, be the
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equilibrium measure for K, and put u, = v;'v,. Now ||ga|| = pa(U) =
;! € v < 00 So {un} is a uniformly bounded sequence of positive
measures in M(cl U); by passing to a subsequence if needed, it can be
assumed that there is a positive measure 4 on cl U such that u, — u weak*.
Because supp g, C 0 Ky, supp p C 8U. Also v;! = pn(cl U) = [ 1dpn —
u(cl U); thus u(0U) = v~1. Finally, fix a z in U and pick m with z in int
Km. By (10.1) L, (2) = 1 for all n > m. But it is easy to use Tiezte's
Extension Theorem to show that u, — s weak® in M(cl U \int K,,). Since
w — log|z — w|™! is continuous there, L, (z) = L,(z). O

14.11 Lemma. If 0 < A < 1/2, there is a constant C = C()\) such
that for n > 1, if A < |2| < A" and w satisfies either jw| < A"+2 or
A1 < w| £ 1/2, then log|z — w|™! < Clog|w|~!.

Proof. Put L = A~! and draw circles centered at 0 with radii A"*2, A™*!
A", and A"71; fix 2z with A™*! < |z| < A", First, suppose |w| < A"+2 and
examine the picture to see that [w — z| > A"+! — A»+2 = An+2([,_1). Thus
lw—z|"' < L™**(L - 1)"! < |w|~}(L - 1)~!. Thus
log jw — z|~! log(L — 1)~!
- e SN IR ) Sl S
log jw|—?! s 1t log |jw| -1
log(L —1)!
S "t T2l
log(L - 1)"!
S I el

Now suppose A"~! < |w| < 1/2. Another examination of the picture
shows that [w—z[ > A*~! =A™ = A"~!(1- ) and so lw—z|~' < L*~}(1 -
2)=1 < w|~}(1 — A)". Thus

log lw — 2|~} 14 log(1 — A)?
log jw|~! log jw|~!
log(1 ~A)~!
L 2B

0

Proof of Wiener’s Criterion. By translation it can be assumed that the
point a = 0. Also recall (13.8) that a set E is thick at 0 if and only if for
every r > 0, ENrD is thick at 0. Thus in this proof it suffices to assume
that E C iD. Thus log|z — w|~! > 0 for all z, w in E. As pointed out
in the discussion following the statement of (14.2), it can be assumed that
v*(Eys) > 0 for all n. We will prove the contrapositive of (14.2).

Assume that the series (14.3) converges and choose an arbitrary sequence
of positive numbers {¢,} such that 3, ne, < 0o. Now for each n choose
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an open set U, that contains E, such that cl U,N{z : |z < A"*?} = 0 and

1 1 1
(B = W) v (En) T
By Lemma 14.10 for each n there is a positive measure u, supported on
U, with pn(9U,) = v(Ua)~! and L,_(z) = 1 for all z in U,. For each
n define the subharmonic function ¢, = — Y jo, L,,. Note that ¢, is
negative on 1D.
Note that for any &k > 1 and z in 8 Uy, |z| > A¥+? and so

L, (0) = /a  loglel ™ dyu(2)
(log A=**2)1, (O Uk)
(k+2)log ™! [

IA

+€k] .

IA

1
v*(Eyx)

Since both }°, k/v*(Ex) and Y, kex converge, this implies there is an n
such that ¢,(0) > —1; fix this value of n. If £ > n and z € Ej, which is
contained in Uy, then L,, (z) = 1. Since each L,, is non-negative on E,
this shows that ¢, < —1 on

o0

UE=En{z:0< |z < A"},

Hence E ~ limsup,_,o #n(2) < —1 < ¢,(0). By (13.10), E is thin at 0.

Now suppose that E is thin at 0; it can be assumed that 0 is a limit
point of E. So (13.8) there is a positive measure u with compact support
contained in 3D such that L,(0) < E - lim,—o L,(z) = +c0. Put a, =
inf{L,(2) : z € E,}; so a, — 00. Let § be an arbitrary positive number;
since L, is Isc, {z : L,(z) > a, — 8} is an open set containing E,. Put
Un={2:L,(2) > an -6} N{z : A**! < |2] < A"}. So U, is a Borel set
that contains E,,; it suffices to show that )~ n/v(U,) < o0.

Let {en} be a sequence of positive numbers such that ¥, ne, < oo
and for each n choose a compact subset K, of U, such that v(K,)"! >
v(Un)~! ~ €q. It is therefore sufficient to show that

' ) DI
(i)~
Breaking this sum into 6 separate sums, we see that it suffices to show that
6n + ;5
2 Koy <

for j = 0,1,...,5. This will be shown for j = 0. (By only considering
the series consisting of every sixth term, this will separate the sets Kgny;
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sufficiently that estimates such as in Lemma 14.11 can be applied.) Note
that Kgn C Ugn C An = {2: A5"+2 < 2| < ASm-1},

Claim. Kg N Ap =0 for k # n.

To see this, first assume that £ > n; so k = n+p, p > 1. Thus A% =
A6n+8p « \6n+2 and 50 Kgx N An = 0. Now assume that k < n; so k =
n—p, p> 1. Thus ASk+! = \6n=6p+1 5 36n-1 Thig proves the claim. In
particular, the sets {K¢n} are pairwise disjoint.

Now K = {0} U{J, Ken is a compact subset of ;D and u = ~L, is a
negative subharmonic function there. If ¢ = J%, then Proposition 12.2 says
there is a positive measure v supported on K such that ¢ = -G, = ~L,+h
for some harmonic function & on $D. Because —~0o < u(0) < ¢(0) and k is
harmonic, L, (0) < co. Thus v({0}) = 0. Write

Lu(z) = / log |z — w|~ dv(w) + / log |z — w| ™~ dv(w).
Kan kytn ch
According to Lemma 14.11 there is a constant C depending only on X such
that for z in K¢n and w in {J,, Kex, log|w — z|~! < Clog|w|™!. Thus
for all z in Kgn,

log|z — w|~dv(w) < C|Iv|].

kvin Ko

Thus
14.12 L,(z) < Clwi| +/ log |z — w| ™ ldv(w).

on
By (12.10) there is a polar set Z contained in K such that —L, + k =
¢=u=-L,on K\Z Let |h| < M on K. Therefore on K, \ Z, L, =
-¢+h=L,+h2>a,—6—M and so (K \ Z) - lim,_.o L,(2) = 0. So
if Cy is any number with C; — Cl||v|| > ¢ > 0, there is an integer m such
that L,(z) > C) on [Un?_mKo,.] \Z.
Hence if n > m and z € Kgn, (14.12) implies

/ log|z — w|~Ydw(w) > Ly(z) - Cllvl] 2 c.
Ken

Thus v(Ken) ™! < ¢™'v(Kgn) by Theorem 10.2. But for z in Kg,, A"+ <
Iz} < AS™, so that 6nlog A~! < log)z|~! < (6n + 1) log A~1. Therefore

Z v(—;‘(ls,.')- < ¢! Zﬁn v(Ken)

n=1 n=1

1 -1
WZ/I{“ log |z| ™ dv(2)

n=1

IA
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1
clogA-!
< oo

L,(0)
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